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Abstract—In networked mobile multitarget tracking systems,
parameters such as detection probabilities, clutter rates, and
motion model parameters are often unknown and time-varying.
Such parameter variability can seriously degrade the perfor-
mance of a multitarget tracking system. Here, we propose
a Bayesian tracking framework in which the multisensor-
multitarget tracking problem is formulated according to the
measurement origin uncertainty paradigm and the unknown
parameters—in the present case, the detection probabilities at the
individual sensors—are modeled as Markov chains. The resulting
Bayesian estimation problem is then solved using the belief
propagation scheme. This approach results in a multisensor-
multitarget tracking method that is able to adapt to the time
variations of the detection probabilities. Moreover, the method
has a low complexity that scales very well in all relevant system
parameters. The performance of the method is assessed using
data collected by a mobile underwater wireless sensor network.

Index Terms—Multitarget tracking, data association, belief
propagation, message passing, factor graph, adaptive algorithm,
underwater sensor network.

I. INTRODUCTION

Multitarget tracking is important in many applications
including air traffic control, biomedical analytics, robotics,
oceanography, and surveillance. A difficulty in most applica-
tions is the fact that the number of targets and the association
between measurements and targets are unknown [1], [2].
Furthermore, in the case of low-observable targets, i.e., targets
leading to measurements with a low signal-to-noise ratio, mul-
tiple sensors are required. However, most multisensor methods
for multitarget tracking [2]–[8] either perform approximations
of unknown fidelity and thus may not be able to fully
realize the performance gains offered by multiple sensors, or
they scale poorly in relevant system parameters. In [9], we
proposed a multisensor-multitarget tracking method based on
the belief propagation (BP) scheme. This method allows for
an unknown number of targets up to a predefined maximum
number. In contrast to random finite set based techniques [2],
[6]–[8], the joint target state is ordered and has a fixed number
of components. The method combines good performance with
an attractive scaling of computational complexity, which is
quadratic in the number of targets and linear in the number
of sensors and in the number of measurements per sensors.

Almost all multitarget tracking methods (exceptions include
[10]–[12]) assume fixed and known “environmental parame-
ters” such as probability of detection at the sensors, clutter
intensity profile, and target motion parameters. In practice,

however, these parameters are typically unknown and time-
varying [10]–[12]. In particular, the probabilities of observing
(detecting) a target by the sensors often depend on unknown
factors such as the aspect—e.g., radar cross section—of the
target or certain characteristics of the environment.

Here, we address this issue by proposing an extension of
our BP-based multisensor-multitarget tracking method [9] to
unknown and time-varying probabilities of detection at the
sensors. In the proposed method, these detection probabilities
are tracked along with the target states. In this way, our method
is able to adapt to changes in the detection probabilities
while retaining the excellent scaling properties of the original
method [9]. We note that our adaptive approach can be
easily used also for other unknown and time-varying param-
eters, such as the clutter intensity profile and target motion
parameters. We present results of an underwater acoustic
tracking experiment and show that our adaptive method can
outperform the original nonadaptive method using manually
tuned detection probabilities.

This paper is organized as follows. In Section II, we
describe the system model and a corresponding statistical
formulation. In Section III, we develop the proposed method.
Finally, the performance of the method in a multistatic sonar
tracking experiment is evaluated in Section IV.

II. SYSTEM MODEL AND STATISTICAL FORMULATION

The system model and basic statistical formulation under-
lying our method are as in [9, Sec. II], except for an explicit
modeling of random detection probabilities.

A. Targets, Sensors, Measurements

There are 𝐾 potential targets 𝑘 ∈ 𝒦 ≜ {1, . . . ,𝐾}. The
existence of potential target 𝑘 at time 𝑛 is indicated by 𝑟𝑛,𝑘 ∈
{0, 1}, i.e., target 𝑘 exists at time 𝑛 if 𝑟𝑛,𝑘 = 1. The state
x𝑛,𝑘 of target 𝑘 at time 𝑛 consists of the target’s position and
possibly further parameters. For mathematical convenience,
the state x𝑛,𝑘 also exists (formally) for a nonexistent target 𝑘.
We define the augmented state y𝑛,𝑘 ≜ [xT

𝑛,𝑘 𝑟𝑛,𝑘]
T and the

vectors y𝑛 ≜
[
yT
𝑛,1 ⋅ ⋅ ⋅ yT

𝑛,𝐾

]T
and r𝑛 ≜

[
𝑟𝑛,1 ⋅ ⋅ ⋅ 𝑟𝑛,𝐾

]T
.

