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A Scalable Algorithm for Tracking an Unknown
Number of Targets Using Multiple Sensors
Florian Meyer, Member, IEEE, Paolo Braca, Member, IEEE, Peter Willett, Fellow, IEEE,

and Franz Hlawatsch, Fellow, IEEE

Abstract—We propose an algorithm for tracking an unknown
number of targets based on measurements provided by multiple
sensors. Our algorithm achieves low computational complexity and
excellent scalability by running belief propagation on a suitably de-
vised factor graph. A redundant formulation of data association
uncertainty and the use of “augmented target states” including
binary target indicators make it possible to exploit statistical in-
dependencies for a drastic reduction of complexity. An increase in
the number of targets, sensors, or measurements leads to additional
variable nodes in the factor graph but not to higher dimensions of
the messages. As a consequence, the complexity of our method
scales only quadratically in the number of targets, linearly in the
number of sensors, and linearly in the number of measurements
per sensor. The performance of the method compares well with that
of previously proposed methods, including methods with a less fa-
vorable scaling behavior. In particular, our method can outperform
multisensor versions of the probability hypothesis density (PHD)
filter, the cardinalized PHD filter, and the multi-Bernoulli filter.

Index Terms—Multitarget tracking, data association, belief
propagation, message passing, factor graph, sensor network.

I. INTRODUCTION

A. Multitarget Tracking Using Multiple Sensors

MULTITARGET TRACKING is important in many ap-
plications including surveillance, autonomous driving,
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biomedical analytics, robotics, and oceanography [1]–[3]. Mul-
titarget tracking aims at estimating the states—i.e., positions and
possibly further parameters—of moving objects (targets) over
time, based on measurements provided by sensing devices such
as radar, sonar, or cameras [2]. Often information from multiple
sensors is required to obtain satisfactory reliability and accu-
racy. The number of targets is usually unknown [3] and there
is a data association uncertainty, i.e., an unknown association
between measurements and targets [2].
Traditional methods for multitarget tracking include the joint
probabilistic data association (JPDA) filter [2] and the multi-
hypothesis tracker (MHT) [4] and their extensions to multiple
sensors [5]–[7]. Most of these methods assume that the num-
ber of targets is fixed and known, which is typically not true
in practice. Because of this assumption, most traditional meth-
ods do not solve the track management problem, i.e., they are
unable to create or cancel a track when a target appears or disap-
pears, respectively. Track management extensions of traditional
methods include the joint integrated probabilistic data associa-
tion (JIPDA) filter [8], the joint integrated track splitting (JITS)
filter [9], and the search-initialize-track filter [10].
A more recent class of multitarget tracking methods is based
on finite set statistics (FISST). These methods calculate an ap-
proximation of the posterior multiobject probability density
function (pdf), which is a joint distribution of theunordered
target states. Typically, this quantity is then used to estimate a
(possibly unordered) set of target states, which is described as
a random finite set. Notable examples include the probability
hypothesis density (PHD) filter [3], [11]–[13], the cardinalized
PHD (CPHD) filter [3], [14], [15], the Bernoulli filter [16],
and the multi-Bernoulli (MB) filter [3], [17]. These algorithms
avoid a specific ordering of targets and measurements and incor-
porate the appearance and disappearance of targets in a Bayes-
optimum way. However, most existing FISST-based methods
are restricted to a single sensor.
Even more recently, FISST-based multitarget tracking meth-
ods using labeled random finite sets have been proposed. These
filters track an unknown number of targets that are identified
by an (unobserved) label, and thus are able to estimate indi-
vidual target tracks. In particular, the labeled multi-Bernoulli
(LMB) filter [18] and theδ-generalized LMB filter [19] achieve
good estimation accuracy with a computational complexity that
is similar to that of the CPHD filter. Alternatively, the track-
oriented marginal Bernoulli/Poisson (TOMB/P) filter and the
measurement-oriented marginal Bernoulli/Poisson (MOMB/P)
filter proposed in [20] can estimate individual target tracks by
integrating probabilistic data association into FISST-based se-
quential estimation; they are not based on labeled random finite
sets.
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In the case of low-observable targets, i.e., targets leading to
measurements with a low signal-to-noise ratio, reliable detection
and tracking using a single sensor may be impossible. Theoret-
ical results [21] suggest that the probability of detection can be
strongly improved by increasing the number of sensors. Unfor-
tunately, the computational complexity of optimum multisensor-
multitarget tracking scales exponentially in the number of
sensors, number of targets, and number of measurements
per sensor [22]–[25]. Computationally feasible multisensor-
multitarget tracking algorithms include the iterator-corrector
(C)PHD or briefly IC-(C)PHD filter [26], the approximate prod-
uct multisensor (C)PHD filter [27], the partition-based multi-
sensor (C)PHD (MS-(C)PHD) filter [23], [24], two heuristic
extensions of the PHD filter to multiple sensors [28], [29], and
an IC version of theδ-generalized LMB filter [30]. These algo-
rithms either use approximations of unknown fidelity and thus
may not be able to fully realize the performance gains promised
by multiple sensors, or they still scale poorly in relevant system
parameters. A further disadvantage of the IC-(C)PHD filter and
other IC-based filters is that the performance depends on the
order in which the measurements of the different sensors are
processed [23], [24], [26], [27]. We note that the TOMB/P and
MOMB/P filters [20] have been formulated only for a single
sensor.

