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To track an extended target presents challenges because the
hypothesis of “one target means one detection” is not valid. Several
approaches to extended target tracking (ETT) have been found
promising, and in particular those involving random matrices have
demonstrated their appeal. When targets are extended and the data
is multistatic the issues are compounded; the random matrix model
has continued appeal and offers a way to avoid enumerative data
association.

In this paper, a bistatic Bayesian ETT approach integrated into
the random matrix framework is proposed. Furthermore, a
closed-form solution for fusing multistatic radar system data into the
same framework is presented. The proposed approaches are tested
on both simulated data and real data.

Manuscript received October 7, 2015; revised May 13, 2016; released for
publication July 8, 2016.

DOI. No. 10.1109/TAES.2016.150724.

Refereeing of this contribution was handled by S. Mori.

Authors’ addresses: G. Vivone, P. Braca, NATO STO Centre for
Maritime Research and Experimentation, viale San Bartolomeo, 400 La
Spezia, Italy I-19126; K. Granström, Chalmers University of Technology,
Department of Signals and Systems, Gothenburg, 41296 Sweden; P.
Willett, University of Connecticut, ECE Department, 371 Fairfield Road,
U-2157, University of Connecticut, Storrs, CT 06269-9005.
Corresponding author is G. Vivone, E-mail: (gvivone@unisa.it).

I. INTRODUCTION

Securing the waterways is of critical importance, and
surveillance activities take on a central role. Ship traffic
monitoring and port protection represent significant
challenges (e.g. in terms of law enforcement, search and
rescue, environmental protection, and resource
management) and, in the last years, it has stimulated
intensive research activity, e.g. [1–4].

Tracking of extended targets (i.e., targets that occupy
more than one radar cell) has become very appealing for
ship monitoring thanks to the developments of
high-resolution radar systems. These are able to acquire a
target and to provide not only information about its
kinematic characteristics (e.g. the target’s position), but
even information related to its extent. A powerful example
is the radar sensor network located in the Gulf of La
Spezia, Italy, which consists of a coherent high-resolution
marine radar and an inverse synthetic aperture radar
(SAR), see Fig. 1.

The tracking literature is mostly focused on
approaches that make the hypothesis of at most one
detection per target for each frame, see for instance [2, 3,
5–7], which is no longer valid for the data considered in
this paper. We refer to this problem as extended target
tracking (ETT). Several approaches can be found in the
literature to address the ETT problem.

Bar-Shalom et al. [5] propose to segment the acquired
image. Clustering and centroid extraction phases are
subsequently used to provide data for feeding the
probabilistic data association (PDA) algorithm. A
technique for data association using a multiassignment
approach to track a large number of closely spaced (and
overlapping) targets is also presented in [8]. In [9], the
authors propose an approach for ETT under the
assumption that the number of received measurements is
Poisson distributed. The algorithm is illustrated with point
targets, which may generate more than one measurement
and have a 1-D extent. A sequential Monte Carlo method
is also proposed in [10], where sensor measurements are
modeled as a Poisson process with a spatially dependent
intensity parameter, which leads to the representation of
physical extent as an intensity distribution that avoids the
evaluation of explicit data association hypotheses. A
similar approach is taken in [11] where track-before-detect
theory is used to track a point target with a 1-D extent. The
application of track-before-detect theory together with
particle filters on X-band marine radar data has also been
investigated in [12]. Baum et al. introduce in [13, 14] the
random hypersurface model for estimating both kinematic
and shape parameters of extended targets. Specific
estimators are derived for elliptic and star-convex shapes.
In [15], Mahler proposes an expansion to extended targets
of his probability hypothesis density filter [16] to manage
the multitarget tracking problem; although elegant, the
proposed filter requires processing of all possible
measurement set partitions, which is computationally
infeasible in many cases of interest. An approach for



Fig. 1. Positions and fields of view of radars in the network. Inverse
SAR node (ISARN) and the marine radar node (MRN) fields of view are

depicted in yellow and red, respectively.

limiting the number of considered partitions is proposed
and discussed in [17]. A sequential Monte Carlo
multitarget Bayes filter based on finite set statistics is
exploited for pedestrian tracking in [18]. Furthermore, a
nonlinear Bayesian methodology for image sequences
incorporating the statistical models for the background
clutter, target motion, and target aspect change is proposed
in [19].

A popular and computationally efficient framework to
handle this issue, under the hypothesis of elliptical spread
of the target, is provided by Koch in [20] where an
approximate Bayesian solution to the target tracking
problem is proposed. Random matrices are exploited to
model ellipsoidal object extents, which are treated as
additional state variables to be estimated or tracked. The
target kinematic states are modeled using a Gaussian
distribution, while the ellipsoidal target extent is modeled
using an inverse Wishart distribution. Random matrices
are used to model extended targets under kinematic
constraints [21]. In [22–24], the integration of random
matrices into the probabilistic multi-hypothesis tracking
and the probability hypothesis density filter, respectively,
address the multitarget tracking problem. Furthermore, a
new approach is derived in [25] to overcome some of the
weaknesses in [20]. Indeed, in [20] sensor inaccuracies are
neglected and, if they are large in comparison to target
size, the lack of modeling may lead to an overestimation
of the target size; see [12]. New measurement and time
updates for [25] are proposed in [26, 27], respectively. A
comparison between random matrices and the random
hypersurface model [13] under a single target assumption
is given in [28]. An interesting application using
real-world radar data, acquired during the recovery
operations of the Costa Concordia wreckage in October
2013, and the random matrices framework is reported in
[29, 30]. A model to take into account the conversion
between polar and Cartesian coordinates is proposed in
[31].

Bistatic radar systems have been studied and built
since the earliest days of radar. Even if the geometry of
bistatic systems is more complicated than that of
monostatic ones and they need to provide some form of
synchronization between transmitter and receiver, many
advantages in using this technology can easily be found in
the literature, see e.g. [32–34].

Multistatic radar is being investigated in several
countries as a means to detect and track low-signature
targets. The advantage over traditional monostatic radar
comes from enhanced target signatures in bistatic
configurations, advantageous differences in the properties
of clutter, and improvements in detection that are due to
the ability to view targets from multiple perspectives [35],
with the idea that at least some of these perspectives are
appealing in terms of signal-to-noise ratio (SNR).
Multistatic and bistatic data proved their usefulness also in
the case of underwater surveillance, see e.g. [36, 37], and
of person tracking [38].