There are 𝑆 sensors 𝑠∈ 𝒮 ≜ {1, . . . , 𝑆}. At time 𝑛, sensor 𝑠
generates 𝑀

(𝑠)
𝑛 measurements z

(𝑠)
𝑛,𝑚 , 𝑚 ∈ ℳ(𝑠)

𝑛 ≜
{
1, . . . ,

𝑀
(𝑠)
𝑛

}
via a detection process. We define z

(𝑠)
𝑛 ≜

[
z
(𝑠)T
𝑛,1 ⋅ ⋅ ⋅

z
(𝑠)T

𝑛,𝑀
(𝑠)
𝑛

]T
, z𝑛 ≜

[
z
(1)T
𝑛 ⋅ ⋅ ⋅ z(𝑆)T

𝑛

]T
, and m𝑛 ≜

[
𝑀

(1)
𝑛 ⋅ ⋅ ⋅



𝑀
(𝑆)
𝑛

]T
. There is a data association (measurement origin)

uncertainty: it is not known which measurement z
(𝑠)
𝑛,𝑚 was

generated by which target 𝑘, and it is possible that z(𝑠)𝑛,𝑚 was
not generated by any target (false alarm, clutter) or that a
target did not generate any measurement of sensor 𝑠 (missed
detection) [1], [2]. Assuming that a target can generate at
most one measurement at sensor 𝑠 and a measurement at
sensor 𝑠 can be generated by at most one target [1], [2], the
measurement-target associations at sensor 𝑠 are described by
the vector a(𝑠)𝑛 =

[
𝑎
(𝑠)
𝑛,1 ⋅ ⋅ ⋅ 𝑎(𝑠)𝑛,𝐾

]T
with entries

𝑎
(𝑠)
𝑛,𝑘 ≜

⎧⎨
⎩
𝑚∈ℳ(𝑠)

𝑛 , if at time 𝑛, potential target 𝑘 gener-
ates measurement 𝑚 at sensor 𝑠

0 , if at time 𝑛, potential target 𝑘 is not
detected by sensor 𝑠.

Alternatively, the measurement-target associations can be de-
scribed by the vector b(𝑠)

𝑛 =
[
𝑏
(𝑠)
𝑛,1 ⋅ ⋅ ⋅ 𝑏(𝑠)𝑛,𝑀

(𝑠)
𝑛

]T
with entries

𝑏(𝑠)𝑛,𝑚 ≜

⎧⎨
⎩
𝑘 ∈𝒦 , if at time 𝑛, measurement 𝑚 at sensor 𝑠

is generated by potential target 𝑘

0 , if at time 𝑛, measurement 𝑚 at sensor 𝑠
is not generated by a potential target.

We also define a𝑛 ≜
[
a
(1)T
𝑛 ⋅ ⋅ ⋅ a(𝑆)T

𝑛

]T
and b𝑛 ≜

[
b
(1)T
𝑛 ⋅ ⋅ ⋅

b
(𝑆)T
𝑛

]T
. Note that b𝑛 can be derived from a𝑛 and vice

versa. Following [9], [13], this redundant formulation of data
association uncertainty is an important basis of our method.

B. Target Statistics

Let 𝜙(y𝑛,𝑘) = 𝜙(x𝑛,𝑘, 𝑟𝑛,𝑘) denote generically a probabil-
ity density function (pdf) or BP message defined for an aug-
mented state y𝑛,𝑘 = [xT

𝑛,𝑘 𝑟𝑛,𝑘]
T. The state x𝑛,𝑘 of a nonexist-

ing target 𝑘 (i.e., with 𝑟𝑛,𝑘 = 0) is formally defined but obvi-
ously irrelevant. Therefore, we set 𝜙(x𝑛,𝑘, 0) = 𝜙𝑛,𝑘 𝑓D(x𝑛,𝑘),
where 𝑓D(x𝑛,𝑘) is a “dummy pdf.” As shown in [9], 𝑓D(x𝑛,𝑘)
must be 1 on an arbitrary support of area/volume 1 and 0
outside that support, which implies the property 𝑓2

D(x𝑛,𝑘) =
𝑓D(x𝑛,𝑘). Let 𝜙(𝑟𝑛,𝑘) ≜

∫
𝜙(x𝑛,𝑘, 𝑟𝑛,𝑘)dx𝑛,𝑘, and note that

𝜙(0) = 𝜙𝑛,𝑘. If 𝜙(x𝑛,𝑘, 𝑟𝑛,𝑘) is normalized, i.e.,

∑
𝑟𝑛,𝑘∈{0,1}

∫
𝜙(x𝑛,𝑘, 𝑟𝑛,𝑘)dx𝑛,𝑘 = 𝜙(0) + 𝜙(1) = 1 ,

then one can interpret 𝜙(0) = 𝜙𝑛,𝑘 as the probability that
potential target 𝑘 does not exist and 𝜙(1) as the probability
that potential target 𝑘 exists.

If potential target 𝑘 did not exist at time 𝑛 − 1, i.e.,
𝑟𝑛−1,𝑘 = 0, then the probability that it exists at time 𝑛, i.e.,
𝑟𝑛,𝑘=1, is given by the birth probability 𝑝b

𝑛,𝑘, and if it does
exist at time 𝑛, its state x𝑛,𝑘 is distributed according to the
birth pdf 𝑓b(x𝑛,𝑘). If potential target 𝑘 existed at time 𝑛−1,
i.e., 𝑟𝑛−1,𝑘=1, then the probability that it still exists at time
𝑛, i.e., 𝑟𝑛,𝑘 = 1, is given by the survival probability 𝑝s

𝑛,𝑘,
and if it still exists at time 𝑛, its state x𝑛,𝑘 is distributed
according to the state transition pdf 𝑓(x𝑛,𝑘∣x𝑛−1,𝑘). For

𝑛 ≥ 0, the augmented target states y𝑛,𝑘 are assumed to
evolve independently according to Markovian dynamic models
[1], [2], and at time 𝑛 = 0, they are assumed statistically
independent (across 𝑘) with prior pdfs 𝑓(y0,𝑘) = 𝑓(x0,𝑘, 𝑟0,𝑘).
It follows that the pdf of y ≜