B. The Proposed Method and Other Message Passing Methods

Here, we propose a multisensor method for multitarget track-
ing with excellent scalability in the number of targets, num-
ber of sensors, and number of measurements per sensor. Our
method allows for an unknown, time-varying number of targets
(up to a specifiedmaximally possiblenumber of targets), i.e.,
it implicitly performs track management. These advantages are
obtained by performing ordered estimation using belief prop-
agation (BP) message passing, based on the sum-product
algorithm [31]–[34]. Contrary to most FISST-based algorithms,
which calculate an approximation of thejointposterior multiob-
ject pdf, BP provides accurate approximations of themarginal
posterior pdfs for the individual targets. These are then used to
perform Bayesian detection and estimation of the target states.
The proposed BP method is derived by formulating a

detection-estimation problem involving all the target states, ex-
istence variables, and association variables—which are modeled
via random vectors—for all times, targets, and sensors. Enabling
techniques for our method are the redundant formulation of data
association uncertainty and a variant of the corresponding BP-
based data association algorithm presented in [35], [36]. A fur-
ther important principle is the definition of “augmented target
states” that include binary target existence indicators. In con-
trast to FISST-based methods, the joint augmented target state
is ordered and has a fixed number of components.
By this new formulation of the multisensor-multitarget

detection-estimation problem, the statistical structure of the
problem can be described by a factor graph, and the problem can
be solved using loopy BP. The advantage of the BP approach
is that it exploits conditional statistical independencies for a
drastic reduction of complexity [31]–[34]. We use a “detailed”
factor graph in which each target state and each association
variable is modeled as an individual node. Because this fac-
tor graph involves only low-dimensional variables, the resulting
BP algorithm does not perform high-dimensional operations.
As a consequence, the complexity of our method scales only
quadratically in the number of targets, linearly in the number of

sensors, and linearly in the number of measurements per sensors
(assuming a fixed number of message passing iterations). In ad-
dition, because our algorithm uses particle-based calculations
of all messages and beliefs, it is suited to general nonlinear,
non-Gaussian measurement and state evolution models.
Simulation results in a challenging scenario with intersecting
target trajectories demonstrate that our algorithm exhibits excel-
lent scalability and, at the same time, its performance compares
well with that of previously proposed methods. This includes
methods with a less favorable scaling behavior, namely, cubic
in the number of measurements and in the number of targets.
In particular, our method can outperform the IC-PHD and IC-
CPHD filters [26], an IC extension of the MB filter, and the
MS-PHD and MS-CPHD filters [23], [24]. Furthermore, its per-
formance does not depend on an assumed order of processing
the measurements of the different sensors.
To the best of our knowledge, previously proposed BP
methods for multisensor-multitarget tracking are limited to the
method presented in [37] and our previous method in [38]. The
model used in [37] results in a tree-structured factor graph for
which BP is exact but also in an unappealing scalability in the
number of targets. In contrast, our method is based on a detailed
(but loopy) factor graph that gives rise to low-dimensional mes-
sages and, in turn, results in the attractive scaling properties
described above. Furthermore, both methods [37], [38] assume
that the number of targets is known, whereas our present method
is suited to an unknown number of targets.
BP-based methods have also been proposed for the problems
of data association alone or data association within a multitar-
get tracking scheme where the tracking itself is not done by BP.
In particular, BP has been used in [35] and [36] to calculate
approximate marginal association probabilities for a single sen-
sor; in [39] to calculate exact marginal association probabilities
for a single sensor; in [40] to calculate approximate association
probabilities for multiple sensors with overlapping regions of
interest; and in [20] to calculate approximate association prob-
abilities for a single sensor. Our method integrates the model
and BP algorithm for data association from [35], [36]. How-
ever, in contrast to the methods mentioned above, it uses BP for
the overall multisensor-multitarget tracking problem, of which
data association is only a part. Furthermore, as opposed to [20],
which also uses the model and BP algorithm for data associa-
tion from [35], [36], our method is not based on FISST, can be
used for arbitrary nonlinear and non-Gaussian problems, and is
suitable for multiple sensors.

C. Paper Organization

CMRE Reprint Series

This paper is organized as follows. The system model
and statistical formulation are described in Section II. In
Section III, we briefly review the framework of factor graphs
and BP. The factor graph underlying the proposed algorithm
is derived in Section IV. Section V develops the proposed
multisensor-multitarget tracking algorithm. A particle-based
implementation is presented in Section VI. Section VII pro-
poses a scheme for choosing the birth and survival parameters.
In Section VIII, relations of the proposed method to existing
methods are discussed. Finally, Section IX presents numerical
results for simulated data and for real data from a multistatic
sonar tracking experiment. We note that this paper advances
over the preliminary account of our algorithm provided in our
conference publication [41] by adding a particle-based imple-
mentation, a scheme for choosing birth and survival parameters,
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a detailed discussion of relations to existing methods, additional
performance results, and an experimental verification of scaling
properties.