In this paper, we propose to investigate the insertion to
bistatic and multistatic radar data into the random matrix
framework in order to track extended targets providing
estimation about the targets’ kinematic parameters and
extent. A standard coordinate conversion model to deal
with the radar’s measurement noise and its conversion
between bistatic and Cartesian coordinates is proposed
and integrated to the approach proposed by Feldmann
et al. [25]. Furthermore, a closed-form solution for fusing
multistatic data is proposed to improve the performance
due to the combination of data acquired by multiple
monostatic systems or bistatic pairs that view the same
area. The kinematic measurement update equations
derived in this paper are the same as the measurement
fusion Method II in [39] when all the sensors acquired
only one measurement for each target. Thus, the
multistatic extended target filtering derived here collapses
in the classical measurement multisensor data fusion for
point targets. The performance is assessed on both
simulated data and real data acquired by the radar sensor
network in Fig. 1. In the bistatic case, comparisons
between the converted measurement model and the models
in [20, 25] are also provided. Automatic identification
system (AIS) static and kinematic messages are exploited
as ground truth in order to assess the performance. It is
demonstrated that the main advantage is the improvement
in the estimation of the target size. Simulated data are used
to assess the performance in the multistatic case (i.e., data
acquired by monostatic systems or bistatic pairs). Gains,
comparing with the single sensor case, of about 36% for
the targets’ position estimation, 12% for the velocity, and
29% for the extent are observed fusing data acquired by
two sensors. To the best of the authors’ knowledge, these
represent first attempts: 1) to deal with bistatic data
acquired by real radar systems to track extended targets; 2)
to quantitatively evaluate the effects of the sensors’ noise
and data conversion in ETT using bistatic systems; 3) to
derive a closed-form solution to track targets acquired by a
multistatic system into the random matrix framework.



The paper is organized as follows. Section II describes
the bistatic Bayesian extended target modeling. The
multistatic ETT filtering is proposed in Section III.
Experimental results for the bistatic case using both
simulated data and real data are shown in Section IV.
Furthermore, numerical results on multistatic simulated
data are shown in Section V. Finally, conclusions are
drawn in Section VI.

II. BISTATIC BAYESIAN EXTENDED TARGET
MODELING

This section is devoted to the description of the
Bayesian ETT framework for bistatic data. It is worth
pointing out that, as e.g. in [20, 25], this paper
concentrates attention on the track filtering. Estimations
under observation-to-track association uncertainty with
possible presence of missed detections and false alarms
are out of the scope of this paper.

A. State Model

The extended target kinematics (position and velocity)
are defined in 2D Cartesian coordinates and modeled by

the vector xk
�= [xk, ẋk, yk, ẏk]T , where xk, yk and ẋk, ẏk

are the position and velocity components along the X, Y
directions, respectively, and [·]T is the transpose operator.
The extended target’s extent (shape and size) is assumed
elliptic and is modeled by the positive definite matrix Xk.

Let Zk = {Zm}km=0 denote all the measurement sets up
to and including frame k. The extended target state, i.e., xk

and Xk, is Gaussian inverse Wishart distributed,

p(xk, Xk|Zk) = N (xk; x̂k|k, Pk|k)IW(Xk; αk|k, X̂k|k) (1)

where x̂k|k and Pk|k are the expected value and covariance
of the Gaussian distribution, and X̂k|k and αk|k are the
expected value and degrees of freedom of the inverse
Wishart distribution.

B. Dynamic Model

The target’s motion is described by a nearly constant
velocity model [5]. The state-update equation is as follows

xk = Fxk−1 + �wk (2)

where F = F̃ ⊗ Id, Id is the identity matrix with
dimension d × d (i.e., 2 × 2 in our case), ⊗ denotes the
Kronecker product,

F̃ =
[

1 Ts

0 1

]
, (3)

Ts is the sampling time, � = �̃ ⊗ Id,

�̃ = σpos · [T 2
s /2, Ts]T , and σ pos represents the standard

deviation of the process noise (equal in both X and Y
directions). The process noise wk takes into account the
target acceleration and the unmodeled dynamics and it is
assumed to be Gaussian with zero-mean and identity
covariance matrix.

The time evolution of the extent Xk is modeled as
approximately constant over time. This model is accurate

Fig. 2. Possible configuration of radar sensor network is depicted:
marine radar receives (receiver - RX), while inverse SAR (ISAR)

transmits (transmitter - TX).

for targets that can be assumed to move linearly, i.e.
targets that do not turn significantly (a turn causes the
extent to rotate). For the scenarios considered in this paper
this assumption is true. Motion models for turning targets
can be found in related literature, see e.g. [27].

C. Bistatic Measurement Model Using Conversion

Radar systems usually acquire measurements
representing the targets’ positions in polar (i.e. range and
azimuth) or bistatic coordinates (i.e. bistatic range and
azimuth). However, target motion is better modeled in
Cartesian coordinates [5]. Hence, a conventional linear
Kalman filter can be exploited only after the
measurements have been converted from polar/bistatic
coordinates to Cartesian coordinates [5, 32, 40]. Any
target tracking approach that uses coordinate conversion in
a preprocessing step has to take this conversion into
account. In this section the bistatic case is analyzed in
detail, whereas the interested readers can refer to [31] for
the polar converted measurements case.