[
yT
0 ⋅ ⋅ ⋅ yT

𝑛

]T
factorizes as

𝑓(y) =

𝐾∏
𝑘=1

𝑓(y0,𝑘)

𝑛∏
𝑛′=1

𝑓(y𝑛′,𝑘∣y𝑛′−1,𝑘) . (1)

An expression of 𝑓(y𝑛,𝑘∣y𝑛−1,𝑘) = 𝑓(x𝑛,𝑘, 𝑟𝑛,𝑘∣x𝑛−1,𝑘,
𝑟𝑛−1,𝑘) in terms of 𝑝b

𝑛,𝑘, 𝑓b(x𝑛,𝑘), 𝑝s
𝑛,𝑘, and 𝑓(x𝑛,𝑘∣x𝑛−1,𝑘)

is provided in [9].

C. Likelihood Function

The distribution of measurement z(𝑠)𝑛,𝑚 is described by the
pdf 𝑓

(
z
(𝑠)
𝑛,𝑚

∣∣x𝑛,𝑘

)
if z(𝑠)𝑛,𝑚 is generated by target 𝑘 (i.e., 𝑎(𝑠)𝑛,𝑘 =

𝑚 ∈ℳ(𝑠)
𝑛 ), and by 𝑓FA

(
z
(𝑠)
𝑛,𝑚

)
if z

(𝑠)
𝑛,𝑚 is a false alarm (i.e.,

𝑎
(𝑠)
𝑛,𝑘 = 0). The number of false alarms is assumed Poisson

distributed with mean 𝜇(𝑠). Let z ≜
[
zT
1 ⋅ ⋅ ⋅ zT

𝑛

]T
, a ≜

[
aT
1 ⋅ ⋅ ⋅

aT
𝑛

]T
, and m ≜

[
mT

1 ⋅ ⋅ ⋅ mT
𝑛

]T
. Under commonly used assump-

tions, the “total likelihood function” 𝑓(z∣y,a,m) is obtained
as [1], [2], [9]

𝑓(z∣y,a,m) = 𝐶(z)

𝑛∏
𝑛′=1

𝑆∏
𝑠=1

𝐾∏
𝑘=1

𝑔
(
x𝑛′,𝑘, 𝑟𝑛′,𝑘, 𝑎

(𝑠)
𝑛′,𝑘; z

(𝑠)
𝑛′

)
,

(2)

where 𝐶(z) is a normalization factor and 𝑔
(
x𝑛,𝑘, 𝑟𝑛,𝑘, 𝑎

(𝑠)
𝑛,𝑘;

z
(𝑠)
𝑛

)
is given by

𝑔
(
x𝑛,𝑘, 1, 𝑎

(𝑠)
𝑛,𝑘; z

(𝑠)
𝑛

)
=

⎧⎨
⎩
𝑓
(
z
(𝑠)
𝑛,𝑚

∣∣x𝑛,𝑘

)
𝑓FA

(
z
(𝑠)
𝑛,𝑚

) , 𝑎
(𝑠)
𝑛,𝑘 = 𝑚∈ℳ(𝑠)

𝑛

1 , 𝑎
(𝑠)
𝑛,𝑘 = 0

𝑔
(
x𝑛,𝑘, 0, 𝑎

(𝑠)
𝑛,𝑘; z

(𝑠)
𝑛

)
= 1.

D. Probability of Detection

An existing target 𝑘 is detected by sensor 𝑠 with an
unknown, time-varying probability 𝑞

(𝑠)
𝑛,𝑘. We define q to be

the vector of all 𝑞(𝑠)𝑛′,𝑘 for 𝑛′ up to time 𝑛. Differently from
our previous work in [9], and following [12], we model the
𝑞
(𝑠)
𝑛,𝑘 as random variables that take their values from a finite

set 𝒬 = {𝜔1, . . . , 𝜔𝑄}, where 𝜔𝑖 ∈ (0, 1]. We assume that
the 𝑞

(𝑠)
𝑛,𝑘 are independent across 𝑘 and 𝑠 and independent of

y. The temporal evolution of 𝑞
(𝑠)
𝑛,𝑘 is modeled by a Markov

chain with a transition matrix Q(𝑠) ∈ (0, 1]𝑄×𝑄 that is equal
for all targets 𝑘. Thus, the transition probability of 𝑞

(𝑠)
𝑛,𝑘 is

given by 𝑝
(
𝑞
(𝑠)
𝑛,𝑘 = 𝜔𝑗

∣∣𝑞(𝑠)𝑛−1,𝑘 = 𝜔𝑖

)
= [Q(𝑠)]𝑖,𝑗 . Note that∑𝑄

𝑗=1 [Q
(𝑠)]𝑖,𝑗 = 1 for all 𝑖 ∈ {1, . . . , 𝑄}. The initial

distribution of 𝑞(𝑠)𝑛,𝑘 is given by the probability mass function
(pmf) 𝑝

(
𝑞
(𝑠)
0,𝑘

)
. It follows that the prior pmf of q factorizes as

𝑝(q) =
𝑆∏

𝑠=1

𝐾∏
𝑘=1

𝑝
(
𝑞
(𝑠)
0,𝑘

) 𝑛∏
𝑛′=1

𝑝
(
𝑞
(𝑠)
𝑛′,𝑘

∣∣𝑞(𝑠)𝑛′−1,𝑘

)
. (3)



