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I. INTRODUCTION

NATO’s 2011 Alliance Maritime Strategy (AMS) [2]
highlights the strategic importance of the maritime
environment as quoted in the following excerpt.

The oceans connect nations globally through an
interdependent network of economic, financial,
social and political relationships. 70% of the Earth
is covered in water; 80% of the world’s population
lives within 100 miles of the coast; 90% of the
world’s commerce is seaborne and 75% of that
trade passes through a few, vulnerable, canals and
international straits. The maritime environment
includes trade routes, choke points, ports, and other
infrastructure such as pipelines, oil and natural gas
platforms, and trans-oceanic telecommunications
cables.

Special emphasis is given to the maritime security
environment as one of its most important operative
scenarios, and surveillance is a crucial component of these
activities. Ship traffic monitoring is a foundation for many
maritime security domains (e.g. law enforcement, search
and rescue (SaR), environmental protection, and resource
management), and modern monitoring system
specifications and requirements reflect the need for an
extended and continuous ability to track vessels beyond
territorial waters and within several sensor coverage areas.
However, vessels in open seas are seldom continuously
observed by monitoring sensors and even the data coming
from self-reporting systems is often highly intermittent.
These coverage gaps clearly represent a high risk in terms
of safety at sea.

The problem of long-term vessel state estimate and
prediction is therefore crucial. Unfortunately, this issue
has been overlooked in the target tracking literature, and
only few works partially address the problem, e.g. see [26,
27, 33], while most of the literature is focused on
maneuvering target models, e.g. see [20, 28, 35]. The
analysis of real-world self-reported data [i.e., largely
automatic identification system (AIS)] shows that a
significant portion of the vessels in open seas maneuver
very seldom. In the literature, nonmaneuvering target
dynamics are modeled with a velocity that is perturbed by
a white noise process. This model is often referred as
nearly constant velocity (NCV) [3, 28] and has been
successfully used in several target tracking applications,
such as radar [21] and sonar [6] where the prediction step
always refers to the very near future, generally one sensor
time-scan ahead. The NCV model is adopted also in [27]
for anomaly detection and motion prediction.

We propose a novel method for the long-term
prediction of target states based on the Ornstein-
Uhlenbeck (OU) stochastic process, which leads to a
revised target state equation and to a completely different
time scaling law for the related uncertainty. This novel
formulation reduces by orders of magnitude the
uncertainty region of the predicted position with respect to
the models available in literature.



This aspect is crucial for several applications. In SaR
operations, a smaller uncertainty region implies a smaller
search region, which can significantly improve the
probability of success for search cases. For instance, let us
consider a vessel having an accident in a region with
intermittent AIS coverage (e.g. open sea); the position of
the accident is consequently unknown. Not having any
information other than its last observed position and the
time of accident (e.g. time of SOS message), the only
possibility is to hypothesize that the ship had been moving
from the last observation to the position of the accident in
a straight line. It is important to notice that this assumption
has to be made whether the traditional or the proposed
approach is taken; the important difference is that using
the proposed method the search area (the uncertainty
region) would increase linearly—instead of
quadratically—in proportion to the time from last report,
for a given level of confidence. In the counterpiracy
framework [17], vessels can keep their AIS transmitters
off for several hours when sailing in dangerous areas, in
order not to be detected by pirates. The use of the
proposed modeling would provide a good clue about their
position even when their last broadcast message is several
hours old. Also the association of synthetic aperture radar
(SAR) vessel detections with AIS contacts would greatly
benefit from the proposed modeling in terms of reduction
of ambiguities because of the narrower gating region,
especially in open sea where AIS coverage might be poor.
From another standpoint, a smaller uncertainty region of
the long-term prediction may reduce the probability of
missing a vessel of interest in a high-resolution SAR
acquisition, which has to be planned several hours ahead
of the platform passing above the target.

The OU model is popular in various and
heterogeneous scientific fields, spanning from physics
[13, 16, 18, 31] to finance [4, 8] and biology [5, 30], but
is much less popular within the tracking community [29].
The OU stochastic process was first introduced in physics
[13, 18, 31] to describe the velocity of a Brownian particle
under the influence of friction. It can be seen as a modified
Wiener process so that there is a tendency of the walk
to move back towards a central location, with a greater
attraction when the process is further away from the center.
OU processes have been used also in finance, e.g. [4], to
model the instantaneous variance of stock price volatility,
and more recently in the context of high-frequency
trading [8]. In biology, the OU process has been adopted
as a baseline model for animal movement [5]. In [30]
the authors considered a spatial neuron model in which
the membrane potential satisfies an equation with an input
current, which is a dynamic random process of the OU
type.

To the best of the authors’ knowledge only a few
authors propose the OU model for the target dynamics,
and none of them address its appealing properties for
long-term prediction. In the tracking literature the OU
model has been discussed mostly notably by Coraluppi
and Carthel in [9–12], where the stability of the OU, and

Fig. 1. Trajectory of the target under consideration: a tanker vessel
of 270 meters in length and 48 in breadth sailing northeastwards from the
Gibraltar Strait to the East Mediterranean. The dashed line represents the
entire trajectory of the vessel, but only the highlighted portion has been

considered, in order for the nonmaneuverability hypothesis to be satisfied.
The red square denotes the last contact in the considered sequence.

the so-called mixed Ornstein-Uhlenbeck (MOU)
processes are studied.

However all of these works, including [29], deal with
zero-mean-reverting processes, i.e., the typical velocities
are null, being the aim not the long-term target state
prediction, but rather the short-term characterization of the
target dynamics. Indeed, in [10] authors are more
interested in the boundedness of the target components,
and for this reason the MOU is constructed in order to be a
zero-mean-reverting process for both position and
velocity.1

Differently from [9–12, 29], in this paper we focus on
the long-term prediction of nonmaneuvering vessels, such
as those under way in open sea. Our thesis is that the NCV
model might be implausible for a significant portion of
maritime ship traffic, as vessels under way tend to
continuously adjust their speeds around a desired
operating point. This fundamental difference between the
OU and NCV models is well explained intuitively by the
case of study shown in Figs. 1 and 2, where a real-world
vessel is sailing in the Mediterranean Sea with a desired
speed. In the uppermost plot of Fig. 2 the actual velocity
of the vessel is reported, while the lowermost plots contain
one hundred realizations of the velocity using simulated
OU and NCV models having the same initial point as the
real trajectory. The velocity samples drawn from the OU
process are bounded around the average value, as indeed
are the actual velocity samples, while in the simulated

1 In [9–12, 29], the OU is a process in which the target position follows an
OU dynamic, while the integrated Ornstein-Uhlenbeck (IOU) is a process
in which the target velocity follows an OU dynamic while the position is
integrated. We follow a different nomenclature, used in the statistic
literature [4], in which velocities are OU and then positions are IOU.



Fig. 2. Single-component velocity of the real-world vessel trajectory
illustrated in Fig. 1: the uppermost plot shows the actual velocity samples;
the middle plot is for a simulated OU process; the lowermost plot illustrates

a simulated NCV process. Simulated processes use as initial state the
first velocity sample of the real-world trajectory; the process parameters

are estimated from the data series shown at the top of this figure.

NCV case the velocity apparently tends to diverge. In other
words, in the long term the NCV model does not seem to
be well suited for the representation of the vessel velocity.