The components of the jth measurement vector at

frame k are defined as ζ
j

k

�= [rj

b,k, θ
j

k ]T , where r
j

b,k and θ
j

k

are the jth bistatic range and azimuth radar measurements
at frame k, respectively. Furthermore, let us assume that
these measurements are modeled as the true bistatic range
and azimuth values, plus measurement errors that are
zero-mean Gaussian distributed1 with standard deviations
equal to σrb

and σθ , respectively.
We refer to the bistatic radar sensor network

configuration in Fig. 2. To convert measurements from
polar to Cartesian coordinates we employ the standard
coordinate conversion,

zj

k

�=
[
x

j

k , y
j

k

]T

=
[
r

j

k cos θ
j

k , r
j

k sin θ
j

k

]T

, (4)

where r
j

k is the distance between the jth measurement and
the receiver at frame k (i.e. the range). By applying the law

1The zero-mean Gaussian distributed error assumption can be not valid
in all the cases [5]. In these cases, other conversions can be exploited, see
e.g. [40].



of cosines, we have(
d

j

k

)2
=

(
r

j

k

)2
+ L2 − 2r

j

k L cos
(

2π − θ
j

k + γ
)

, (5)

where d
j

k is the distance between the transmitter and the jth

measurement at frame k, while L and γ represent the
length and the angle of the baseline, respectively. Here L
and γ are known given the configuration in Fig. 2.

The bistatic range r
j

b,k is the sum of d
j

k and r
j

k , which
is simple to see in Fig. 2. Starting from (5) and completing
the square of d

j

k + r
j

k = r
j

b,k, allows the range r
j

k to be

written as a function of the measurements r
j

b,k and θ
j

k , and
the parameters L and γ ,

r
j

k = (rj

b,k)
2 − L2

2
[
r

j

b,k − L cos(2π − θ
j

k + γ )
] . (6)

REMARK In [32, 40] a slightly different geometry is
considered. Given the geometry in Fig. 2, it is simple to
recast (6) into the equivalent equations, see [32, equation
(1)].

Taking the first-order terms of the Taylor series
expansion of the standard coordinate conversion in (4), i.e.
using linearization, we obtain the Cartesian coordinate
errors. The Cartesian errors have zero-mean and
covariance matrix [5]

R(ζ j

k ) = J(ζ j

k )diag([σ 2
rb
, σ 2

θ ])JT (ζ j

k ), (7)

where

J(ζ j

k ) =

⎡
⎢⎣

∂x
j

k

∂r
j

b,k

∂x
j

k

∂θ
j

k

∂y
j

k

∂r
j

b,k

∂y
j

k

∂θ
j

k

⎤
⎥⎦ (8)

is the Jacobian matrix and diag(·) indicates a diagonal
matrix. Using (4) and (6), we can write the derivatives in
(8) as

∂x
j

k

∂r
j

b,k

= ∂r
j

k

∂r
j

b,k

cos θ
j

k , (9)

∂y
j

k

∂r
j

b,k

= ∂r
j

k

∂r
j

b,k

sin θ
j

k , (10)

∂x
j

k

∂θ
j

k

= −r
j

k sin θ
j

k + ∂r
j

k

∂θ
j

k

cos θ
j

k , (11)

∂y
j

k

∂θ
j

k

= r
j

k cos θ
j

k + ∂r
j

k

∂θ
j

k

sin θ
j

k , (12)

where

∂r
j

k

∂r
j

b,k

= r
j

b,k − r
j

k

r
j

b,k − L cos
(

2π − θ
j

k + γ
) (13)

and

∂r
j

k

∂θ
j

k

=
Lr

j

k sin
(

2π − θ
j

k + γ
)

r
j

b,k − L cos
(

2π − θ
j

k + γ
) (14)

can be obtained deriving (6) with respect to r
j

b,k and θ
j

k ,

respectively. See Appendix A for further details.
For the radar data used in this paper the standard

coordinate conversion (4) was empirically found to be
sufficient. Other conversions, such as the unbiased one [5,
41], exist and can be exploited, but are generally only
necessary in situations where non-Gaussianity is
significant, such as when down-range and cross-range
accuracies are incommensurate. The proposed approach
can easily be generalized to other conversion rules, e.g.
see [40], where the debiased coordinate conversion is
applied to bistatic radar data.

We assume, as done in [20, 25], that at each frame
there is a set of nk independent Cartesian position
measurements after the coordinate conversion, denoted by
Zk = {zj

k}. The detection set likelihood is

p(Zk |nk , xk, Xk) =
nk∏

j=1

p(zj

k |xk, Xk) . (15)

Each detection zj

k is modeled as a noisy measurement of a
reflection point yj

k located somewhere on the extended
target. Further, each reflection point is modeled as a point
randomly sampled from the target’s extent. The detection
likelihood is thus

p(zj

k |xk, Xk) =
∫

p(zj

k |yj

k , xk, Xk)p(yj

k |xk, Xk)dyj

k (16)

In other words, the detection likelihood (16) is the
marginalization of the reflection point y out of the
estimation problem.

For the type of radar systems considered here the
measurement noise is accurately modeled as zero-mean
Gaussian,

p(zj

k |yj

k , xk, Xk) = N (zj

k ; yj

k , R(yj

k )), (17)

where R(y) is the covariance matrix (7) obtained when
converting bistatic radar detections to Cartesian
coordinates. Further, the reflection points are accurately
modeled as uniform samples from the target shape,

p(yj

k |xk, Xk) = U(yj

k ; Hxk, Xk). (18)

Here H is a measurement model that selects the position
components in the state vector (i.e., H = [Id, 0d ] where 0d

indicates the null matrix with d = 2 in our case). As
suggested by Feldmann et al. [25], for an elliptically
shaped target the uniform distribution (18) is
approximated by the following Gaussian distribution

p(yj

k |xk, Xk) = N (yj

k ; Hxk, ρXk) (19)

where ρ is a scaling factor. A simulation study in [25]
showed that ρ = 1/4 is a good parameter setting to



approximate (18); experiments presented in [31]
confirmed this.

Finally, by combining (16), (17), and (19), the
likelihood is

p(zj

k |xk, Xk) =
∫

N (zj

k ; yj

k , R(yj

k ))N (yj

k ; Hxk, ρXk)d yj

k .

(20)
The marginalization (20) is analytically intractable. To

achieve a computationally efficient measurement update
we make two assumptions. First, assume that in (17) the
measurement noise covariance can be approximated as
R(yj

k ) ≈ R(Hxk), i.e.

p(zj

k |yj

k , xk, Xk) ≈ N (zj

k ; yj

k , R(Hxk)). (21)

REMARK In general, this approximation is less accurate
the larger the distance is between the reflection point y and
the target’s position, as given by Hx. This implies that the
approximation is less accurate the larger the target is,
since a large target means that the distance between the
reflection point and position may be large. For the radar
sensors and the targets that are considered in this paper,
we have empirically found that the approximation is
sufficiently accurate.