E. Joint Prior Distribution of Association Variables and
Numbers of Measurements

Let 1(𝑎) denote the indicator function of the event 𝑎 = 0,
i.e., 1(𝑎) equals 1 if 𝑎= 0 and 0 otherwise. Under commonly
used assumptions, the joint prior pmf of a, b≜

[
bT
1 ⋅ ⋅ ⋅ bT

𝑛

]T
,

and m given y and q can be expressed as [1], [2], [9]

𝑝(a,b,m∣y,q)

= 𝐶(m)

𝑛∏
𝑛′=1

𝑆∏
𝑠=1

𝐾∏
𝑘=1

ℎ
(
x𝑛′,𝑘, 𝑟𝑛′,𝑘, 𝑎

(𝑠)
𝑛′,𝑘, 𝑞

(𝑠)
𝑛′,𝑘;𝑀

(𝑠)
𝑛′

)

×
𝑀

(𝑠)

𝑛′∏
𝑚=1

Ψ
(
𝑎
(𝑠)
𝑛′,𝑘 , 𝑏

(𝑠)
𝑛′,𝑚

)
, (4)

where 𝐶(m) is a normalization factor, ℎ
(
x𝑛,𝑘, 𝑟𝑛,𝑘, 𝑎

(𝑠)
𝑛,𝑘,

𝑞
(𝑠)
𝑛,𝑘;𝑀

(𝑠)
𝑛

)
is given by

ℎ
(
x𝑛,𝑘, 1, 𝑎

(𝑠)
𝑛,𝑘, 𝑞

(𝑠)
𝑛,𝑘;𝑀

(𝑠)
𝑛

)
=

⎧⎨
⎩
𝑞
(𝑠)
𝑛,𝑘

𝜇(𝑠)
, 𝑎

(𝑠)
𝑛,𝑘 ∈ℳ(𝑠)

𝑛

1− 𝑞
(𝑠)
𝑛,𝑘 , 𝑎

(𝑠)
𝑛,𝑘 = 0

ℎ
(
x𝑛,𝑘, 0, 𝑎

(𝑠)
𝑛,𝑘, 𝑞

(𝑠)
𝑛,𝑘;𝑀

(𝑠)
𝑛

)
= 1

(
𝑎
(𝑠)
𝑛,𝑘

)
,

and Ψ
(
𝑎
(𝑠)
𝑛,𝑘 , 𝑏

(𝑠)
𝑛,𝑚

)∈{0, 1} is an indicator function defined as

Ψ
(
𝑎
(𝑠)
𝑛,𝑘 , 𝑏

(𝑠)
𝑛,𝑚

)
≜

⎧⎨
⎩
0 , 𝑎

(𝑠)
𝑛,𝑘 = 𝑚, 𝑏

(𝑠)
𝑛,𝑚 ∕= 𝑘

or 𝑏(𝑠)𝑛,𝑚 = 𝑘, 𝑎
(𝑠)
𝑛,𝑘 ∕= 𝑚

1 , otherwise.

Note that Ψ
(
𝑎
(𝑠)
𝑛,𝑘 , 𝑏

(𝑠)
𝑛,𝑚

)
enforces the data association con-

straint mentioned earlier (i.e., a target can generate at most
one measurement at sensor 𝑠, and a measurement at sensor
𝑠 can be generated by at most one target). The “redundant”
factorization in (4) is key to obtaining an algorithm that scales
well in the numbers of targets and measurements [9].

III. THE PROPOSED METHOD

A. Target Detection and State Estimation

Our task is to detect the binary indicators 𝑟𝑛,𝑘 in order to
determine if potential target 𝑘 ∈ 𝒦 exists, and to estimate
the states x𝑛,𝑘 of the detected targets, both based on the
past and present measurements of all the sensors, z. Adopting
a Bayesian approach, this essentially amounts to calculating
the posterior existence probabilities 𝑝(𝑟𝑛,𝑘 = 1∣z) and the
posterior state pdfs 𝑓(x𝑛,𝑘∣𝑟𝑛,𝑘 = 1, z). Potential target 𝑘 is
then detected (considered to exist) if 𝑝(𝑟𝑛,𝑘 = 1∣z) is larger
than a threshold 𝑃th [14, Ch. 2], and estimates of the states
x𝑛,𝑘 of the detected targets 𝑘 are provided by the minimum
mean-square error (MMSE) estimator [14, Ch. 4]

x̂MMSE
𝑛,𝑘 ≜

∫
x𝑛,𝑘 𝑓(x𝑛,𝑘∣𝑟𝑛,𝑘=1, z)dx𝑛,𝑘 . (5)

Here, 𝑝(𝑟𝑛,𝑘 = 1∣z) and 𝑓(x𝑛,𝑘∣𝑟𝑛,𝑘 = 1, z) can be obtained
from the posterior pdf of the augmented target state, 𝑓(y𝑛,𝑘∣z)

= 𝑓(x𝑛,𝑘, 𝑟𝑛,𝑘∣z), according to

𝑝(𝑟𝑛,𝑘=1∣z) =
∫
𝑓(x𝑛,𝑘, 𝑟𝑛,𝑘=1∣z)dx𝑛,𝑘 (6)

and

𝑓(x𝑛,𝑘∣𝑟𝑛,𝑘=1, z) =
𝑓(x𝑛,𝑘, 𝑟𝑛,𝑘=1∣z)

𝑝(𝑟𝑛,𝑘=1∣z) , (7)

respectively. The pdf 𝑓(y𝑛,𝑘∣z), in turn, can be calculated by
marginalizing the joint posterior pdf 𝑓(y,a,b,q∣z). While
this is computationally infeasible, an efficient approximate
marginalization can be obtained by performing BP message
passing on a factor graph [15] that expresses the factorization
of 𝑓(y,a,b,q∣z).