Supported by real-world vessel traffic data, the
main result presented in this work is that mean-reverting
processes can be used to model nonmaneuvering vessel
movement. Specifically, we provide evidence that the vessel
velocity is well described by an OU stochastic process, and
consequently the vessel position by an IOU process. As
a consequence, after an initial transient, the vessel position
is mathematically equivalent to a Brownian particle
motion. It is also shown that the popular NCV model that
is commonly adopted in the target tracking literature is not
well suited for the characterization of the uncertainty of
the long-term target state prediction. While it is sufficiently
accurate for short-term predictions (meaning typically
the case for traditional target tracking applications)
the NCV model can overestimate the actual uncertainty
of long-term predictions, even to orders of magnitude.2

The results are supported by an extensive analysis of a
data set of real-world vessel trajectories. For each of them,

2 Preliminary results have been reported in [22, 25].

the OU and NCV process parameters are estimated using a
maximum likelihood (ML) procedure. The OU and NCV
models are then compared in terms of capability to
represent statistically the prediction error variance against
the prediction horizon time. Specifically, two different ad
hoc validation criteria are proposed: 1) the experimental
normalized prediction variance curve, averaged among the
all the available trajectories, is compared against the
theoretical normalized variance curve of the OU and NCV
models; 2) for each vessel trajectory, a hypothesis testing
procedure is applied, this consisting of deciding, at each
available time, whether or not the prediction error variance
is compatible with the theoretical models, meaning
significantly larger (or smaller) variance than the
theoretical value. Based on both the validation criteria, the
OU process models better than the NCV the behavior of a
significant portion of real-world vessels. The proposed
estimator, based on the OU process, is then demonstrated
to be suitable for long-term prediction in practical
applications. Moreover, the prediction uncertainty
equation has a closed-form expression, provided by the
OU process characterization, which is very useful in
real-world use cases. Furthermore, in this paper we offer
the closed-form expression for the solution of the coupled
OU and IOU stochastic differential equation (SDE), not
available in the target tracking literature.

The data set of trajectories comes from AIS [1, 23]
positioning reports broadcast by vessels. The AIS is a
self-reporting system originally conceived for collision
avoidance. However, there are increasing possibilities for
the use of AIS beyond this scope: the amount of
information reported by onboard AIS transceivers is
impressive, and for reference in Fig. 3 we report the
density of traffic in the world computed using AIS data
collected during six months at the NATO Science and
Technology Organization (STO) Centre for Maritime
Research and Experimentation (CMRE). AIS data is
often used for scientific purposes, for instance as ground
truth in order to estimate the performance of coastal
radars [21].

The analysis herein presented is based on two months
of commercial maritime traffic data recorded in the
Mediterranean Sea during year 2014. The behavior of a
vessel, and especially a nonmaneuvering one, depends
greatly on its size and tonnage and consequently the
motion characteristics may differ significantly among
different categories. Consequently, we considered it
worthwhile to subdivide the data set into three smaller
ones, each of them being representative of a traffic
category: cargo, tanker, and passenger vessels.
Specifically, we observe, respectively, 1370 cargo, 370
tanker, and 150 passenger trajectories, collecting in total
about 200 000 AIS messages.

The paper is organized as follows. In Section II we
formalize the problem in terms of SDE for the target
motion and introduce the OU and NCV models.
Section III is devoted to the model parameter estimation
procedure, while in Section IV the validation criteria of



Fig. 3. Density of AIS messages collected from multiple AIS networks from April to September 2012. Each pixel covers a 4 nmi
(one-fifteenth-degree) square on the ground and its color is (logarithmically) proportional to the number of ships whose reported positions fall within

its footprint.

the prediction models are formalized. Finally,
experimental results are reported in Section V and some
mathematical derivations are given in the appendices.

II. VESSEL DYNAMIC MODELS

In this section we describe the stochastic models of the
vessel (or target) dynamics. Let us indicate the target state
at time t ∈ R

+
0 with

s(t)
def= [x(t), y(t), ẋ(t), ẏ(t)]T , (1)

where the two coordinates x(t) and y(t), and the
corresponding velocities ẋ(t) and ẏ(t), in a
two-dimensional Cartesian (x, y) reference system are also
denoted by

x(t)
def= [x(t), y(t)]T (2)

ẋ(t)
def= [ẋ(t), ẏ(t)]T . (3)

The choice to define the target state in the Cartesian
coordinates is standard in the target tracking literature, e.g.
see [3]. In this formulation of the problem (x, y) can be
either the Universal Transverse Mercator (UTM)
coordinate system, or the rotated coordinate along the
target trajectory as usually assumed in the
knowledge-based tracking, e.g. see [7, 34, 36].

Let the target dynamics be a set of linear SDE in the
form [28]:

ds(t) = As(t) dt + Gu(t) dt + B dw(t), (4)

where A, B, and G are constant matrices, u(t) is a
deterministic function, and w(t) is a standard
bidimensional Wiener process. The SDE can be solved by
the use of Itô calculus [24].

Given the state of a target s(t0) observed at the time t0,
we aim to predict its state at the time t. The prediction is
carried out by the optimal Bayesian estimator:

s(t |t0)
def= [x(t |t0), y(t |t0), ẋ(t |t0), ẏ(t |t0)]T

= E [s(t) |s(t0) ] , (5)

where E [·] indicates the expected value operator. As
opposed to conventional tracking applications, we are
more interested in exploring the properties of s(t|t0) when
t – t0 is not comparable to the refresh rate of the sensor
that issues the measurements, being instead orders of
magnitude above it. The estimator is highly dependent on
the underlying motion model described by the SDE (4); in
this work we focus only on the case of nonmaneuvering
vessels while under way.



It is worth mentioning that in the tracking literature the
target state observation is typically affected by noise. We
assume to observe directly the target positional state.3

One of the most popular target motion models,
commonly adopted in the scientific target tracking
literature, is the NCV model [28], where (4) has the form

ds(t) = As(t) dt + B dw(t), (6)

with

A =
[

0 I

0 0

]
, B =

[
0

C

]
, (7)

being I the bidimensional identity matrix, 0 the
bidimensional null matrix, and C a generic bidimensional
matrix. In practice, the equation for the target dynamics
relies on the fact that for nonmaneuvering vessels
ẍ(t) ≈ [0, 0]T , i.e., there is a “small” effect on ẋ(t) that
accounts for unpredictable modeling errors [28].

For the OU model the SDE has a slightly different
form, with an additional term that accounts for the
mean-reverting tendency of the velocity:

ds(t) = As(t) dt + G v dt + B dw(t), (8)

where v = [vx , vy]T, and w(t) is a standard bidimensional
Wiener process. The matrices A, B, and G are defined as

A =
[

0 I

0 −�

]
, B =

[
0

C

]
, G =

[
0

�

]
, (9)

being � and C generic bidimensional matrices. Equation
(8) has the form of a Langevin dynamic [18] and can be
solved in closed form by using Itô calculus [16, 24], see
details in Appendix A. The ẋ(t) process is said to be of
OU type [4, 31] and correspondingly, we say that x(t)
is an IOU process [4]. The parameters vx and vy in v =
[vx , vy]T play a key role in the proposed model because
they represent the typical velocities along x and y,
respectively, of the vessel on the trajectory under
consideration. Roughly speaking, the velocity of the
process tends to drift over time towards its long-term
mean; and the mean-reversion tendency is stronger when
the velocity is further away from that long-term mean. In
[9, 10, 29] the OU zero-mean-reverting process is
introduced, in which the parameters vx and vy are both
null. Furthermore the Singer model [28] provides for the
target acceleration to be modeled as an OU
zero-mean-reverting process. However, in both cases the
aim is not the long-term target state prediction, but rather
the short-term characterization of the target dynamics.