Following the assumption, after marginalization (16),
we have

p(zj

k |xk, Xk) = N (zj

k ; Hxk, ρXk + R(Hxk)). (22)

The prior target distribution is Gaussian inverse Wishart
[20, 25],

p(xk, Xk|Zk−1) = N (xk; x̂k|k−1, Pk|k−1)

×IW(Xk; αk|k−1, X̂k|k−1). (23)

Second, assume that the following approximation holds,

p(zj

k |xk, Xk)p(xk, Xk|Zk−1)

= N (zj

k ; Hxk, ρXk + R(Hxk))p(xk, Xk|Zk−1) (24)

≈ N (zj

k ; Hxk, ρXk + R(Hx̂k|k−1))p(xk, Xk|Zk−1), (25)

i.e., we assume that the measurement noise covariance can
be approximated by replacing the state xk with its
predicted expected value x̂k|k−1.

REMARK This approximation is trivially satisfied when
R(·) is a constant matrix. In general the assumption holds
approximately when R(·) does not vary too much in the
uncertainty region for the extended target. Empirically we
have found that, for the sensors and targets considered
here, the SNR is high enough to make the uncertainty
region small enough.

Under the two assumptions above the measurement
update used here is analogous to the measurement update
proposed in [25]. The differences between the proposed
measurement model and the measurement model used in
[25] can be summarized into two main points: noise
accruing from a bistatic geometry instead of Cartesian
noise, and a measurement-dependent error covariance
matrix R(·) instead of a constant one.

III. MULTISTATIC EXTENDED TARGET FILTERING

Let us consider a multistatic radar system consisting of
S monostatic systems or bistatic pairs that acquired data on
the same area. Let us define Zc

k = {Z1
k, . . . , Zs

k, . . . , ZS
k }

the set of all the measurements acquired by all the S
sensors at frame k, where the superscript c stands for
combination of the measurements acquired by the sensors.
Let Zc,k = {Zc

i }ki=0 denote all the measurement sets
acquired by the S sensors up to and including frame k.
Finally, the prior density is assumed normal distributed
according to p(xk|Zc,k−1) = N (xk; x̂k|k−1, Pk|k−1).

A. Multistatic Kinematic Measurement Update

We assume that at each frame k and sensor s there is a
set of ns

k independent Cartesian position measurements,
denoted Zs

k = {zs,j

k }, and we assume that, conditioned on
the target state, the measurements from the different
sensors are independent. Furthermore, as in [25] we
assume that in the update of the kinematic state xk the
target extent state Xk can be approximated by the
predicted expected extent X̂k|k−1. Under these
assumptions, the detection set likelihood can be defined as

p(Zc
k |nk, xk, Xk)

=
S∏

s=1

ns
k∏

j=1

p(zs,j

k |xk, Xk ) (26)

≈
S∏

s=1

ns
k∏

j=1

p(zs,j

k |xk, X̂k|k−1) (27)

=
S∏

s=1

ns
k∏

j=1

N (zs,j

k ; Hxk, ρX̂k|k−1 + Rs), (28)

where Xk is approximated as X̂k|k−1, nk = ∑S
s=1 ns

k, zs,j

k is
the jth measurement acquired by the sensor s at frame k,
and Rs is the covariance matrix for the sensor s.

REMARK Note that we neglect the indication of the target
state dependence for the matrix Rs to simplify the
notation. We have seen that it is necessary when
conversions between polar and Cartesian coordinates in
the monostatic case [31] or between bistatic and Cartesian
coordinates in the bistatic case, see Section II, have to be
taken into account. However, all the derivations in this
section are still valid even in the case of target state
dependence for the matrix Rs.

By applying the product formula for Gaussians
repeatedly (see [42, Sect. 3] for further details) for each
set of measurements acquired by each sensor, we obtain
that the likelihood in (28) becomes

p(Zc
k |nk , xk) ∝

S∏
s=1

N
(

z̄s
k; Hxk,

ρX̂k|k−1 + Rs

ns
k

)
, (29)



where

z̄s
k = 1

ns
k

ns
k∑

j=1

zs,j

k (30)

is the centroid measurement for the sensor s at frame k.
The posterior probability of the kinematic state xk

given the set of all the measurements acquired by the S
sensors at frame k is

p(xk

∣∣Zc,k) = p(xk

∣∣ Zc,k−1, Zc
k, nk) (31)

∝ p(Zc
k |nk, xk)p(xk| Zc,k−1) (32)

where p(nk|xk) = const. as in [20].
By applying the product formula for Gaussians

repeatedly (see [42, Sect. 3] for further details), the
likelihood in (29) can be written as

p(Zc
k |nk , xk) ∝

S∏
s=1

N
(

z̄s
k; Hxk,

ρX̂k|k−1 + Rs

ns
k

)
(33)

=
S∏

s=1

N
(

Hxk; z̄s
k,

ρX̂k|k−1 + Rs

ns
k

)
(34)

∝ N (Hxk; z̄c
k, �

c
k|k−1) (35)

= N (z̄c
k; Hxk, �

c
k|k−1), (36)

where

�c
k|k−1 =

[
S∑

s=1

ns
k(Ys

k|k−1)−1

]−1

(37)

is the combined covariance matrix for the S sensors,

z̄c
k = �c

k|k−1

[
S∑

s=1

z̄s
kn

s
k(Ys

k|k−1)−1

]
(38)

is the combination of the centroid measurements for the S
sensors, and

Ys
k|k−1 = ρX̂k|k−1 + Rs (39)

is the predicted variance of a single measurement for the
sensor s.