D. Notation

We denote vectors by boldface lower-case characters (e.g.,
x), matrices by boldface upper-case characters (e.g.,X), and
sets by calligraphic upper-case characters (e.g.,X). We write
kfor the index of apotential target(PT),nfor the index of a
time step,mfor the index of a measurement,sfor the index of
a sensor, andjfor the index of a particle. The numbers of PTs,
sensors, and measurements of sensorsat timenare denoted

byK,S, andM
(s)
n , respectively. Integrals are over the entire

space of the integration variable.INdenotes theN×Nidentity
matrix. We writef(x)for the pdf of a continuous random vector
xandp(x)for the probability mass function (pmf) of a discrete
random vectorx. The shorthandN(µ,Σ)denotes a Gaussian
pdf with mean vectorµand covariance matrixΣ.

II. SYSTEMMODEL ANDSTATISTICALFORMULATION

In this section, we describe our system model and a corre-
sponding statistical formulation, and we state the multitarget
detection-estimation problem to be solved.

A. Potential Targets and Augmented Target States

We considerat mostKtargets with time-varying states. We
describe this situation by introducing PTsk∈K {1,...,K}.
The existence of the PTs is modeled by binary variables
rn,k∈{0,1}, i.e., PTkexists at timenif and only ifrn,k=1.

We also define the vectorrn rn,1···rn,K
T
. The statexn,k

of PTkat timenconsists of the PT’s position and possi-
bly further parameters. It will be convenient to formally con-
sider a PT statexn,k also ifrn,k=0. We define theaug-

mented stateyn,k [xTn,krn,k]
Tand thejoint augmented state

yn yTn,1···y
T
n,K

T
.

While in our model a PT statexn,kis formally defined also if
rn,k=0, the states of nonexisting PTs are obviously irrelevant.
Accordingly, all pdfs and BP messages defined for an augmented
state,φ(yn,k)=φ(xn,k,rn,k), have the property that for
rn,k=0,

φ(xn,k,0) =φn,kfD(xn,k), (1)

wherefD(xn,k)is a “dummy pdf.” The form (1) must be consis-
tent with a message multiplication operation (such as Equation
(21) in Section III), in the sense that the resulting message prod-
uct can still be expressed as in (1). This implies that the dummy
pdffD(xn,k)satisfiesf

2
D(xn,k)=fD(xn,k)for all values of

xn,k. BecausefD(xn,k)must also integrate to one, it follows
thatfD(xn,k)is 1 on an arbitrary support of area/volume 1 and
0 outside that support. Let

ϕ(rn,k) φ(xn,k,rn,k)dxn,k. (2)

We then have forrn,k=0

ϕ(0) = φ(xn,k,0)dxn,k=φn,k fD(xn,k)dxn,k=φn,k.

(3)

Furthermore, using (2) and (3) yields

rn,k∈{0,1}

φ(xn,k,rn,k)dxn,k

= φ(xn,k,0)dxn,k+ φ(xn,k,1)dxn,k

=φn,k+ϕ(1).

Hence, if rn,k∈{0,1}
φ(xn,k,rn,k)dxn,k=1, i.e., ifφ(xn,k,

rn,k)is a true pdf/pmf in the sense of being normalized, then
φn,k+ϕ(1) = 1. In that case,φn,k=ϕ(0)can be interpreted as
a probability of nonexistence of PTk, i.e., of the eventrn,k=0,
andϕ(1)can be interpreted as a probability of existence of PT
k, i.e., of the eventrn,k=1. However, note that in general,
φ(xn,k,rn,k)is not necessarily a pdf/pmf.
The augmented target statesyn,k=[x

T
n,k rn,k]

Tare assumed
to evolve independently according to Markovian dynamic mod-
els [2], [3], and at timen=0, they are assumed statistically
independent acrosskwith prior pdfsf(y0,k)=f(x0,k,r0,k).

Thus, the pdf ofy yT0···y
T
n
T
factorizes as

f(y)=

K

k=1

f(y0,k)

n

n=1

f(yn,k|yn−1,k). (4)

Here, the single-target augmented state transition pdf
f(yn,k|yn−1,k)=f(xn,k,rn,k|xn−1,k,rn−1,k)is given as fol-
lows. If PTkdid not exist at timen−1, i.e.,rn−1,k=0, then
the probability that it exists at timen, i.e.,rn,k=1, is given by
the birth probabilitypbn,k, and if it does exist at timen, its state

xn,kis distributed according to the birth pdffb(xn,k). Thus, for
rn−1,k=0,wehave

f(xn,k,rn,k|xn−1,k,0) =
(1−pbn,k)fD(xn,k), rn,k=0

pbn,kfb(xn,k), rn,k=1.

(5)
If PTkexisted at timen−1, i.e.,rn−1,k=1, then the prob-
ability that it still exists at timen, i.e.,rn,k=1, is given by
the survival probabilitypsn,k, and if it still exists at timen, its
statexn,kis distributed according to the state transition pdf
f(xn,k|xn−1,k). Thus, forrn−1,k=1,wehave

f(xn,k,rn,k|xn−1,k,1) =
(1−psn,k)fD(xn,k), rn,k=0

psn,kf(xn,k|xn−1,k), rn,k=1.