The diagonal terms of � represent the mean reversion
effect along the x and y components, respectively, while

3 The assumption of the measurement noise being absent is even
plausible with respect to the real-world data set presented in Section V
and therein exploited for the prediction error variance analysis, because
the vessel positions broadcast by AIS transmitters have the same
accuracy as the Global Positioning System (GPS), and the measurement
noise would be therefore negligible.

the off-the-diagonal elements are representative of the
coupling effect between them. Assuming that � is
diagonalizable and has positive eigenvalues, an affine
transformation can be found that projects the matrix �

onto another space, i.e., � = R�R–1, where � is diagonal.
We expand this idea further in Appendix A, where we also
provide the general solution to the coupled problem.

A. Prediction Procedure

The solution of the SDE provides for the target state
prediction s(t|t0) and the related variance, which we take as
a measure of the prediction uncertainty. In this section we
describe the prediction procedure in the two cases that the
OU and NCV models are assumed for the target velocity.

1) NCV Model: Assuming the NCV model for the
velocity of the target, we have that the optimal prediction,
given the initial target state s(t0), is the following [3]

s(t |t0) = F(t − t0)s(t0), (10)

where F (t) is often referred to as the state transition
matrix and is given by

F(t) =
[

I t I

0 I

]
. (11)

According to (10), the covariance matrix of the
estimator is provided by the solution obtained by Itô
calculus and is given by

Cov [s(t) |s(t0) ] =
[

(t−t0)3

3
(t−t0)2

2

(t−t0)2

2 t − t0

]
⊗ CCT , (12)

where

CCT =
[

σ 2
x σxy

σxy σ 2
y

]
.

A slightly different process noise assumption of the
NCV (see [3]), would lead to the same estimator (10) but
with a higher scaling law of the errors, i.e., proportional to
(t–t0)4/4 instead of (t–t0)3/3 for the position and
proportional to (t–t0)2 instead of (t–t0) for the velocity. In
common tracking applications, where the time interval is
fixed, the two models are quite similar because the
parameters σ x,y can be differently tuned in order to
compensate for the different scaling laws. But in the
present work, even if the parameters were tuned
differently, the two models would still behave differently
in the long term.4

2) OU Model: Let us consider the case in which the
velocity of the target follows the OU model. For the sake
of clarity we assume hereafter that � = � = diag (γ ) is
diagonal and γ = [γ x, γ y]T. The general solution is
provided in Appendix A.

4 It is not a trivial matter to decide whether the t3 scale law is more
suitable than the t4 one for our purposes. In the analysis with real-world
data presented in Section V, we provide results for both versions of the
NCV model.



We have that the optimal prediction, given the initial
target state, is provided by the first moment of the SDE
solution [4, 16] and, for the velocity, we have

ẋ(t |t0) = v +
[

e−γx (t−t0) 0

0 e−γy (t−t0)

]
(ẋ(t0) − v) . (13)

Proceeding similarly for the target position, which is
an IOU process, the following expression can be derived

x(t |t0) = x(t0) + (t − t0) v

+
⎡⎣ 1−e−γx (t−t0)

γx
0

0 1−e−γy (t−t0)
γy

⎤⎦ (ẋ(t0) − v) . (14)

The optimal prediction can be rearranged in the matrix
form

s(t |t0) = �(t − t0, γ ) s(t0) + �(t − t0, γ ) v, (15)

where � (t, γ ) is the analog of the state transition matrix
and � (t, γ ) v is often called the control input function.
Their definitions are respectively provided by (46) and
(48) in Appendix A.

The estimator covariance is provided in (51) in
Appendix A. The variance terms are reported here:

E
[
(x (t |t0) − x (t))2 |s(t0)

] = σ 2
x

γ 3
x

f (γx (t − t0)) (16)

E
[
(y (t |t0) − y (t))2 |s(t0)

] = σ 2
y

γ 3
y

f
(
γy (t − t0)

)
(17)

E
[
(ẋ (t |t0) − ẋ (t))2 |s(t0)

] = σ 2
x

γx

g (γx (t − t0)) (18)

E
[
(ẏ (t |t0) − ẏ (t))2 |s(t0)

] = σ 2
y

γy

g
(
γy (t − t0)

)
(19)

where f (t) and g(t) are the prediction position and velocity
error normalized variance, defined as

f (t)
de f= 1

2

(
2t + 4e−t − e−2t − 3

)
(20)

g (t)
de f= 1

2

(
1 − e−2t

)
(21)

being σ 2
x and σ 2

y the diagonal elements of CCT.

REMARK Interestingly, it is easy to show that when
γ x,y = 0 the two models are equivalent because they have
the same dynamic expressions. Furthermore, by applying
l’Hôpital’s rule to (15) when γx,y → 0 then
�(t − t0, γ ) → F(t − t0) while �(t − t0, γ ) → 0, and
again by applying l’Hôpital’s rule the OU covariance (51)
degenerates in the NCV covariance (12).

III. PARAMETER ESTIMATION PROCEDURE

In support of our thesis that the motion of a
nonmaneuvering ship in open sea is better represented by
an OU process on the target velocity rather than the NCV
model, we present an analysis of a significant real-world
data set of vessel trajectories in order to compare the SDE

models described in the previous section. For this reason
we need a procedure to establish the SDE parameters θ =
(θ x, θ y) of the processes. In the NCV case

θx = σx and θy = σy (22)

while, under the OU assumption on the target velocity, we
have

θx = (σx, γx, vx) and θy = (
σy, γy, vy

)
. (23)

To keep the notation light, we use hereafter the
notation θ x,y, σ x,y, γ x,y, and vx,y to denote quantities that
can equally refer to the x or y coordinate.

In this section we provide a description of the
procedure that has been adopted to estimate θ for every
given trajectory. Let us assume we have recorded a set of
K trajectories of nonmaneuvering vessels. In practice, the
nonmaneuverability assumption translates to the selection
of piecewise linear vessel trajectories. Each trajectory is
defined by a set of target states

Si = {
si(ti,j )

}Ni

j=0 , (24)

for i = 1, . . ., K at some time instants ti,j–1(< ti,j), for j =
0, . . ., Ni. We assume to observe only the set of velocities
denoted by

Zi = {
ẋi(ti,j )

}Ni

j=0 ,

for i = 1, . . ., K. Every trajectory i is characterized by θ i =
(θ x,i, θ y,i), which is estimated from the measurement set
Zi for both the NCV and OU models. Thanks to the
Markovian and Gaussian properties of (6) and (8) [24, 32],
the likelihood function of Zi is explicitly given by [32]

Li (θ i) =
Ni∏

j=1

φ
(
ẋi(ti,j )

∣∣ẋi(ti,j−1), θ i

)
, (25)

where φ (·) is a bivariate Gaussian distribution. The
estimate is then provided by the ML estimator

θ̂ i = arg max
θ

Li (θ ) .