Thus, using. (36), exploiting the normal distribution
hypothesis of the prior density, and using the product
formula for two multivariate Gaussian probability
density functions (pdfs), the posterior p(xk|Zc,k) can be
written as

p(xk|Z c,k) ∝ N (z̄c
k; Hxk, �

c
k|k−1)N (xk; x̂k|k−1, Pk|k−1)

(40)

∝ N (xk; x̂k|k, Pk|k), (41)

where the mean x̂k|k and the covariance Pk|k are updated as
follows

x̂k|k = x̂k|k−1 + Kc
k|k−1

(
z̄c
k − Hx̂k|k−1

)
(42a)

Pk|k = Pk|k−1 − Kc
k|k−1Sc

k|k−1

(
Kc

k|k−1

)T
(42b)

Sc
k|k−1 = HPk|k−1HT + �c

k|k−1 (42c)

Kc
k|k−1 = Pk|k−1HT

(
Sc

k|k−1

)−1
(42d)

Notice the similarities and differences between (42) and
the ones defined in the single target case [25]; both
perform a linear Kalman filter update of the kinematic
state. Here the multisensor centroid measurement z̄c

k ,
defined in (38), is used instead of the single-sensor
equivalent one in [25, equation (3)]. The innovation
covariance is computed using combined multisensor
covariance matrix �c

k|k−1, defined in [25], instead of using
the normalized predicted single measurement covariance
[25, equation (31)].

REMARK The kinematic measurement update equations
derived in this section are the same as the measurement
fusion Method II in [39] when ns

k is 1 for all the S sensors.
Thus, the multistatic extended target filtering collapses in
the classical measurement multisensor data fusion for
point targets.

B. Multistatic Size Extent Measurement Update

To derive an update, as in [25] we consider the limiting
case of a nonrandom Xk that is approximately equal to the
prediction X̂k|k−1. More precisely, we note that the
quantity

Nc
k|k−1 = (

z̄c
k − Hx̂k|k−1

) (
z̄c
k − Hx̂k|k−1

)T
(43)

obeys

E
[
Nc

k|k−1

∣∣Zc,k−1 , Xk = X̂k|k−1

]
= Sc

k|k−1 (44)

where Sc
k|k−1 is defined in (42c).

In our case where we have a combination of
measurements acquired by S sensors, the measurement
spread Z̄c

k for all the measurements acquired by all the S
sensors at frame k can be defined as

Z̄c
k =

S∑
s=1

ns
k∑

j=1

(
zs,j

k − z̄k

)(
zs,j

k − z̄k

)T

, (45)

where

z̄k = 1

nk

S∑
s=1

ns
k∑

j=1

zs,j

k (46)

is the overall centroid measurement at frame k.
Since the generic measurement zk ∈ Zc

k at frame k can
be seen to be Gaussian mixture distributed and assuming



Fig. 3. Multivariate Gaussian approximation of multivariate Gaussian
mixture with two components having same mean but different

covariances using simulated values of Monte Carlo trial in Section V. (a)
Multivariate Gaussian mixture. (b) Multivariate Gaussian approximation.

that the mixture can be safely approximated with a unique
Gaussian [43, 44], see for instance Fig. 3, i.e.,

zk ∼ 1

nk

S∑
s=1

[
ns

kN
(
Hxk, Ys

k|k−1

)]
(47)

≈ N
(

Hxk,
1

nk

S∑
s=1

[
ns

kYs
k|k−1

])
(48)

= N (
Hxk, Yc

k|k−1

)
, (49)

where

Yc
k|k−1 = 1

nk

S∑
s=1

[
ns

kYs
k|k−1

]
, (50)

it is simple to see that

E
[
Z̄c

k|Z c,k−1, Xk = X̂k|k−1

]
= (nk − 1)Yc

k|k−1. (51)

By an appropriate (matrix-valued) scaling, we generate
some quantities N̂k|k−1 and Ŷk|k−1 that both yield
conditional expected matrices proportional to Xk = X̂k|k−1

while preserving the symmetric positive (semi)definite
structure. This is done by computing some square roots
(e.g. via Cholesky factorization) of the matrices X̂k|k−1,

N̂k|k−1, and Ŷk|k−1, i.e.,

X̂k|k−1 = X̂1/2
k|k−1

(
X̂1/2

k|k−1

)T

, (52)

N̂k|k−1 = N̂1/2
k|k−1

(
N̂1/2

k|k−1

)T

, (53)

Ŷk|k−1 = Ŷ1/2
k|k−1

(
Ŷ1/2

k|k−1

)T

, (54)

and by setting, in view of (44) and (51),

N̂k|k−1 = X̂1/2
k|k−1S−1/2

k|k−1Nk|k−1

(
S−1/2

k|k−1

)T (
X̂1/2

k|k−1

)T

, (55)

Ŷk|k−1 = X̂1/2
k|k−1

(
Yc

k|k−1

)−1/2
Z̄c

k

(
Yc

k|k−1

)−T/2
(

X̂1/2
k|k−1

)T

.

(56)
Hence, analogous to the single-sensor update, the

updated extent estimate [25]

X̂k|k = 1

αk|k

(
αk|k−1X̂k|k−1 + N̂k|k−1 + Ŷk|k−1

)
(57)

yields the conditional expected matrix Xk = X̂k|k−1 again,
if

αk|k = αk|k−1 + nk. (58)

Given the similarities between (57) and (58) and [20,
equations (52)–(53)], we have that if the prior
marginalized density of the extent is an inverse Wishart,
the corresponding posterior is of the same form [25], i.e.,

p(Xk|Z c,k) ≈ IW
(

Xk; αk|k, X̂k|k
)

. (59)

Notice also the similarities and differences between the
multisensor case and the single sensor case in [25]. The
single sensor innovation covariance [25, equation (31)],
the centroid spread [25, equation (18)], the measurement
spread [25, equation (3)] and the single measurement
predicted covariance [25, equation (33)] are here replaced
by the multisensor equivalents: the innovation covariance
Sc

k|k−1, the centroid spread Nc
k|k−1, the measurement

spread Z̄c
k, and the combined covariance Yc

k|k−1.

Finally, the pdf of the joint state (xk, Xk) after
processing the sensor data Zc

k at frame k is given by

p(xk, Xk|Z c,k)

∝ N (xk; x̂k|k, Pk|k)IW
(

Xk; αk|k, X̂k|k
)

. (60)

C. Time Update

With the assumed independence between the estimates
for centroid kinematics and extent and further assuming
independent dynamic models for both of them, the



standard Kalman filter prediction equations can be
exploited [5, 25]:

x̂k|k−1 = Fx̂k−1|k−1, (61)

Pk|k−1 = FPk−1|k−1FT + �. (62)

The prediction of the target’s extent comes directly from
the hypothesis that the extent does not tend to change over
time, i.e.,

X̂k|k−1 = X̂k−1|k−1. (63)

Finally, the prediction of the degrees of freedom
parameter αk|k−1 is given as [25]

αk|k−1 = 2 + exp (−Ts/τ )
(
αk−1|k−1 − 2

)
, (64)

where τ is a time constant related to the agility with which
the target may change its extent over time.