(6)
A possible strategy for choosingpbn,k,p

s
n,k, andfb(xn,k)is pre-

sented in Section VII. We note that our previous work in [38],
which assumed that the number of targets is known, is a spe-
cial case of this setup that uses survival probabilitiespsn,k=1

(existing targets always survive), birth probabilitiespbn,k=0

(no targets are born), and initial prior pdfsf(x0,k,r0,k)with
f(x0,k,1)dx0,k=1(at timen=0, all targets exist with prob-
ability 1).

B. Sensor Measurements

There are S sensorss∈S {1,...,S}that produce
“thresholded” measurements resulting from a detection pro-
cess (as performed, e.g., by a radar or sonar device).

Letz
(s)
n,m,m∈ M

(s)
n 1,...,M

(s)
n denote the measure-

ments produced by sensorsat timen
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stacked measurement vectors1z
(s)
n z

(s)T
n,1···z

(s)T

n,M
(s)
n

T
and

zn z
(1)T
n ···z

(S)T
n

T
, and the vector of all numbers of mea-

surementsmn M
(1)
n ···M

(S)
n

T
.

Because the measurements are thresholded, the multitarget
tracking problem is complicated by a data association uncer-

tainty: it is unknown which measurementz
(s)
n,moriginated from

which PTk, and it is also possible that a measurementz
(s)
n,mdid

not originate from any PT (false alarm, clutter) or that a PT did
not generate any measurement at sensors(missed detection)
[2], [3]. We make the usual assumption that at any timen,an
existing target can generate at most one measurement at sensor
s, and a measurement at sensorscan be generated by at most
one existing target [2], [3]. The PT-measurement associations at
sensorsand timencan then be described by thetarget-oriented
association variables

a
(s)
n,k

⎧
⎪⎪⎨

⎪⎪⎩

m∈ M
(s)
n ,

if at timen,PTkgenerates
measurementmat sensors

0,
if at timen,PTkdoes not generate
a measurement at sensors.

(7)

We also define a
(s)
n a

(s)
n,1···a

(s)
n,K

T
andan a

(1)T
n

···a
(S)T
n

T
.

An existing targetkis detected by sensors(in the sense

that the target generates a measurementz
(s)
n,mat sensors) with

probabilityP
(s)
d (xn,k), which may depend on the target state

xn,k. The number of false alarms at sensorsis modeled by

a Poisson pmf with meanμ(s), and the distribution of each
false alarm measurement at sensorsis described by the pdf

fFAz
(s)
n,m [2], [3].

The dependence of the measurement vectorz zT1···z
T
n
T

on the augmented state vectory= yT0···y
T
n
T
, the association

vectora aT1···a
T
n
T
, and the numbers-of-measurements

vector2m mT1···m
T
n
T
is described by the global likeli-

hood functionf(z|y,a,m). With the commonly used assump-

tion [2], [3] that giveny,a, andm, the measurementsz
(s)
n are

conditionally independent across timenand sensor indexs,the
global likelihood function factorizes as

f(z|y,a,m)=
n

n=1

S

s=1

fz
(s)
n yn,a

(s)
n ,M

(s)
n . (8)

Assuming in addition that the different measurementsz
(s)
n,mat

sensorsare conditionally independent givenyn,a
(s)
n , andM

(s)
n ,

1Although the measurementsz
(s)
n,m,m∈ M

(s)
n produced by sensorshave

no inherent order, we give them an (arbitrary) order by arranging them in the

vectorz
(s)
n . However, it will be seen that the result of the proposed BP method

does not depend on the assumed order (see Section V-A).
2We note that the approach of modeling the measurement vectorzand the

number-of-measurements vectormas two separate random vectors was previ-
ously used in the original derivations of the (J)PDA filters and related methods
[2], [8].

we have the further factorization [2], [3]

fz(s)n yn,a
(s)
n ,M

(s)
n =

M
(s)
n

m=1

fFAz
(s)
n,m

×

k∈D
(s)
an,rn

fz
(s)

n,a
(s)
n,k

xn,k

fFA z
(s)

n,a
(s)
n,k

.(9)

Here,D
(s)
an,rndenotes the set of existing targets detected at sensor

sand timen, i.e.,D
(s)
an,rn k∈K:rn,k=1,a

(s)
n,k=0 .If

z
(s)
n is observed and thus fixed,M

(s)
n is fixed as well and (9) can

be written as

fz(s)n yn,a
(s)
n ,M

(s)
n =Cz(s)n

K

k=1

gxn,k,rn,k,a
(s)
n,k;z

(s)
n ,

(10)

whereCz
(s)
n is a normalization factor that depends only on

z
(s)
n (and, thus, also onM

(s)
n ) andgxn,k,rn,k,a

(s)
n,k;z

(s)
n is

defined as

gxn,k,1,a
(s)
n,k;z

(s)
n =

⎧
⎪⎪⎨

⎪⎪⎩

fz
(s)
n,mxn,k

fFAz
(s)
n,m

, a
(s)
n,k=m∈ M

(s)
n

1, a
(s)
n,k=0

gxn,k,0,a
(s)
n,k;z

(s)
n =1. (11)

Inserting (10) into (8) yields

f(z|y,a,m)=C(z)

n

n=1

S

s=1

K

k=1

gxn,k,rn,k,a
(s)
n,k;z

(s)
n ,

(12)
whereC(z)is a normalization factor that depends only onz.