B. Joint Posterior Distribution and Factor Graph

For the following derivation of this factor graph, we assume
that the measurements z are observed and thus fixed, and 𝑀

(𝑠)
𝑛

and m denote the numbers of the observed measurements and
the corresponding vector, respectively, i.e., they are fixed and
consistent with z. We then have

𝑓(y,a,b,q∣z) = 𝑓(y,a,b,q,m∣z)
∝ 𝑓(z∣y,a,b,q,m)𝑓(y,a,b,q,m)

= 𝑓(z∣y,a,m)𝑓(y,a,b,q,m)

= 𝑓(z∣y,a,m) 𝑝(a,b,m∣y,q)𝑓(y) 𝑝(q) .
Here, we used Bayes’ rule and the facts that z is conditionally
independent of q given a, that a implies b, and that y and q
are independent. Next, inserting (2) for 𝑓(z∣y,a,m), (4) for
𝑝(a,b,m∣y,q), (1) for 𝑓(y), and (3) for 𝑝(q), we obtain

𝑓(y,a,b,q∣z) ∝
𝐾∏

𝑘=1

𝑓(y0,𝑘)

(
𝑆∏

𝑠=1

𝑝
(
𝑞
(𝑠)
0,𝑘

)) 𝑛∏
𝑛′=1

𝑓(y𝑛′,𝑘∣y𝑛′−1,𝑘)

×
𝑆∏

𝑠′=1

𝑝
(
𝑞
(𝑠′)
𝑛′,𝑘

∣∣𝑞(𝑠′)𝑛′−1,𝑘

)
𝜐
(
y𝑛′,𝑘, 𝑎

(𝑠′)
𝑛′,𝑘, 𝑞

(𝑠′)
𝑛,𝑘 ; z

(𝑠′)
𝑛′

)

×
𝑀

(𝑠′)
𝑛′∏

𝑚=1

Ψ
(
𝑎
(𝑠′)
𝑛′,𝑘, 𝑏

(𝑠′)
𝑛′,𝑚

)
, (8)

with 𝜐
(
y𝑛,𝑘, 𝑎

(𝑠)
𝑛,𝑘, 𝑞

(𝑠)
𝑛,𝑘; z

(𝑠)
𝑛

)
≜ 𝑔

(
x𝑛,𝑘, 𝑟𝑛,𝑘, 𝑎

(𝑠)
𝑛,𝑘; z

(𝑠)
𝑛

)
×ℎ

(
x𝑛,𝑘, 𝑟𝑛,𝑘, 𝑎

(𝑠)
𝑛,𝑘, 𝑞

(𝑠)
𝑛,𝑘;𝑀

(𝑠)
𝑛

)
. The factor graph describing

the factorization (8) is shown for one time step in Fig. 1.

C. BP Message Passing Algorithm

Approximations of the marginal posterior pdfs 𝑓(y𝑛,𝑘∣z)—
referred to as “beliefs”—can be calculated for all potential
targets 𝑘 in an efficient way by running iterative BP message
passing [15] on the factor graph in Fig. 1. Since this factor
graph contains loops, there is no unique order of calculating
the messages, and different orders may result in different sets
of beliefs. The order used by the proposed method is defined
by the following rules: (i) Messages are not sent backward in
time [16]. (ii) Iterative message passing is only performed for
data association, and separately at each time step and at each
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Fig. 1. Factor graph representing the factorization of 𝑓(y,a,b,q∣z) in
(8), shown for one time step. For simplicity, the time index 𝑛 and sensor
index 𝑠 are omitted, and the following short notations are used: 𝑓𝑘 ≜
𝑓(y𝑛,𝑘∣y𝑛−1,𝑘), 𝑝𝑘 ≜ 𝑝