IV. EXPERIMENTAL RESULTS ON BISTATIC DATA

The validity of the proposed approach is here
demonstrated by exploiting both simulated data and real
data. The latter are acquired by the radar sensor network
located in La Spezia, Italy. Further to the aim of validating
our approach, as already proposed in [2], we exploit, for
tracking assessment, the AIS [45] static/kinematic
messages.

The proposed Bayesian ETT method is compared with
two other approaches: one random matrix-based tracking
algorithm without a model accounting for the sensors’
errors, i.e., with Rk = 0 [20], and another random
matrix-based approach that exploits a constant covariance
matrix R [25]. The proposed method is here named
converted measurements - ETT (CM-ETT). For a constant
covariance matrix R, three different possibilities are
tested. They are calculated using (7) by setting θ

j

k to the
azimuth mean value for the surveillance area (i.e. –45◦),
and letting r

j

k assume one of three values. This gives three
different matrices: R1 calculated for targets that move
close to the sensor around bistatic range 3.3 km; R2

calculated for bistatic range 5.5 km, corresponding to the
middle of the considered surveillance area; and R3

hypothesizes that the target sails in a longer bistatic range
area, around bistatic range 7.7 km.

A. Radar Sensor Network Experiment

The radar sensor network is a coherent high-resolution
X-band radar network consisting of two radar nodes: the
marine radar and the inverse SAR node. A remote
programming and processing unit is also exploited to send
configuration information to the radars.

The sensor network is installed in the Gulf of La
Spezia, Italy. The radars’ positions and their fields of view
are depicted in Fig. 1. The radars are linear frequency
modulated continuous- wave radars [46]. The use of pulse
compression [47] and a small transmitted power make the
network a compact, quickly deployable, and scalable

TABLE I
Marine Radar Specifications

Parameter Specification

Frequency 9.6 GHz
Bandwidth Adjustable up to 150 MHz
Range resolution �r = 1 m
Antenna type Rotating slotted waveguide
Angular resolution 1◦
Angular aperture elevation 20

◦

Gain 32 dBi
Azimuth antenna speed Adjustable up to 40 rev/min
Polarization Linear horizontal
Transmitted power Adjustable 50 mW–5 W (17–37 dBm)
Pulse repetition frequency Adjustable 350 Hz–10 kHz

TABLE II
Inverse SAR Specifications

Parameter Specification

Frequency 9.6 GHz
Bandwidth Adjustable up to 300 MHz
Range resolution �r = 0.5 m
Antenna type Fixed flat panel
Angular aperture azimuth 40

◦

Angular aperture elevation 40
◦

Gain 12 dBi
Polarization Linear horizontal and linear vertical
Transmitted power Adjustable 50 mW–5 W (17–37 dBm)
Pulse repetition frequency Adjustable 350 Hz–10 kHz

system, used for research in the fields of target and
extended target detection and tracking. Synchronization
and phase coherence are guaranteed for the whole
network, which allows the acquisitions of monostatic and
bistatic data. The network is remotely configurable in
terms of operation mode and waveform parameters.

1) X-band Marine Radar: The marine radar has an
antenna mounted on a rotor with variable speed of rotation
and the possibility to lock and hold the position towards a
specific direction with 0.1◦ accuracy. The main radar
parameters are shown in Table I. The radiating system for
this node consists of two slotted waveguide antennas, one
for transmitting and another for receiving, both using
linear horizontal polarization. Nevertheless, cross polar
vertical-horizontal signatures can be collected in the
bistatic mode. The high directivity of the slotted
waveguide allows a precise determination of the angular
position of a target, even allowing the acquisition of
targets at long distance with small power.

2) Inverse SAR: The inverse SAR node has two small
flat panel antennas with around 40◦ beamwidth in the
horizontal plane and a fixed field of view. Both antennas
work using two polarizations, i.e., linear horizontal and
linear vertical. Since the first one is used for transmitting
and the second one for receiving, the radar is able to
acquire full polarimetric measurements. The main radar
parameters are shown in Table II. The increased bandwidth
makes the radar suitable for inverse SAR imaging.



Fig. 4. AIS tracks for all analyzed datasets.

B. Datasets

Four datasets have been acquired by the radar sensor
network located in the Gulf of La Spezia, Italy. They have
been used for the performance assessment of our approach.
The 4 AIS tracks, one for each dataset, are depicted in Fig.
4. They have been generated by 3 different ships. The
main features of these ships are briefly outlined below.

Euro is an Italian passenger ship with maritime mobile
service identity (MMSI) equal to 247030500. The size of
this ship is 28 m × 6 m.

Lem is an Italian passenger ship with MMSI equal to
247031300. The size of this ship is 30 m × 6 m.

Paradiso II is an Italian passenger ship with MMSI
equal to 247177400. The size of this ship is 13 m × 3 m.

Each radar image is processed by a maximum
likelihood detector to obtain a cloud of detections that
represents the input for the Bayesian ETT approaches.

C. Simulated Results

The performance of the compared algorithms on
simulated data is evaluated. Two kinds of simulations are
exploited in order to understand the capabilities of the
approach to work in similar conditions with those
expected in the real world. First, a ship of 80 m × 30 m
has been simulated sailing on a straight line along an
almost radial direction using a nearly constant velocity
model [5] with zero-mean Gaussian noise described by the
parameter σ pos, see (2). The spread of the detections is
Gaussian distributed in bistatic coordinates according to
the model used with scaling factor ρ equal to 1. The
simulator parameters are shown in Table III, while the
tracker’s parameter settings are detailed in Table IV.