C. Joint Prior Distribution of Association Variables and
Numbers of Measurements

Under the assumption that giveny,thea
(s)
n and theM

(s)
n

are conditionally independent acrossnands[2], [3], the joint
prior pmf of the association vectoraand the numbers-of-
measurements vectormgivenyfactorizes as

p(a,m|y)=
n

n=1

S

s=1

pa
(s)
n ,M

(s)
n yn . (13)

Assuming a random order of the measurementsz
(s)
n,m,m∈

M
(s)
n at sensors, with each possible order equally likely, and

using the fact that the number of false alarm measurements is
Poisson distributed with meanμ(s)

CMRE Reprint Series
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that

pa(s)n ,M
(s)
n yn

=ψa(s)n
e−μ

(s)
(μ(s))

M
(s)
n −D

(s)
an,rn

M
(s)
n !

k∈D
(s)
an,rn

P
(s)
d (xn,k)

×

k/∈D
(s)
an,rn

1a
(s)
n,k −rn,kP

(s)
d (xn,k), (14)

where

ψa(s)n

⎧
⎪⎨

⎪⎩

0, ∃k, k∈Kwithk=ksuch that

a
(s)
n,k=a

(s)
n,k =0

1, otherwise,

(15)

and1(a)denotes the indicator function of the eventa=0(i.e.,

1(a)=1ifa=0and 0 otherwise). Note that the factorψa
(s)
n

enforces the exclusion assumptions stated in Section II-B, i.e.,
that each existing target can generate at most one measurement
at sensorsand each measurement at sensorscan be generated

by at most one target. Since the dimension ofa
(s)
n increases with

the number of PTsK, the factorψa
(s)
n is a major reason for

the poor scalability of the JPDA and related methods [2]. An
alternative approach resulting in significantly improved scala-
bility will be presented in Section IV-A. We can express (14)
more compactly as

pa(s)n ,M
(s)
n yn =CM

(s)
n ψa(s)n

×

K

k=1

hxn,k,rn,k,a
(s)
n,k;M

(s)
n ,(16)

whereCM
(s)
n is a normalization factor depending only on

M
(s)
n andhxn,k,rn,k,a

(s)
n,k;M

(s)
n is defined as

hxn,k,1,a
(s)
n,k;M

(s)
n =

⎧
⎪⎨

⎪⎩

P
(s)
d (xn,k)

μ(s)
, a

(s)
n,k∈ M

(s)
n

1−P
(s)
d (xn,k), a

(s)
n,k=0

hxn,k,0,a
(s)
n,k;M

(s)
n =1a

(s)
n,k . (17)

D. Target Detection and State Estimation

The problem considered is detection of the PTsk∈K(i.e.,
of the binary target existence variablesrn,k) and estimation
of the target statesxn,kfrom the past and present measure-
ments of all the sensorss∈S, i.e., from the total measure-

ment vectorz= zT1···z
T
n
T
. In our Bayesian setting, this

essentially amounts to calculating the marginal posterior ex-
istence probabilitiesp(rn,k=1|z)and the marginal posterior
pdfsf(xn,k|rn,k=1,z). Target detection is performed by com-
paringp(rn,k=1|z)to a thresholdPth, i.e., PTkis considered
to exist ifp(rn,k=1|z)>Pth[42, Ch. 2]. For the detected tar-
getsk,anestimateofxn,kis then produced by the minimum
mean-square error (MMSE) estimator [42, Ch. 4]

x̂MMSEn,k xn,kf(xn,k|rn,k=1,z)dxn,k. (18)

Fig. 1. Factor graph representing the factorization f(x|z)∝
ψ1(x1,x2)ψ2(x2)ψ3(x2,x3).

This Bayesian two-stage detection-estimation procedure is also
employed by the JITS filter [9], the JIPDA filter [8], and certain
FISST-based methods, e.g., [3], [20]. The main problem to be
solved now is to find a computationally feasible recursive (se-
quential) calculation ofp(rn,k=1|z)andf(xn,k|rn,k=1,z).