(
𝑞
(𝑠)
𝑛,𝑘

∣
∣𝑞(𝑠)𝑛−1,𝑘

)
, 𝜐𝑘 ≜ 𝜐

(
y𝑛,𝑘, 𝑎

(𝑠)
𝑛,𝑘, 𝑞

(𝑠)
𝑛,𝑘; z

(𝑠)
𝑛

)
,

𝑓𝑘 ≜ 𝑓(y𝑛,𝑘), Ψ𝑘,𝑚 ≜ Ψ
(
𝑎
(𝑠)
𝑛,𝑘 , 𝑏

(𝑠)
𝑛,𝑚

)
, 𝛼𝑘 ≜ 𝛼(y𝑛,𝑘), 𝛽𝑘 ≜ 𝛽

(
𝑎
(𝑠)
𝑛,𝑘

)
,

𝜂𝑘 ≜ 𝜂
(
𝑎
(𝑠)
𝑛,𝑘

)
, 𝛾𝑘 ≜ 𝛾(𝑠)(y𝑛,𝑘), 𝜒𝑘 ≜ 𝜒

(
𝑞
(𝑠)
𝑛,𝑘

)
, 𝜖𝑘 ≜ 𝜖

(
𝑞
(𝑠)
𝑛,𝑘

)
, 𝜈𝑚,𝑘 ≜

𝜈
(𝑝)
𝑚→𝑘

(
𝑎
(𝑠)
𝑛,𝑘

)
, 𝜁𝑘,𝑚 ≜ 𝜁

(𝑝)
𝑘→𝑚

(
𝑏
(𝑠)
𝑛,𝑚

)
, and 𝑝𝑘 ≜ 𝑝

(
𝑞
(𝑠)
𝑛,𝑘

)
. Messages that

are different from, or additional to, those in [9] are depicted in blue print.

sensor. In particular, for loops involving different sensors, only
a single iteration is performed.

Combining these rules with the generic BP rules for cal-
culating messages and beliefs [15], [17], one obtains the
following BP message passing operations performed at time
𝑛. First, a prediction step is performed for all potential
targets 𝑘 ∈ 𝒦. This comprises the calculation of a message
𝛼(x𝑛,𝑘, 𝑟𝑛,𝑘) (equivalently, 𝛼(x𝑛,𝑘, 1) and 𝛼𝑛,𝑘, cf. Section
II-B) as discussed in [9, Sec. III-B], and the calculation of

𝜒
(
𝑞
(𝑠)
𝑛,𝑘

)
=

∑
𝑞
(𝑠)
𝑛−1,𝑘∈𝒬

𝑝
(
𝑞
(𝑠)
𝑛,𝑘

∣∣𝑞(𝑠)𝑛−1,𝑘

)
𝑝
(
𝑞
(𝑠)
𝑛−1,𝑘

)

for all sensors 𝑠 ∈ 𝒮 . Here, 𝑝
(
𝑞
(𝑠)
𝑛−1,𝑘

)
was calculated at the

previous time step 𝑛−1 (cf. (9) below). Next, the following
steps are performed for all 𝑘 ∈𝒦 and 𝑠∈ 𝒮 in parallel:

1) Measurement evaluation:

𝛽
(
𝑎
(𝑠)
𝑛,𝑘

)
=

∑
𝑞
(𝑠)
𝑛,𝑘∈𝒬

∫
𝜐
(
x𝑛,𝑘, 1, 𝑎

(𝑠)
𝑛,𝑘, 𝑞

(𝑠)
𝑛,𝑘; z

(𝑠)
𝑛

)
𝜒
(
𝑞
(𝑠)
𝑛,𝑘

)
× 𝛼(x𝑛,𝑘, 1)dx𝑛,𝑘 + 1

(
𝑎
(𝑠)
𝑛,𝑘

)
𝛼𝑛,𝑘 .

2) Iterative data association converts the messages
𝛽
(
𝑎
(𝑠)
𝑛,𝑘

)
into messages 𝜂

(
𝑎
(𝑠)
𝑛,𝑘

)
. This step closely fol-

lows [13], [18], [19] and is identical to that in [9, Sec.
III-B]; it involves iterated messages 𝜈

(𝑝)
𝑚→𝑘

(
𝑎
(𝑠)
𝑛,𝑘

)
and

𝜁
(𝑝)
𝑘→𝑚

(
𝑏
(𝑠)
𝑛,𝑚

)
for 𝑝∈{1, . . . , 𝑃}, where 𝑃 is the number

of iterations.

3) Measurement update:

𝛾(𝑠)(x𝑛,𝑘, 1) =
∑
𝑎
(𝑠)
𝑛,𝑘

∑
𝑞
(𝑠)
𝑛,𝑘∈𝒬

𝜐
(
x𝑛,𝑘 , 1, 𝑎

(𝑠)
𝑛,𝑘, 𝑞

(𝑠)
𝑛,𝑘; z

(𝑠)
𝑛

)
× 𝜒

(
𝑞
(𝑠)
𝑛,𝑘

)
𝜂
(
𝑎
(𝑠)
𝑛,𝑘

)
,

Fig. 2. Multistatic sonar network consisting of an acoustic source and two
AUVs towing two receivers (hydrophone arrays). A research vessel and a
wave glider act as a communication relay.

where
∑

𝑎
(𝑠)
𝑛,𝑘

is short for
∑

𝑎
(𝑠)
𝑛,𝑘∈{0,...,𝑀

(𝑠)
𝑛 }, and

𝛾
(𝑠)
𝑛,𝑘 = 𝜂

(
𝑎
(𝑠)
𝑛,𝑘= 0

)
.