The estimation provided by the compared approaches
is depicted in Fig. 5. The outcomes confirm the ability of
the proposed models to properly take into account the
measurement noise. Because the analyzed case shows a
ship that sails almost radially with respect to the radar
positions and the inaccuracy in bistatic range is less than
the one in azimuth, differences among the compared
approaches are less perceptible along the bistatic range

TABLE III
Parameter Setting Simulator

Parameter Value Specification

Ts 2 s Sampling time
σ pos 10–4 m s–2 Std. process noise

�

[
0.6653 − 0.6453
−0.6453 1.1764

]
· 103 Cov. spread target

kmax 400 Number of frames
Nd 2000 Num. detects. frame
σ s

rb
0.5 m Std. noise range

σ s
θ 0.5◦ Std. noise azimuth

TABLE IV
Parameter Setting Simulated Cases

Parameter Value Specification

Ts 2 s Sampling time
τ 10 Agility object size
ρ 1 Scaling factor
σ pos 10–4 m s–2 Std. process noise
υmax 10 m s–1 Maximum velocity
σrb 0.5 m Std. noise range
σ θ 0.5◦ Std. noise azimuth

direction (i.e. the target’s length). The advantages are
instead obvious along the azimuth direction (i.e. the
target’s width). More specifically, comparing the proposed
approach with the one using Rk = 0 or the one using R1 it
is clear that the more the target obtains large values of
bistatic range, the greater the advantages are (see the
differences for high time values). Both Rk = 0 and R1

result in the width being overestimated. Using R3 gives
the opposite behavior, i.e., the width is underestimated.
Finally, R2 gives a performance that is in-between the
results of the R1 and the R3 algorithms.

The second test case simulates the target sailing in an
almost constant bistatic range track. Hence, the opposite
width/length estimation results are expected with respect
to the previous test case. Because the analyzed case shows
a ship that sails with a constant bistatic range and the
inaccuracy in bistatic range is much less than the one in
azimuth, differences among the compared approaches are
mainly perceptible along the bistatic range direction (i.e.,
the target’s length). Fig. 6 shows the kinematic and size
estimations provided by the compared approaches. Again,
the CM-ETT shows its ability to properly estimate both
the length and width parameters. As expected,
considerable advantages are shown for the cross bistatic
range size estimation (length), while comparable
performance can be pointed out for the estimation of the
width parameter (along bistatic range size).

A final note is related to the estimation of the
kinematic parameters (i.e., position and velocity). All the
algorithms perform well and the results reached by them
can be considered comparable, see Figs. 5(a)-(b), Figs.
6(a)-(b), and Fig. 7. Indeed, for this application, the
sensors’ inaccuracies mainly impact the estimation of the
ship sizes instead of the kinematic parameters. These



Fig. 5. (a) Position, (b) velocity, (c) length, and (d) width estimations for compared approaches on simulated data with almost radial target track.

TABLE V
Parameter Setting Real Cases

Parameter Value Specification

Ts 3 s Sampling time
τ 5/30 Agility object size
ρ 1/4 Scaling factor
σ pos 0.2 m s–2 Std. process noise
υmax 10 m s–1 Maximum velocity
σrb �r/2(see Tables I and II) Std. noise range
σθ 0.37◦ Std. noise azimuth

results are further corroborated by the analysis of the real
data provided in the next subsection.

D. Real X-band Marine Radar Data

The description of the outcomes on real data acquired
by the radar sensor network illustrated in Section IV-A is
provided. The main features of the 3 ships that generate
the 4 datasets are shown in Section IV-B. The tracking
parameters used in these experiments are shown in
Table V.

A graphic representation of the gains in estimating the
size by properly accounting for the measurement noise is
provided in Fig. 8 on Dataset 1 (Euro). We only compare
results using the proposed approach and using Rk = 0,
because showing all results makes the figures too
cluttered. It is clear to see that the CM-ETT approach is
able to compensate the radar effects providing a closer
ellipse with respect to the real one extracted by the AIS
information. Furthermore, the overestimation of the
approach with Rk = 0 is also straightforward and it is due
to the lack in modeling the noise errors and their
conversion into the Cartesian domain.

Fig. 9 shows the outcomes of the processing of the
data of Dataset 1. The CM-ETT approach is able to
compensate the radar effects and obtain good performance
in estimating both length and width size parameters, see
Figs. 9(c) and (d). Approaches, such as Rk = 0 and R1,
tend to overestimate the size parameters, while an evident
underestimation of the width parameter provided by the
algorithms with R2 and R3 can be noted in Fig. 9(d).
Again, kinematic features are well captured by all the
approaches, see Figs. 9(a) and (b) and Fig. 10. For the error



Fig. 6. (a) Position, (b) velocity, (c) length, and (d) width estimations for compared approaches on simulated data with almost constant bistatic range
target track.

Fig. 7. Error in position between CM-ETT and ground truth for two
simulated cases. All other approaches provide same error in position,

hence they have been omitted here.

in position, a small displacement between the AIS reports
and the estimations provided by the presented algorithms
can be pointed out. This may be due to the fact that the
AIS reports the position of the AIS transponder, while the

Fig. 8. Estimated and ground truth extents overlaid on snapshot of real
data. Ground truth is shown in teal, CM-ETT estimate is shown in black,

and estimated extent without noise model (Rk = 0) is shown in red.
Without noise model the size of target is grossly overestimated.

algorithms estimate the position of the center of the target
(modeled as an ellipse), which generally speaking, can
differ from the AIS transponder’s position. This argument



Fig. 9. (a) Position, (b) velocity, (c) length, and (d) width estimations for compared approaches on Dataset 1 (Euro).

Fig. 10. Error in position between CM-ETT and AIS on Dataset 1
(Euro). All other approaches provide same error in position, hence they

have been omitted here.

is also supported by the error in position in Fig. 10 that is
limited and less than the length of the ship in Dataset 1.

To further corroborate the validity of the proposed
approach in providing an improved method of estimating

the targets’ size and to have a more significant statistical
analysis, the outcomes on all the 4 real datasets are
provided (the total amount of frames analyzed by the
presented algorithms is 184). On behalf of brevity, the
results are summarized using a histogram representation
of the absolute errors in width and length for the compared
algorithms, see Fig. 11. The results for R1 and R3 are
worse than the results for R2, therefore we only compare
the proposed CM-ETT filter to R2 and Rk = 0. The
advantages are clear and the errors in both width and
length are significantly reduced by properly considering
the radar’s measurement noise. The mean width errors are
1.9 m for the CM-ETT algorithm, 4.3 m for the R2

method, and 19.4 m in the case of the Rk = 0 approach.
The mean length errors are 7.8 m, 13.2 m, and 46 m,
respectively.