III. REVIEW OFBP

We briefly review factor graphs and the generic BP scheme,
which constitute the main methodological basis of the pro-
posed multisensor-multitarget tracking method. Consider the
problem of estimating parameter vectorsxk,k∈{1,...,K}
from a measurement vectorz. Most Bayesian methods for es-
timating thexkrely on the posterior pdfsf(xk|z)[43]. These
pdfs are marginal pdfs of the joint posterior pdff(x|z), where

x= xT1···x
T
K
T
; however, direct marginalization off(x|z)is

usually infeasible. An efficient marginalization can be achieved
iff(x|z)factorizes, i.e.,

f(x|z)∝

Q

q=1

ψqx
(q). (19)

Here, each factor argumentx(q)comprises certain parameter
vectorsxk(eachxkcan appear in severalx

(q)) and∝indicates
equality up to a normalization factor. Note that for compactness,
our notation does not indicate the dependence of the factors
ψqx

(q) onz.
The factorization structure (19) can be represented by a graph-
ical model known asfactor graph3[34]. As an example, for

x= xT1x
T
2x
T
3
T
, the factor graph representing the factoriza-

tionf(x|z)∝ψ1(x1,x2)ψ2(x2)ψ3(x2,x3)is shown in Fig. 1.
In a factor graph, each parameter variablexkis represented by
a variable node and each factorψq(·)by a factor node (depicted
in Fig. 1 by a circle and a square, respectively). Variable node
“xk” and factor node “ψq”areadjacent, i.e., connected by an
edge, if the variablexkis an argument of the factorψq(·).
Belief propagation (BP), also known as thesum-product
algorithm[31], is based on a factor graph and aims at com-
puting the marginal posterior pdfsf(xk|z)in an efficient way.
For each node, certain messages are calculated, each of which
is passed to one of the adjacent nodes. For each variable node,
the incoming and outgoing messages are functions of the corre-
sponding variable. More specifically, consider a variable node
“xk” and an adjacent factor node “ψq”, i.e., the variablexkis

part of the argumentx(q)ofψqx
(q). We define the neighbor-

hood setNqas the set of the indiceskof all variable nodes “xk”
adjacent to factor node “ψq”. Then, the message passed from

3
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We note that the factorization structure of probability distributions can al-
ternatively be represented by other graphical models, such as Markov random
fields [44].
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factor node “ψq” to variable node “xk” is given by

ζψq→xk(xk)= ψqx
(q)

k∈Nq\{k}

ηxk→ψq(xk)dx̄k,

(20)
where ...dx̄kdenotes integration with respect to all vec-
torsxk∈Nqexceptxk, and theηxk→ψq(xk)will be ex-
plained presently. For example, the message passed from factor
node “ψ1” to variable node “x2” in Fig. 1 isζψ1→x2(x2)=

ψ1(x1,x2)ηx1→ψ1(x1)dx1; note thatx
(1)= xT1x

T
2
T
.The

messageηxk→ψq(xk)passed from variable node “xk” to factor
node “ψq” is given by the product of the messages passed to vari-
able node “xk” from all adjacent factor nodes except “ψq”. For
example, in Fig. 1, the message passed from variable node “x2”
to factor node “ψ1”isηx2→ψ1(x2)=ζψ2→x2(x2)ζψ3→x2(x2).
Message passing is started at variable nodes with only one edge
(which pass a constant message) and/or factor nodes with only
one edge (which pass the corresponding factor). For example, in
Fig. 1, the message from variable node “x1” to factor node “ψ1”
isηx1→ψ1(x1)=C, whereCis an arbitrary nonzero constant.
Note that BP can also be applied to factorizations involving dis-
crete variables by replacing in (20) integration with summation.
After all messages have been passed as described above, for

each variable node “xk”, abelieff̃(xk)is calculated as the prod-
uct of all incoming messages (passed from all adjacent factor
nodes) followed by a normalization such that f̃(xk)dxk=1.
For example, in Fig. 1,

f̃(x2)∝ζψ1→x2(x2)ζψ2→x2(x2)ζψ3→x2(x2). (21)

If the factor graph is a tree, i.e., without loops, then the belief

f̃(xk)is exactly equal to the marginal posterior pdff(xk|z).
For factor graphs with loops, BP is applied in an iterative
manner, and the beliefsf̃(xk)are only approximations of the
respective marginal posterior pdfsf(xk|z); these approxima-
tions have been observed to be very accurate in many applica-
tions [31]–[33]. In these iterative “loopy BP” schemes, there is
no canonical order in which the messages should be calculated,
and different orders may lead to different beliefs. The choice of
an appropriate order of message calculation will be an important
aspect in our development of the proposed method.
A useful modification of factor graphs and loopy BP schemes

is suggested by the “opening factors” principle [32, Sec. 5.2.2]:
by introducing additional variables that depend deterministi-
cally on certain variables in the factor graph, lower-dimensional
messages can be obtained. This tends to result in improved
scalability and reduced computational complexity, but often in-
troduces additional loops in the factor graph. We will apply the

“opening factors” principle to the factorψa
(s)
n , as described

next.

IV. DERIVATION OF THEFACTORGRAPH

In this section, we derive the joint posterior pdf and, in turn,
the factor graph underlying the proposed multitarget tracking
algorithm.

A. Opening the Factorψa
(s)
n

So far, we have described the possible PT-measurement as-
sociations at sensorsand timenin terms of the target-oriented

association variablesa
(s)
n,kdefined in (7). Hereafter, following

[35] and [36], we also use an alternative description of the
PT-measurement associations in terms of themeasurement-
oriented association variables

b(s)n,m

⎧
⎪⎪⎨

⎪⎪⎩

k∈K,
if at timen,measurementmat
sensorsis generated by PTk

0,
if at timen,measurementmat
sensorsis not generated by a PT.