4) Detection probability update:

𝜖
(
𝑞
(𝑠)
𝑛,𝑘

)
=

∑
𝑎
(𝑠)
𝑛,𝑘

∫
𝜐
(
x𝑛,𝑘 , 1, 𝑎

(𝑠)
𝑛,𝑘, 𝑞

(𝑠)
𝑛,𝑘; z

(𝑠)
𝑛

)
𝜂
(
𝑎
(𝑠)
𝑛,𝑘

)
× 𝛼(x𝑛,𝑘, 1)dx𝑛,𝑘 + 𝜂

(
𝑎
(𝑠)
𝑛,𝑘= 0

)
𝛼𝑛,𝑘

and

𝑝
(
𝑞
(𝑠)
𝑛,𝑘

)
= 𝜒

(
𝑞
(𝑠)
𝑛,𝑘

)
𝜖
(
𝑞
(𝑠)
𝑛,𝑘

)
. (9)

Finally, beliefs 𝑓(y𝑛,𝑘) = 𝑓(x𝑛,𝑘, 𝑟𝑛,𝑘) are calculated from
𝛼(x𝑛,𝑘, 1), 𝛼𝑛,𝑘, 𝛾(𝑠)(x𝑛,𝑘, 1), and 𝛾

(𝑠)
𝑛,𝑘 as described in [9,

Sec. III-B]. These beliefs approximate the marginal posterior
pdfs 𝑓(y𝑛,𝑘∣z) = 𝑓(x𝑛,𝑘, 𝑟𝑛,𝑘∣z) and are used for Bayesian
detection and estimation (see Section III-A) by substituting
them for 𝑓(x𝑛,𝑘, 𝑟𝑛,𝑘∣z) in (6) and (7). A particle-based
implementation of the above algorithm that avoids the explicit
evaluation of integrals and message products can be obtained
by extending the implementation presented in [20].

IV. APPLICATION TO MULTISTATIC SONAR TRACKING

We validated the proposed method using real measurements
that were collected on October 3, 2015 during the Littoral
Continuous Active Sonar 2015 (LCAS15) sea trial [21].

A. Setup of Experiment and System Model

In LCAS15, a multistatic sonar network was tested for
a submarine detection and tracking application. An echo
repeater towed by a research vessel served as the nominal
target. The measurements were provided by the network
shown in Fig. 2, which consisted of an acoustic source and
two receivers (sensors). The receivers were hydrophone arrays
towed by two autonomous underwater vehicles (AUVs). The
source operated in continuous active sonar mode, transmitting
linearly frequency-modulated sweeps with a repetition period
of 20s and a duty cycle of almost 100%. The receiver



signal processing computing the measurements 𝑧
(𝑠)
𝑛,𝑚 from

the output of the respective hydrophone array is described
in [22]. At each sensor 𝑠∈ {1, 2}, due to subband processing,
measurements z(𝑠)𝑛 were available every 2s. The measurements
conform to a bistatic range-bearing measurement model with
port-starboard ambiguity [23, Sec. II-B]. Because of the
characteristics of the underwater channel and the mobility
of the receivers (AUVs) and the target, the probabilities of
detection are strongly time-varying.

The following assumptions and choices were used in our
numerical study. The target states consist of two-dimensional
(2D) position and velocity, i.e., x𝑛,𝑘 = [𝑥1,𝑛,𝑘 𝑥2,𝑛,𝑘 𝑥̇1,𝑛,𝑘

𝑥̇2,𝑛,𝑘]
T. As features of the seafloor often simulate additional

targets, the number of potential targets is set to 𝐾= 8. Target
motion is modeled by the near constant velocity model x𝑛,𝑘 =
Ax𝑛−1,𝑘 + Wu𝑛,𝑘, where A ∈ ℝ

4×4 and W ∈ ℝ
4×2 are

chosen as in [24] and u𝑛,𝑘 ∼ 𝒩 (0, 𝜎2
𝑢 I2) with 𝜎2

𝑢= 0.001 is
an independent and identically distributed (iid) sequence of 2D
Gaussian random vectors. The birth and survival probabilities
are chosen as 𝑝b

𝑛,𝑘= 0.8⋅10−5 and 𝑝s
𝑛,𝑘= 0.9995, respectively.

The covariance matrix of the measurement noise vec-
tors used in the measurement model [23, Sec. II-B] is
diag{202, 0.01752}. The positions of the source and receivers
are assumed known (since GPS position information was
available). The mean number of false alarm measurements
is 𝜇(𝑠) = 18. The false alarm pdf 𝑓FA

(
z
(𝑠)
𝑛,𝑚

)
is linearly

increasing on [0, 15000]m and zero outside that interval with
respect to the range component, and uniform on [0∘, 360∘)
with respect to the angle component. (In Cartesian coordi-
nates, this corresponds to a uniform distribution on a disc
of radius 15000m.) The set of detection probabilities is
𝒬 = {0.1, 0.2, . . . , 1}. The transition matrix Q(𝑠) = Q is
as follows: for 2 ≤ 𝑖 ≤ 9, [Q]𝑖−1,𝑖 = 0.05, [Q]𝑖,𝑖 = 0.85,
and [Q]𝑖+1,𝑖 = 0.1; furthermore, [Q]1,1 = 0.9, [Q]1,2 = 0.1,
[Q]9,10= 0.05, [Q]10,10= 0.95, and [Q]𝑖,𝑗= 0 otherwise. This
corresponds to the rule that with probability 0.1, the detection
probability increases by 0.1, and with probability 0.05, it
decreases by 0.1. (Choosing the probability of a detection
probability increase higher than that of a detection probability
decrease helps prevent the detection of multiple targets at the
position of a single target.)