However, in order to simplify the estimation procedure
from a computational perspective, we can use the marginal
likelihood along the x and y coordinates. This
marginalization procedure is quite standard, especially
from the Bayesian standpoint (assuming noninformative
prior in our case) i.e., the other coordinate (y if we are
estimating parameters along x and vice versa) is
considered as a nuisance parameter. The marginal
likelihoods are then given by

Lx,i

(
θx,i

) =
Ni∏

j=1

φẋi

(
ẋi(ti,j )

∣∣ẋi(ti,j−1), θx,i

)
, (26)

Ly,i

(
θy,i

) =
Ni∏

j=1

φẏi

(
ẏi(ti,j )

∣∣ẏi(ti,j−1), θy,i

)
. (27)

where φẋi
(·) and φẏi

(·) are Gaussian distributions with
mean and variance given by the solution of the SDE (see



also the discussion in Section II). Specifically, for the
NCV we have

E
[
ẋi(ti,j )

∣∣ẋi(ti,j−1)
] = ẋi(ti,j−1) (28a)

E
[
ẏi(ti,j )

∣∣ẏi(ti,j−1)
] = ẏi(ti,j−1) (28b)

V
[
ẋi(ti,j )

∣∣ẋi(ti,j−1)
] = σ 2

x �i,j (28c)

V
[
ẏi(ti,j )

∣∣ẏi(ti,j−1)
] = σ 2

y �i,j (28d)

while for the OU we have

E
[
ẋi(ti,j )

∣∣ẋi(ti,j−1)
] = vx +(ẋi(ti,j−1) − vx)e−γx�i,j

(29a)

E
[
ẏi(ti,j )

∣∣ẏi(ti,j−1)
]=vy + (ẏi(ti,j−1) − vy)e−γy�i,j

(29b)

V
[
ẋi(ti,j )

∣∣ẋi(ti,j−1)
]= σ 2

x

γx

g
(
γx�i,j

)
(29c)

V
[
ẏi(ti,j )

∣∣ẏi(ti,j−1)
]= σ 2

y

γy

g
(
γy�i,j

)
(29d)

where V[·] indicates the variance operator and

�i,j

de f= ti,j − ti,j−1. The ML estimators along x and y for
the ith trajectory are given by

θ̂x,i = arg max
θx

Lx,i (θx) ,

(30)
θ̂y,i = arg max

θy

Ly,i

(
θy

)
.

Further details about the implementation of the ML
estimators are given in Appendix B.

IV. MODEL VALIDATION CRITERIA

In this section we describe the validation methods used
against the NCV and OU models, based on the capability
of the model not only to predict future target states but
also to quantify the uncertainty of the prediction. For this
reason, the validation is carried out by analyzing the
properties of the prediction error.

Let us consider the ith trajectory, which is made up of a
sequence of target states Si , as in (24), observed at the time
instants ti,j–1 (< ti,j). For the purpose of model validation,
in the prediction procedure we take each data point of the
trajectory and, using it as the initial target state, we
perform the target state prediction at the time instants of
the following observations. That is, given the initial state
si(ti,j) for j = 0,1, ..., Ni, we predict the sequence of target
states at the time instants t = ti,n for n = j + 1, . . ., Ni:

Ŝi =
{{

si(ti,n|ti,j )
}Ni

n=j+1

}Ni

j=0
,

where the estimate si(ti,n|ti,j) is given by (10) for the NCV
model, and by (15) for the OU model. The parameters θ i

used in the prediction are estimated from the velocity
samples themselves, as described in Section III.

We can now define the prediction error as a function of
the prediction horizon t > 0:

esi
(t)

de f= [
eT

xi
(t), eT

ẋi
(t)
]T

(31)= si(t + t0) − si(t + t0|t0),

which is a zero-mean random variable. The dependency
on the generic instant t0 is not made explicit in the
notation because we are interested only in its first and
second moments, which are independent of t0 because of
the properties of the target process described in Section II.

Therefore, we consider hereafter that t0 = 0, without
affecting the analysis. Having predicted the target states at
the time instants when the measurements are available, the
prediction intervals for the ith trajectory are

Ti =
{{

ti,n − ti,j
}Ni

n=j+1

}Ni

j=1
,

meaning that the prediction error is sampled at the time
instants t ∈ Ti . The computed prediction error should
correspond to the diagonal elements of (12) in the NCV
case, and to (16)–(19) under the OU assumption on the
target velocity. In order to verify the suitability of the
models under investigation for the prediction uncertainty,
we analyze the set of prediction errors {esi

(t)}Ki=1 for both
models versus the prediction horizon t.

A. Prediction Error Variance Criterion

In this section we propose a validation criterion based
on the comparison between the sample prediction error
variance, as computed from the real-world data, and the
theoretical variance, as expected from the SDE models.

The first hurdle is related to the fact that, as already
discussed in Section III, each trajectory i is a realization
of the stochastic process—on the target velocity—with
a specific set of parameters θ i. Also the data analysis and
the model validation are affected by the inhomogeneity of
the samples drawn from different trajectories, these being
not directly comparable because of the different process
parameters. The validation must, therefore, be carried out
by separating the effect of the parameters from the time
dependency in the diagonal entries of (12) and in (16)–(19).
This is possible by normalizing the error in amplitude
for the NCV and in both amplitude and time scale for the
OU. Specifically, the error can be normalized as follows

ẽsi
(t) =

{
T−1

i esi
(t) if NCV,

T−1
i esi

(t/γi) if OU,
(32)

where

T i =
⎧⎨⎩diag (σx,i, σy,i , σx,i , σy,i) if NCV,

diag
(

σx,i

γ
3/2
x

,
σy,i

γ
3/2
y

,
σx,i

γ
1/2
x

,
σy,i

γ
1/2
y

)
if OU.

(33)
In this way the second moment of ẽsi

(t) is independent
of i. Specifically, the error variance can be derived easily
from the diagonal elements of (12) and from (16)–(19)

d
(
E
[
ẽsi

(t)ẽT
si

(t)
]) = η(t), (34)



η(t)
de f=

{[
tp

p
, tp

p
, tp−2, tp−2

]T
if NCV,

[f (t), f (t), g(t), g(t)]T if OU,
(35)

where d(·) is the vector of the diagonal elements, p = 3 or
alternatively p = 4 (see discussion in Section II-A); the
functions f(t) and g(t) are defined in (20)–(21).

At this point we can verify if the sample covariance of
the normalized prediction error, provided by the data, fits
the theoretical expectation η(t). This is possible by using

ηK (t)
de f= 1

K

K∑
i=1

d
(
ẽsi

(t)ẽT
si

(t)
) K→∞→ η(t), (36)

where the convergence can be intended in mean square or
in probability [19]. Roughly speaking, in our case, if K is
sufficiently large then the sample variance of the
normalized prediction error should be close enough to the
expected one η(t). In Section V we compare the empirical
curve ηK(t) with the theoretical curve η(t) for both OU and
NCV models.

The use of normalized errors (32) implies again the
knowledge of the process parameters, which of course are
not available, and for this reason we use their estimates in
place of the true values.