We also define b
(s)
n b

(s)
n,1···b

(s)

n,M
(s)
n

T
andbn b

(1)T
n

···b
(S)T
n

T
.

The description in terms ofb
(s)
n is redundant in thatb

(s)
n can

be derived froma
(s)
n and vice versa. However, this redundant

formulation is the basis for opening the factorψa
(s)
n ,asdis-

cussed next. In fact, using theb
(s)
n alongside with thea

(s)
n ,the

exclusion-enforcing functionψa
(s)
n in (15) can be formally

replaced by the function [35], [36]

ψa(s)n ,b
(s)
n =

K

k=1

M
(s)
n

m=1

Ψa
(s)
n,k,b

(s)
n,m , (22)

with

Ψa
(s)
n,k,b

(s)
n,m

⎧
⎪⎨

⎪⎩

0, a
(s)
n,k=m, b

(s)
n,m=k

orb
(s)
n,m=k, a

(s)
n,k=m

1, otherwise.

Definingb bT1···b
T
n
T
, the prior pmfp(a,m|y)in (13) can

now be formally rewritten as

p(a,b,m|y)=
n

n=1

S

s=1

pa
(s)
n ,b

(s)
n ,M

(s)
n yn , (23)

with the single-sensor prior pmfs (cf. (16) and (22))

pa(s)n ,b
(s)
n ,M

(s)
n yn

=CM(s)n

K

k=1

hxn,k,rn,k,a
(s)
n,k;M

(s)
n

M
(s)
n

m=1

Ψa
(s)
n,k,b

(s)
n,m .

Thus, Equation (23) can be expressed as

p(a,b,m|y)=C(m)
n

n=1

S

s=1

K

k=1

hxn,k,rn,k,a
(s)
n,k;M

(s)
n

×

M
(s)

n

m=1

Ψa
(s)
n,k,b

(s)
n,m, (24)

whereC(m)is a normalization factor depending only onm.
Note that the factorization in (24) is more “detailed” than
our original factorization in (13) and (14) because the high-

dimensional factorsψa
(s)
n have been opened, i.e., replaced by

the many low-dimensional factorsΨa
(s)
n,k,b

(s)
n,m

CMRE Reprint Series

. This detailed
factorization constitutes an important basis for our development
of the proposed algorithm in Section V.
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B. Joint Posterior pdf and Factor Graph

The marginal posterior existence probabilityp(rn,k=1|z)
underlying target detection as discussed in Section II-D can
be obtained from the marginal posterior pdf of the augmented
target state,f(yn,k|z)=f(xn,k,rn,k|z), according to

p(rn,k=1|z)= f(xn,k,rn,k=1|z)dxn,k, (25)

and the marginal posterior pdff(xn,k|rn,k=1,z)underly-
ing MMSE state estimation (see (18)) can be obtained from
f(xn,k,rn,k|z)according to

f(xn,k|rn,k=1,z)=
f(xn,k,rn,k=1|z)

p(rn,k=1|z)
. (26)

Thus, the underlying task is to compute the pdff(yn,k|z)=
f(xn,k,rn,k|z). This pdf is a marginal density of the joint poste-
rior pdff(y,a,b|z), which involves all the augmented states, all
the target-oriented and measurement-oriented association vari-
ables, and all the measurements of all sensors, at all times up
to the current timen. As explained in Section III, an efficient
approximate implementation of the marginalization converting
f(y,a,b|z)intof(yn,k|z)can be obtained by performing BP
on a factor graph that expresses the factorization of the joint
posterior pdff(y,a,b|z).
In the following derivation of the factorization off(y,a,b|z),
the measurementszare considered observed and thus fixed, and

consequently theM
(s)
n andm are fixed as well. Then, using

Bayes’ rule and the fact thataimpliesbandzimpliesm,we
obtain

f(y,a,b|z)=f(y,a,b,m|z)

∝f(z|y,a,b,m)f(y,a,b,m)

=f(z|y,a,m)p(a,b,m|y)f(y).

Inserting (4) forf(y), (12) forf(z|y,a,m), and (24) for
p(a,b,m|y)then yields the final factorization

f(y,a,b|z)∝
K

k=1

f(y0,k)

n

n=1

f(yn,k|yn−1,k)

×

S

s=1

υyn,k,a
(s)
n,k;z

(s)
n

M
(s)

n

m=1

Ψa
(s)
n,k,b

(s)
n,m,

(27)

with

υyn,k,a
(s)
n,k;z

(s)
n gxn,k,rn,k,a

(s)
n,k;z

(s)
n

×hxn,k,rn,k,a
(s)
n,k;M

(s)
n . (28)

The factor graph representing this factorization as explained in
Section III is depicted for one time step in Fig. 2.

V. THEPROPOSEDBP-BASEDMULTISENSOR-MULTITARGET
TRACKINGALGORITHM

In this section, we present the proposed BP-based
multisensor-multitarget tracking algorithm and investigate its
scalability.