We used a particle implementation of the proposed method
(cf. [20]) in which the belief 𝑓(x𝑛,𝑘, 𝑟𝑛,𝑘) of each potential
target 𝑘 is represented by a set of 𝐽 = 10000 particles and

weights
{(

x
(𝑗)
𝑛,𝑘 , 𝑤

(𝑗)
𝑛,𝑘

)}𝐽

𝑗=1
. The sum of the weights, 𝑝e

𝑛,𝑘 ≜∑𝐽
𝑗=1 𝑤

(𝑗)
𝑛,𝑘, provides an approximation of the target existence

probability 𝑝(𝑟𝑛,𝑘=1∣z), and potential target 𝑘 is considered
to exist (is detected) if 𝑝e

𝑛,𝑘 > 0.75. For each detected target
𝑘, a Monte Carlo approximation of the MMSE state estimate
in (5) is then calculated as x̂𝑛,𝑘 =

∑𝐽
𝑗=1𝑤

(𝑗)
𝑛,𝑘x

(𝑗)
𝑛,𝑘

/
𝑝e
𝑛,𝑘. We

performed 𝑃 = 20 BP iterations for iterative data association.

B. Results

Fig. 3 shows the sensor tracks, the true target track (which
was provided by GPS measurements), and the tracks estimated
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𝑥
2
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]

Sensor Track (𝑠=2)
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True Target Track
Estimated Tracks
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Fig. 3. Sensor tracks, true target track, and estimated tracks. The squares,
circle, and cross indicate the end point of the respective trajectory.

𝑞
(𝑠)
𝑛,𝑘 TOT [%] FAR [s−1km−2]

0.2 83 5.1 ⋅10−4

0.3 88 4.9 ⋅10−4

0.4 96 3.4 ⋅10−4

0.5 95 2.6 ⋅10−4

0.6 85 2.1 ⋅10−4

0.7 46 1.3 ⋅10−4

adaptive 95 2.4 ⋅10−4

TABLE I
TOT AND FAR FOR THE NONADAPTIVE METHOD WITH FIXED DETECTION

PROBABILITY 𝑞
(𝑠)
𝑛,𝑘 AND FOR THE PROPOSED ADAPTIVE METHOD.

with the proposed method from 35min of measurement data.
After a few seconds, the target is detected and reliably tracked.
There are three false tracks. The longest has a duration of
roughly 15min and is related to a feature of the seafloor. The
presence of such features motivates the use of a multitarget
tracking method since a single-target tracking method may
track the feature instead of the target.

Next, we compare the proposed adaptive method with
the original nonadaptive BP method in [9]. The nonadaptive
method uses identical parameters except that the detection
probability 𝑞

(𝑠)
𝑛,𝑘 is fixed for all 𝑛, 𝑘, and 𝑠. We considered six

different fixed values of 𝑞(𝑠)𝑛,𝑘 ranging from 0.2 to 0.7 in steps
of 0.1. As performance metrics we used time-on-target (TOT)
and false alarm rate (FAR) [1], [25]. TOT is the fraction of
time that the target is successfully detected, where successful
detection was declared if the target position estimate was
within 175m of the true target position. FAR is the normalized
number of false tracks (or detections) generated in the surveil-
lance region per unit of 2D space and time. Table I shows the
TOT and FAR for both methods. For the nonadaptive method,
it can be seen that large values of 𝑞(𝑠)𝑛,𝑘 can significantly reduce

the TOT whereas small values of 𝑞(𝑠)𝑛,𝑘 result in a higher FAR.
The proposed adaptive method achieves an attractive TOT–
FAR tradeoff, and it does not require a manual selection of
the detection probabilities (which will typically be incorrect).

Fig. 4 shows estimates of the detection probabilities 𝑞
(1)
𝑛,𝑘

and 𝑞
(2)
𝑛,𝑘 at the two sensors 𝑠=1 and 𝑠= 2. These estimates

were calculated as 𝑞(𝑠)𝑛,𝑘 =
∑𝑄

𝑖=1 𝜔𝑖 𝑝
(
𝑞
(𝑠)
𝑛,𝑘= 𝜔𝑖

)
with 𝑝

(
𝑞
(𝑠)
𝑛,𝑘

)
given by (9). It can be seen that at the beginning of the
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Fig. 4. Estimated detection probabilities versus time.

experiment where sensor 1 is close to the target and sensor 2
is distant from the target, 𝑞(1)𝑛,𝑘 is rather high while 𝑞

(2)
𝑛,𝑘 is low.

These results are reversed after approximately 17min, because
by that time sensor 1 is distant from the target and sensor 2
is close to the target. The nonzero “floor” of 𝑞

(𝑠)
𝑛,𝑘 is due to

the coarse discretization of 𝑞
(𝑠)
𝑛,𝑘 defined by 𝒬 and the small

probabilities of an increase of 𝑞(𝑠)𝑛,𝑘 defined by Q.

V. CONCLUSION

We proposed an adaptive extension of a belief propa-
gation based multisensor-multitarget tracking method to the
practically relevant case of unknown, time-varying detection
probabilities at the individual sensors. In our approach, the
detection probabilities are modeled as Markov chains and
included as additional variable nodes in the factor graph. The
resulting adaptive tracking method is robust to changes in
the detection probabilities while retaining the low complexity
and attractive scaling properties of the original nonadaptive
method. The performance of the method was assessed using
real data collected by a mobile underwater wireless sensor
network. Our results demonstrate that the proposed adaptive
method can outperform the nonadaptive method using manual
tuning of the detection probabilities. The proposed approach
can also be used to obtain adaptivity with respect to other
model parameters.
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