B. Hypothesis Testing Criterion

A complementary validation method is provided by a
test-based criterion. For every trajectory the normalized
prediction errors are Gaussian with variance η(t). It is
therefore possible to build up a test to decide if the error
variance is η(t), hypothesis H0, or is larger/smaller,
hypothesis H1. Also we assume that under H1 the errors
are still zero-mean Gaussian distributed. Let us consider
observing a set of k normalized prediction errors
{ẽsi

(tn)}kn=1 of the ith trajectory, with
tn ∈ [t − δ, t + δ], δ > 0. If the errors are generated
from predictions in nonoverlapped time intervals of the set
Ti , then by virtue of (25) these errors are also independent.
The decision statistics related to a single element of the
error, say the x component5 ẽxi

in the time interval
centered in t, is based on the log-likelihood ratio (LLR)

lx,i(t) =
k∑

n=1

log

(N (ẽxi
(tn), ηx(tn))

N (ẽxi
(tn), η̄x(tn))

)
, (37)

where ηx(tn) is the first element of η(tn), N (x, σ 2) is the
zero-mean Gaussian function with variance σ 2 evaluated
in x, η̄x(tn) is the variance under the alternative hypothesis
H1. We assume that δ is sufficiently small such that
tn ≈ t, ηx(tn) ≈ ηx(t) and η̄x(tn) ≈ η̄x(t). The LLR based
test, manipulating (37), is as follows

lx,i(t) =
k∑

n=1

ẽ2
xi

(tn)

ηx(tn)

{
∈ [γl, γu] decide H0,

otherwise decide H1,
(38)

5 Note that the same reasoning applies to y and ẋ,ẏ.

where if lx,i(t) < γ l then the variance is declared to be
lower than the expected one, while if lx,i(t) > γ u then the
variance is declared to be higher than the expected one.
The test has a convenient nonparametric form in which
knowledge of η̄x(tn) is not required. The thresholds γ l and
γ u can be computed by imposing the probability of
rejection of H0 under H0

α = 1 − P
[
lx,i(t) ∈ [γl, γu] |H0

]
.

Since lx,i(t) under H0 is a central χ2 random variable
with k degrees of freedom then we have

α = 1 − Fχ2 (γu, k) + Fχ2 (γl, k) , (39)

where Fχ2 (·, k) is the central χ2 cumulative density
function (CDF) with k degrees of freedom. If we allow
half chance to declare an increase of variance and half to
declare a decrease then the two thresholds are given by

γl = F−1
χ2 (α/2, k) , γu = F−1

χ2 (1 − α/2, k) . (40)

By averaging the decisions of all the trajectories, we
compute the empirical acceptance rate of H0 versus the
prediction horizon time:

px,K (t) = 1

K

K∑
i=1

I
(
lx,i(t) ∈ [γl, γu]

)
,

where I(·) is the indicator function. Ideally, if the model is
correct and all the parameters are known, the empirical
acceptance rate px,K(t) would converge to the value 1 – α

for K → ∞, where the convergence can be intended in
mean square or in probability [19]. In Section V we report
the empirical acceptance rate px,K(t) for both the OU and
NCV models versus the prediction horizon time.

V. MODEL VALIDATION USING REAL-WORLD
VESSEL TRAFFIC DATA

In this section we provide evidence that the uncertainty
of long-term state predictions of nonmaneuvering vessels
fits better to the OU—for the velocity—and IOU —for the
position—models than what does the NCV model. This
evidence is based on the analysis of a significant record of
all the maritime traffic in the Mediterranean Sea, collected
by STO-CMRE. Specifically, the data set consists of AIS
messages broadcast by vessels navigating in the
Mediterranean Sea in two months of 2014 and collected
by a network of satellite and terrestrial receivers.

Considering that the behavior of a vessel, and
especially a nonmaneuvering one, depends greatly on its
size and tonnage, the motion characteristics may
consequently be significantly different among different
vessels. Therefore we subdivide the data set into three
categories, each of them being representative of a traffic
category: cargo, tanker, and passenger vessels. The
ensemble of trajectories, subdivided by traffic category,
represents the starting point of our analysis.

An additional step has to be accomplished before the
actual analysis can start, because of the models described
in Section II being valid under the assumption of a



Fig. 4. Quasi-rectilinear trajectories under consideration in the validation
study; the color indicates traffic category: pink for the cargo traffic,

orange for the tanker, green for the passenger. These trajectories represent
a subset of a data set of AIS messages collected over the Mediterranean

Sea from multiple AIS networks during two months of 2014.

nonmaneuvering vessel. This preprocessing phase consists
of enforcing this assumption on the given real-world data
set by breaking every observed trajectory into piecewise
“linear” parts where the target has essentially no process
noise.6

This initial step leaves us with a set of observed
trajectories of nonmaneuvering vessels of each traffic
category. Fig. 4 illustrates the vessel trajectories that will
be used afterwards to perform the analysis of the
prediction errors, evaluating the actual prediction error
variance against the theoretical models described in
Section II.

The prediction procedure is repeated for all the
trajectories and for the different motion models, leading us
to a collection of prediction errors relative to the target
position and velocity as described in Section IV. The OU
motion model for the velocity and its integrated version
for the position, as described in Section II-A.2, are
characterized by three parameters for each coordinate: the
noise level σ x,y, the desired speed vx,y , and the reversion
rate γ x,y, which basically represents how quickly the
target tends to restore its desired speed after a
perturbation. The NCV motion model has instead just one
parameter for each coordinate: the noise level σ x,y.

It is apparent that these process parameters are
important to the specific realization but, more importantly,
they are not known a priori and therefore have to be
estimated, see Section III. The estimation of the process
parameters is not error free but, to the contrary, introduces
additional error to the prediction error. However, the
following analysis shows a good match between the
real-data and the theoretical curves, meaning that the
trajectory are sufficiently long to guarantee a parameter
estimation with a negligible error.

6 Being on a linear track does not necessarily imply that the vessel is not
maneuvering because, especially for long trajectories, it may have
changed its velocity quite significantly. However, for the purpose of this
work we can safely assume that a vessel under way on a linear track is
not a maneuvering target.

A. Single-Target Scenario

In this subsection a single trajectory is analyzed. A
tanker vessel of 270 m in length and 48 m in breadth is
sailing northeastwards from the Strait of Gibraltar to the
East Mediterranean, see Fig. 1. A prediction from the
initial point of the trajectory, located in the origin, up to
20 h is performed with both the OU and the NCV models
and then compared with the true vessel position. The
vessel trajectory is reported in the uppermost part of Fig.
5, along with the OU and NCV predictions and their
related uncertainty (95th percentile), as provided by the
two models. The covariance matrix is computed assuming
that the noise along the direction of the desired velocity is
orthogonal to the noise across the same direction as
usually assumed, e.g. in [34]. In the lowermost plots of
Fig. 5 the vessel velocities along x and y are reported as
well as the predicted velocities provided by the models.

This case study shows that even if the NCV prediction
is reasonably close to the true vessel position, its
uncertainty is disproportionately large. On the other hand,
the OU prediction is not only closer to the true vessel
position with respect to the NCV prediction but also has a
significantly smaller uncertainty (orders of magnitude).
The empirical standard deviation (SD) of the prediction
errors along x and y with respect to the prediction time
horizon is reported in Fig. 6 and compared with the
theoretical curves. The empirical SD curves are computed
based on the data set related to this single trajectory, see
details in Section IV. The empirical curves are more
accurate for short-term horizons (< 5 h) because they are
computed with more samples with respect to the larger
time horizons. For instance, the last point of these curves
has just a single sample related to the prediction from the
initial point to the last point of the trajectory.

It is worth noticing that the OU and NCV prediction
errors are equal in first part (< 1 h) while in the second
part they separate and the NCV exhibits a larger error.
Furthermore, as already discussed, it is easy to recognize
that the NCV model in the very short term (< 10 min) fits
sufficiently well the data while in the long term the NCV
theoretical curve significantly diverges from the empirical
curve. The OU model instead follows the data until 15 h,
after this point the empirical curve is not statistically
significant because of the lack of samples. In order to have
a statistically significant data set we now construct these
curves using all the trajectories available as prescribed in
Section IV-A.