It is evident that by properly modeling the
measurement noise the errors in both width and length are
significantly reduced. For the data used here, the average
gains of the proposed CM-ETT approach are 164%
compared with the Rk = 0 approach and 75% with respect
to R2 for the targets’ width estimation accuracy, while



Fig. 11. Histograms of absolute errors in (a) length and (b) width for Rk = 0, Rk = R2, and CM-ETT approach calculated on all datasets.

Fig. 12. Simulation setup for multistatic case. S1 and S2 indicate
sensors’ position. Instance of target trajectory is depicted in red.

TABLE VI
Parameter Setting Multistatic Simulator

Parameter Value Specification

Ts 2 s Sampling time
σ pos 0.05 m s–2 Std. process noise

�

[
0.6653 − 0.6453
−0.64531.1764

]
· 103 Cov. spread target

kmax 400 Number of frames
Nd 1000 Num. detects. frame sensor 1
Md 1000 Num. detects. frame sensor 2
σ s

r 5 m Std. noise range (sensor 1, 2)
σ s

θ 0.7◦ Std. noise azimuth (sensor 1, 2)

advantages of 142% and 51%, respectively, can be
observed for the targets’ length estimation accuracy.

V. NUMERICAL RESULTS ON MULTISTATIC DATA

The raw data fusion approach proposed in Section III
is assessed here using simulated data. Fig. 12 depicts the
simulation setup used to validate the different approaches.
Table VI summarizes the parameter setting used for the

TABLE VII
Parameter Setting Multistatic Simulated Case

Parameter Value Specification

Ts 2 s Sampling time
τ 2 Agility object size
ρ 1 Scaling factor
σ pos 0.05 m s–2 Std. process noise
υmax 10 m s–1 Maximum velocity
σ r 5 m Std. noise range (sensor 1, 2)
σθ 0.7◦ Std. noise azimuth (sensor 1, 2)

TABLE VIII
Overall Errors on Multistatic Simulated Data

Data Error in position Error in velocity Frobenius error

Sensor 1 1.05 0.21 56.4
Sensor 2 1.06 0.22 52.0
Fusion 0.73 0.19 40.3

multistatic simulator, whereas Table VII resumes the main
parameters used by the filters. All the approaches take into
account the conversion between polar and Cartesian
coordinates exploiting the model proposed in [31]. The
three compared algorithms are: the Bayesian extended
target filtering fed by data provided by sensor 1, the
Bayesian extended target filtering fed by data provided by
sensor 2, and the fused approach that exploits data
acquired by both the sensors (i.e., by fusing them at the
raw level).

The outcomes, averaged over 104 Monte Carlo trials,
are depicted in Figs. 13 and 14. Table VIII summarizes the
outcomes averaging over time the curves in Figs. 13 and
14. Best results are pointed out in boldface. Due to the
acquisition geometry and the sensors’ characteristics, the
points of intersection in Figs. 13 and 14 between sensor 1
and 2 can be justified. Indeed, during the simulations the
first part of the target trajectory is often closer to sensor 1,
while, in the second part, the target tends to approach



Fig. 13. Root mean square errors, averaged over 104 Monte Carlo trials, in (a) position and (b) velocity using only data provided by sensor 1 (blue
circles), only data from sensor 2 (red squares), or by fusing them (black triangles).

Fig. 14. Root mean square Frobenius error, averaged over 104 Monte
Carlo trials, using only data provided by sensor 1 (blue circles), only data

from sensor 2 (red squares), or by fusing them (black triangles).

sensor 2. This implies a reduction of the errors for sensor
1 in the first part, while they increase in the second part.
The opposite behavior is pointed out by sensor 2. Overall
results in Table VIII demonstrate that the accuracy in
estimating position (measured by the root mean square
error in position), velocity (measured by the root mean
square error in velocity), and extent (measured by the root
mean square Frobenius error to take into account the
whole target extent) of targets for both the sensors is
almost comparable considering the whole time
acquisition, whereas the benefits of fusing data are clear.
Finally, the advantages of data fusion are straightforward
taking a look at Figs. 13 and 14, where the data fusion
approach always decreases the errors compared with the
outcomes obtained by the single sensors. Average
advantages of the fusion with respect to the single sensor
approaches of about 36% in the position estimation, 12%

in the velocity estimation, and 29% in the estimation of
the targets’ extent are observed, see Table VIII.

VI. CONCLUSIONS

ETT using the random matrix framework has been
proposed to deal with bistatic and multistatic data. The
ability to estimate the targets’ positions, velocities, and
sizes from bistatic data using different random matrix
approaches has been evaluated. Furthermore, a
closed-form solution for fusing multistatic data has been
proposed. The validation has been conducted on both
simulated data and real data acquired by the radar sensor
network located in the Gulf of La Spezia, Italy.

The bistatic experimental analysis confirms the ability
of the proposed approach to better estimate the targets’
sizes with respect to the approaches in [20] and [25] and
there is no sacrifice in terms of kinematic tracking
performance. Average gains up to 164% for the targets’
width estimation accuracy and up to 142% for the length
have been observed on real data. Finally, gains of the
multistatic data fusion, comparing with the monostatic
case, of about 36% for the targets’ position estimation,
12% for the velocity, and 29% for the extent have been
assessed on simulated data acquired by two sensors.

APPENDIX A. BISTATIC RANGE AND AZIMUTH
PARTIAL DERIVATIVES

In this Appendix more details related to the derivation
of the derivatives (13) and (14) are provided to the readers.
Starting from (6), i.e.,
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Thus, considering (65), (66) can be divided into two
terms, i.e.,
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(13) is obtained, i.e.,
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j

k

r
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j
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The partial derivative with respect to θ
j

k is

∂r
j
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) [

(rj
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]
2
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r

j
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j
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)]2 . (69)

Again, considering (65), (69) can be written as (14),
i.e.,
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