B. Error Variance Criterion

To keep the notation lighter, let us define a generic
coordinate u = {x, y} and a generic velocity u̇ = {ẋ, ẏ},
along its corresponding long-term mean v = vx,y , reversion
rate γ = γ x,y, and noise term σ = σ x,y. We use subscripts for
the time variable, i.e. uj = u (tj), when not otherwise stated.

1) Velocity: Fig. 7 shows the prediction error variance
on the target velocity over the prediction horizon, for the
cargo, tanker, and passenger traffic categories. In each



Fig. 5. Single target scenario: comparison of the uncertainty of the predicted positional target state under the assumptions of NCV and OU model.
The uppermost illustration reports the highlighted portion of the trajectory in Fig. 1 that has been converted into projected coordinates. The predictions

of the target position after approximately 20 hours from the initial state are indicated with cross markers. The related 95%-confidence prediction
covariance ellipses are plotted with dashed lines. The two lowermost figures refer to the target velocity along the two components and respectively to
the x-coordinate on the left, and the y-coordinate on the right. The actual target velocity samples are drawn with solid lines and square markers. The

horizontal black dashed line represents the average observed target velocity in the considered (linear) trajectory segment, while the vertical black
dashed line identifies the prediction instant, which happens to be approximatively 20 hours after the initial state. The NCV and OU predictions, given

the initial state, are reported in contrast colours with —respectively— dotted and solid lines.

subfigure marker plots illustrate the empirical data, i.e.,
the actual prediction error variance observed on the target
velocity, whereas dashed lines represent the theoretical
model.

As discussed in Section IV-A, a normalization step,
see (32), is necessary in order to compare the trends of the
prediction uncertainty of all the trajectories in the data set.
Therefore, the numerical values in OU and NCV plots do



Fig. 6. Single target scenario: unnormalized standard deviation of the prediction error on the target position assuming the OU or NCV motion model,
for the two components of the positional target state (x on the left and y on the right). Theoretical curves are reported with dashed lines. The target is

given by the tanker vessel whose trajectory is reported in Fig. 1.

Fig. 7. Normalized variance of the prediction error on target velocity assuming the OU (left) or NCV (right) target motion model, for the three traffic
categories: cargo (pink), tanker (green), and passenger (orange). Components along x-axis and y-axis are identified using different markers.

not show the actual variance of the prediction but rather
represent the normalized variance function (35). The OU
time axis has also been scaled according to the reversion
rate of each trajectory. On the contrary, figures with NCV
plots need to be scaled only with respect to the noise level,
and therefore there is no need to define a normalized time
axis. The normalized variance curves are then computed
by averaging the error contributes over all the trajectories,
see (36).

The aim of these figures is to compare how well the hy-
pothesized models reproduce the evolution of the prediction
uncertainty over the prediction horizon. In each of the afore-
mentioned figures, the leftmost graphs are under the OU
model hypothesis, while those on the far right relate to the
NCV models, in both the cases of p = 3 and p = 4, see (35).

In Fig. 7 it is easy to recognize that while the NCV
models fit the empirical curve only for short time

predictions the OU instead fits the whole evolution. It is
worth mentioning that in the long term the fundamental
difference between the two model becomes clear: the
NCV uncertainty diverges, as for a Brownian motion,
while the OU reaches an asymptotic level provided by g(t)
→ 1/2, see (35) and (21). The asymptotic unnormalized
OU uncertainty is instead given by σ 2

x,y/2γx,y, basically it
is proportional to the noise variance σ 2

x,y and to the inverse
of the reversion rate 1/γ x,y. As already explained in
Section II, the NCV model is equivalent to the OU for γ x,y

→ 0, this explains from another point of view why the
NCV uncertainty diverges.

2) Position: Fig. 8 illustrates how the prediction error
variance on the target position varies over the prediction
horizon for the cargo, tanker, and passenger traffic
categories. As before, marker plots have been used for the
empirical data and dashed lines for the theoretical models.



Fig. 8. Normalized variance of the prediction error on the target position assuming the OU (left) or NCV (right) target motion model, for the three
traffic categories: cargo (pink), tanker (green), and passenger (orange). Components along x-axis and y-axis are identified using different markers.

Like the OU model for the target velocity, the IOU is
apparently more appropriate to model the uncertainty
growth over the prediction horizon, especially for
long-term target state prediction, where the actual
prediction error variance on the position of the target is
several orders of magnitude below the value one would
expect according to both versions of the NCV.

As opposed to the velocity curve, the position
uncertainty diverges for both IOU and NCV, see (35) and
(20). However, the divergence rates are different,
specifically the normalized IOU uncertainty grows as
t while the NCV grows as tp with p = 3 or p = 4. The
growth rate for the unnormalized IOU uncertainty is ruled
by σ 2/γ 3, as opposed to the asymptotic variance of the
velocity, this being proportional to the cube of the
reversion rate.

C. Hypothesis Testing Criterion

In this section we report the empirical results of the
hypothesis testing validation criteria discussed in Section
IV-B. Specifically, in Fig. 9 it is reported the H0 decision
rate for the OU and NCV models. Based on the
assumptions made in Section IV-B, we test whether the
empirical errors are statistically compatible with the
theoretical model H0, which states that the normalized
squared errors are distributed as a central χ2 distribution
with a variance provided by (35). Under the alternative
hypothesis H1 the errors are still χ2 distributed but with a
variance different from (35). The test, under the
aforementioned assumptions, is nonparametric in the
sense that one needs to know only the parameters under
H0 but not under H1. However, the parameters under H0

are unknown and can only be estimated; this means that
the normalized errors, using estimated parameters, are
approximately χ2 distributed. Because of this
approximation we can have a higher rejection rate of H0

with respect to the prescribed α.

The rate of decision in favor of H0 is computed by
averaging the decisions made for each individual
trajectory at every time interval. The confidence level
adopted was α = 5%.

The unsuitability of the NCV models for long-term
prediction is evident here, but as already discussed, in the
short term the NCV model is equally suitable, from a
statistical point of view, to the OU model. On the contrary,
as already observed in the previous subsection, the OU
model is statistically compatible with the empirical errors
and the acceptance rate in favor of the hypothesized model
is constantly close to 1 – α = 95% for all the prediction
time horizon.

D. Statistics of OU Parameters

As already mentioned, each trajectory in the data set is
characterized by a different set of parameters θ = (θ x, θ y)
of the underlying OU process. The procedure described in
Appendix B leaves us with an estimate, in the ML sense,
of the parameters γ , σ , and v. Fig. 10 shows how these
parameters are distributed for the three different categories
of maritime traffic. Each plot in the figure shows the joint
distribution of γ and σ along the two coordinates of the
reference system rotated along the direction of motion,
defined by v. In other words, in the rotated plane (x⊥, y‖)
the characteristic speed across the trajectory is always
null, i.e. vx⊥ = 0. For completeness sake, in Table I we
report some statistics that have been computed on the
same data set, i.e. mean, median, and SD values.

It can be seen that, for all the traffic categories, the
across-track reversion rate is higher than the along-track
one, in terms of both average (mean and median values)
and variability (standard deviation), and it is reflected also
in Figs. 10(a)–10(c), where the peaks of the estimated
joint distribution all fall below the bisection line of the
first quadrant. Practically, vessels adjust their across-track
velocity faster than the along-track one. This is also in line
with what one would expect considering that



Fig. 9. Model acceptance rate of OU (left) and NCV (right) target motion model as function of the prediction time based on the velocity (top) and
position (bottom) error components, for the three traffic categories: cargo (pink), tanker (green), and passenger (orange). Nominal rejection rate α =

5%. Different markers are used for x and y components.

Fig. 10. Joint distributions of OU process parameter estimates for the
three traffic categories: cargo (a) and (d), tanker (b) and (e), and
passenger (c) and (f). Univariate graphs (i.e. empirical marginal

distributions) are shown on two axes. Figures (a)–(c) refer to reversion
rate γ , while (d)–(f) at the bottom show joint distribution of process
noise σ . The x-axis and y-axis refer, respectively, to across-track and

along-track coordinate.

physically—under the nonmaneuverability
hypothesis—the tonnage of a vessel does not simply allow
sudden significant changes of the along-track velocity,

TABLE I
Statistical Features of OU Process Estimated Parameters for Three

Traffic Categories

γ σ

Cargo Mean y‖ 5.63 × 10–4 9.17 × 10–3

x⊥ 6.28 × 10–4 9.04 × 10–3

Median y‖ 3.79 × 10–4 7.95 × 10–3

x⊥ 5.11 × 10–4 7.90 × 10–3

SD y‖ 5.41 × 10–4 4.92 × 10–3

x⊥ 4.41 × 10–4 5.00 × 10–3

Tanker Mean y‖ 5.40 × 10–4 8.89 × 10–3

x⊥ 7.31 × 10–4 9.47 × 10–3

Median y‖ 3.81 × 10–4 7.80 × 10–3

x⊥ 6.02 × 10–4 8.95 × 10–3

SD y‖ 4.98 × 10–4 4.39 × 10–3

x⊥ 5.11 × 10–4 4.49 × 10–3

Passenger Mean y‖ 8.18 × 10–4 1.26 × 10–2

x⊥ 8.36 × 10–4 1.20 × 10–2

Median y‖ 5.68 × 10–4 1.11 × 10–2

x⊥ 7.13 × 10–4 1.11 × 10–2

SD y‖ 7.54 × 10–4 5.83 × 10–3

x⊥ 5.63 × 10–4 5.59 × 10–3

while significant variations to the across-track one can be
easily implemented via the rudder. The process noise
parameter distributions, reported in Figs. 10(d)–10(f), are
approximately symmetric with the peaks of the estimated
joint distribution falling along the bisection line of the first
quadrant.



It is worth mentioning that the OU process is well
suited for the representation of the long-term state
prediction uncertainty also in the rotated plane. Roughly
speaking, the procedures described in Sections IV-A and
IV-B could be repeated on the rotated coordinates, leading
to a situation similar to what is shown in Figs. 7–9.

The assumption of a diagonal reversion rate matrix is
adopted also in the rotated plane, even if this matrix

cannot possibly be diagonal both in the original and
rotated planes. However, the data analysis suggests that
the effect of the cross-reversion terms is negligible. On the
other hand, from a theoretical perspective, the most
general problem of a coupled OU process is addressed and
the corresponding solution is provided in Appendix A.

VI. CONCLUSION

In this paper the problem of issuing long-term
predictions of future target states has been studied, with
specific focus on the modeling of the related uncertainty.
That is, given a target motion model, the aim has been to
derive an optimal prediction procedure and investigate its
variance over the prediction horizon. However, unlike
most of the literature in the tracking field, our efforts have
concentrated on the case of long-term target state
prediction, where the prediction horizon is orders of
magnitude above the refresh rate of the sensor issuing the
observation, being this case much more plausible in the
real-world problem of maritime traffic motion modeling.

Two different stochastic motion models have been
hypothesized, the first being the well-known NCV model,
and the second less commonly studied—at least in the
tracking literature— OU mean-reverting stochastic model.
A detailed description and comparison of the two
theoretical models has been provided and it is
accompanied by an extensive validation study on a
real-world data set which is representative of a significant
portion of the maritime traffic in the Mediterranean Sea.
Experimental results confirm that OU stochastic processes
may be used to model the motion of nonmaneuvering
vessels while under way. Its major advantage over the
more traditional NCV model is that the variance of the
predicted position grows linearly with the prediction
horizon, resulting in a prediction uncertainty that is much
more contained in larger time scales.

In the future, this model may be applied to relevant
scenarios that might benefit from a more accurate

modeling of the prediction uncertainty. For example, in
the task of satellite image acquisition, the reduction of
uncertainty in vessel location could enable higher
resolution imagery over a smaller area, thus providing
more accurate classification. Future investigations are
needed to study on-line procedures for estimating and
updating the OU parameters while the data are
observed.
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g(γx

t
2 )

γx
− g((γx+γy ) t

2 )
γx+γy

g(tγx) g((γx + γy) t
2 )

g(γy
t
2 )

γy
− g((γx+γy ) t

2 )
γx+γy

k(tγy) g((γx + γy) t
2 ) g(tγy)

⎤⎥⎥⎥⎥⎥⎥⎦ (41)

APPENDIX A. COUPLED OU PROCESS

Let us consider the SDE (8); as already mentioned, the
solution can be found using Itô calculus [15, 24] and the
first two moments are as follows

s(t |t0) = eA(t−t0)s(t0) +
∫ t

t0

eA(t−s)Gvds, (42)

and

Cov [s(t) |s(t0) ] =
∫ t

t0

eA(t−s) B BT
(
eA(t−s))T ds. (43)

We define � = diag (γ ), γ being the vector of
eigenvalues of �. Assuming that � diagonalizable, � =
R�R–1 represents its eigendecomposition, and the
following relations hold

A =
[

0 I

0 −�

]
=
[

0 I

0 −R�R−1

]
= R̃ ÃR̃

−1
,

where

R̃
def=
[

R 0
0 R

]
and Ã

de f=
[

0 I
0 −�

]
. (44)

We can now exploit the power series of the matrix
exponential to obtain a convenient expression for eAt

eAt =
∞∑

k=0

1

k!
Aktk

=
∞∑

k=0

1

k!

k∏
i=0

(
R̃ ÃR̃

−1
)

tk

=
∞∑

k=0

1

k!
R̃ Ã

k
tk R̃

−1

= R̃

( ∞∑
k=0

1

k!
Ã

k
tk

)
R̃

−1

= R̃e Ãt R̃
−1

, (45)



that can be reworked to highlight the dependence on t
and γ

� (t, γ )
de f= e Ãt =

[
I
(
I − e−� t

)
�−1

0 e−� t

]
. (46)

On the other hand, the integral in (42) can be written in
terms of � (t, γ )

�(t, γ )
def=
∫ t

t0

eA(t−s) G ds

=
∫ t

t0

� (t − s, γ )

[
0

�

]
ds, (47)

and allows a closed-form solution

�(t, γ ) =
[
t I − (I − e−� t

)
�−1

I − e−� t

]
. (48)

Combining together (42), (46), and (48) leads us to the
first moment of the SDE solution, which has the form

s(t |t0) = R̃� (t − t0, γ ) R̃
−1

s(t0)

+R̃� (t − t0, γ ) R̃
−1

v, (49)

where � (t, γ ) is the state transition matrix and � (t, γ ) is
the control input function, defined as before.

We can proceed analogously with the second-order
solution using (43) and (46)

Cov [s(t) |s(t0) ]

= R̃

(∫ t

t0

� (t − s, γ )

[
0 0

0 C̃

]
�T (t − s, γ ) ds

)
R̃

−1

(50)

where C̃ is the noise covariance in the transformed
domain, whose entries are defined as follows

C̃
de f= R−1C

(
R−1C

)T =
[

σ 2
x σxy

σxy σ 2
y

]
.

Again, the problem can be solved in algebraically
closed form and for the second moment of the SDE
solution, we obtain

Cov [s(t) |s(t0) ] = R̃ 	 (t − t0) R̃
−1

, (51)

where 	(t) = 	1 ◦ 	2(t). The matrix 	1 has the
following form

	1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

σ 2
x

γ 3
x

σxy

γxγy

σ 2
x

2γ 2
x

2σxy

γx

σxy

γxγy

σ 2
y

γ 3
y

2σxy

γy

σ 2
y

2γ 2
y

σ 2
x

2γ 2
x

2σxy

γy

σ 2
x

γx

2σxy

γx + γy

2σxy

γx

σ 2
y

2γ 2
y

2σxy

γx + γy

σ 2
y

γy

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(52)

and 	2(t) is defined in (41). This latter equation is finally
completed by the following function definitions of f(t),
g(t)—that have already been defined in (20) and
(21)—h(t,γ ) and k(t)

f (t)
def= 1

2

(
2t + 4e−t − e−2t − 3

)
g (t)

def= 1

2

(
1 − e−2t

)
h(t, γ )

def= t − 1 − e−tγx

γx

− 1 − e−tγy

γy

+ 1 − e−t(γx+γy)

γx + γy

, (54)

k(t)
def= e−2t

(
1 − et

)2
. (55)

APPENDIX B. PROCESS PARAMETER ESTIMATION

As previously noted, let us define a generic coordinate
u = {x, y} and a generic velocity u̇ = {ẋ, ẏ}, along with its
corresponding long-term mean v = vx,y , reversion rate γ

= γ x,y, and noise term σ = σ x,y. Also when not otherwise
stated, the subscripts are used to indicate the time variable,
i.e., uj = u(tj), for j = 1, . . ., n, n being the number of
observed target states within a given rectilinear trajectory.

A. NCV Model Process Parameter Estimation

The NCV likelihood can be derived from (26) or (27)
specialized by (28a)–(28d), obtaining

L (θ ) = L (σ ) =
n∏

j=1

1√
2πσ

e
− (u̇j −u̇j−1)2

2σ2�j (56)

Omitting the constant term, the log-likelihood has the
form

� (σ ) = −n log σ − 1

2σ 2

n∑
j=1

(
u̇j − u̇j−1

)2
�j

. (57)

The ML estimate is provided by the most likely parameter

σ̂ = max
σ

� (σ ) .

The maximum condition is the following

∂� (σ )

∂σ
= − n

σ
+ 1

σ 3

n∑
j=1

(
u̇j − u̇j−1

)2
�j

= 0, (58)

which leads to

σ̂ =
√√√√1

n

n∑
j=1

(
u̇j − u̇j−1

)2
�j

. (59)

B. OU Model Process Parameter Estimation

The OU process defined by (8) can be stationary,
Gaussian, and Markovian and it is an example of a
Gaussian process with bounded variance and stationary
probability distribution, as opposed to the Wiener process.



This is due to the fact that in the latter the drift term is
constant, whereas in the OU it is dependent on the current
value of the process: if it is less than the long-term mean,
the drift will be positive; on the contrary, if the current
value is higher than the long-term mean, the drift will be
negative. This behavior gives the name mean-reverting.

In this appendix we provide a description of the ML
procedure used for the estimation of process parameters
given a set of observations, see further details in [14]. Let
us consider a single vessel trajectory, representing a
realization of the OU process. We observe a set of
velocities on the generic coordinate observed along a
single quasi-rectilinear vessel trajectory. Let this set be

Z = {u̇i}nj=0 .

In Section III the generic form of the likelihood of the
observation, given the observations Z , has been already
provided in (25) as well as its specialization for the two
Cartesian components of the target velocity (26) and (27).

Under the assumptions of stationarity, Gaussianity, and
Markovianity of the OU process, the log-likelihood of Z
can be derived from (26) or (27) specialized by (29a)–(29d).
Omitting the constant terms, the log-likelihood has the form

� (θ ) = −n

2
log

(
σ 2

2γ

)
− 1

2

n∑
j=1

log
[
1 − e−2γ�j

]

− γ

σ 2

n∑
j=1

(
u̇j − v − (u̇j−1 − v

)
e−γ�j

)2
1 − e−2γ�j

(60)

where n is the cardinality of the time intervals in
Z and θ = (v, γ , σ ) is the set of process parameters. The
term �j = tj – tj–1 represents the time elapsed between the
j-th and the immediately previous observation, enabling
eventually the possibility of estimating also the parameters
of asynchronous OU processes (�j �= �k, j �=k).

The ML estimate θ̂ = (v̂, γ̂ , σ̂ ) given Z is the one that
satisfies the following first-order conditions

∂� (θ)

∂v

∣∣∣∣
v̂

= 0,
∂� (θ)

∂γ

∣∣∣∣
γ̂

= 0,
∂� (θ)

∂σ

∣∣∣∣
σ̂

= 0. (61)

The log-likelihood (60) can be elaborated and leads us
to the marginal likelihood of Z with respect to v

∂� (θ )

∂v
= − γ

σ 2

n∑
j=1

u̇j − v − (u̇j−1 − v
)

e−γ�j

1 + e−γ�j
. (62)

Assuming γ and σ are nonzero, the first order
conditions (61) lead us to the ML estimate of the
long-term mean of the process:

v̂ = f (γ̂ ) =
n∑

j=1

u̇j − u̇j−1 e−γ̂ �j

1 + e−γ̂ �j

⎛⎝ n∑
j=1

1 − eγ̂ �j

1 + eγ̂ �j

⎞⎠−1

.

(63)
From here, following the same approach as before, we

can differentiate (60) with respect to σ , thus obtaining the

marginal log-likelihood of Z

∂� (θ)

∂σ
= − n

σ
+ 2γ

σ 3

n∑
j=1

(
u̇j − v − (u̇j−1 − v

)
e−γ�j

)2
1 − e−2γ�j

,

(64)
which, if combined with conditions (61), provides an
estimate of the noise term σ

σ̂ = g (v̂, γ̂ ) =
√√√√2γ̂

n

n∑
j=1

(
u̇j − v̂ − (u̇j−1 − v̂

)
e−γ̂ �j

)2
1 − e−2γ̂ �j

.

The system of nonlinear equations given by v̂ = f (γ̂ ) and
σ̂ = g(v̂, γ̂ ) together with conditions (61) would lead to
the ML estimator, but the solution would not be available
in closed form. A different approach is to substitute
v̂ = f (γ̂ ) and σ̂ = g(v̂, γ̂ ) directly into the likelihood
function (60), obtaining the following

V (γ ) = −n

2
log

(
g (f (γ )) , γ )2

2γ

)
−1

2

n∑
j=1

log
(
1 − e−2γ�j

)

− γ

g̃2
γ

n∑
j=1

(
u̇j − f (γ ) − (u̇j − f (γ )

)
e−γ�j

)2
1 − e−2γ�j

,

(65)

having defined g̃γ = g(f (γ ), γ ). Contrary to the solution
of the aforementioned system of nonlinear equations, the
minimization of (65) is a one-dimensional search problem,
whose solution can be shown to be the ML estimator of γ

γ̂ = arg min
γ

V (γ ) .
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