Fig. 2. Factor graph representing the factorization of the joint posterior pdf
f(y,a,b|z)in (27), depicted for one time step. For simplicity, the time in-
dexnand sensor indexsare omitted, and the following short notations

are used:fk f(yn,k|yn−1,k),υk υyn,k,a
(s)
n,k
;z
(s)
n ,̃fk f̃(yn,k),

Ψk,m Ψ a
(s)
n,k
,b
(s)
n,m ,αk α(yn,k),βk βa

(s)
n,k

,ηk ηa
(s)
n,k

,

γk γ(s)(yn,k),νm,k ν
(p)
m→k

a
(s)
n,k

,andζk,m ζ
(p)
k→m

b
(s)
n,m .The

messagesα(yn,k)etc. are described in Section V-A.

A. BP Method

As discussed in Section III, approximationsf̃(yn,k)of the
marginal posterior pdfsf(yn,k|z)can be obtained in an efficient
way by running iterative BP on the factor graph in Fig. 2. Since
this factor graph is loopy, we have to decide on a specific order
of message computation. We choose this order according to the
following rules: (i) Messages are not sent backward in time4

[45]–[47]. (ii) Iterative message passing is only performed at
each time step and at each sensor separately—i.e., in particu-
lar, for the loops connecting different sensors we perform only
a single message passing iteration—and only for data associ-
ation. (iii) Measurements from different sensors are processed
in parallel. Note that the first rule enables real-time processing,
the second rule minimizes the repeated use of information, and
the third rule avoids sequential processing of information from
different sensors (as is done in IC methods). In addition, the
first two rules yield a reduction of computational complexity.
With these rules, the generic BP rules for calculating messages
and beliefs as summarized in Section III yield the following BP
operations at timen.
First, apredictionstep is performed for all PTsk∈K, i.e.,

α(xn,k,rn,k)=
rn−1,k∈{0,1}

f(xn,k,rn,k|xn−1,k,rn−1,k)

×f̃(xn−1,k,rn−1,k)dxn−1,k.

Here,f̃(xn−1,k,rn−1,k)was calculated at the previous time
n−1. Inserting (5) and (6) forf(xn,k,rn,k|xn−1,k,rn−1,k),we
obtain the following expressions ofα(xn,k,rn,k):forrn,k=1,

α(xn,k,1) =p
b
n,kfb(xn,k)̃fn−1,k+p

s
n,k

× f(xn,k|xn−1,k)̃f(xn−1,k,1) dxn−1,k,

(29)

4
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This is equivalent to the assumption that the target states are conditionally
independent given the past measurements. This assumption is also made in the
derivation of the JPDA filter [2].
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and forrn,k=0,

αn,k= 1−pbn,k f̃n−1,k+ 1−p
s
n,k f̃(xn−1,k,1) dxn−1,k.

(30)
We note that f̃n−1,k= f̃(xn−1,k,0)dxn−1,kandαn,k=

α(xn,k,0)dxn,k (cf. (3)). Furthermore, sincef̃(xn−1,k,
rn−1,k) is normalized, so is α(xn,k,rn,k), i.e.,

rn,k∈{0,1}
α(xn,k,rn,k)dxn,k=1. Thus, we have

αn,k=1− α(xn,k,1)dxn,k.
After the prediction step, the following steps are performed

for all PTsk∈Kand all sensorss∈Sin parallel:
1)Measurement evaluation:

βa
(s)
n,k =

rn,k∈{0,1}

υxn,k,rn,k,a
(s)
n,k;z

(s)
n

×α(xn,k,rn,k)dxn,k

= υxn,k,1,a
(s)
n,k;z

(s)
n α(xn,k,1) dxn,k

+1a
(s)
n,k αn,k. (31)

In the last expression, we usedυxn,k,0,a
(s)
n,k;z

(s)
n =

1a
(s)
n,k , which follows from (28) with (11) and (17).

2)Iterative data association(this part of the BP method
closely follows [35], [36], [48]). In iterationp∈
{1,...,P}, the following calculations are performed for

all measurementsm∈ M
(s)
n :

ν
(p)
m→ka

(s)
n,k =

K

b
(s)
n,m=0

Ψa
(s)
n,k,b

(s)
n,m

×
k∈K\{k}

ζ
(p−1)
k→m b

(s)
n,m (32)

and (except forp=P)

ζ
(p)
k→m b

(s)
n,m =

M
(s)
n

a
(s)
n,k=0

βa
(s)
n,k Ψa

(s)
n,k,b

(s)
n,m

×

m∈M
(s)
n \{m}

ν
(p)
m→ka

(s)
n,k . (33)

The operations (32) and (33) constitute an iteration loop,
which is initialized (forp=0)by

ζ
(0)
k→m b

(s)
n,m =

M
(s)
n

a
(s)
n,k=0

βa
(s)
n,k Ψa

(s)
n,k,b

(s)
n,m . (34)

An efficient implementation of (32) and (33) is described
in [36], [48], and Matlab code for that implementation
is provided in [49]. After the last iterationp=P,the

messagesν
(P)
m→ka

(s)
n,k ,m∈ M

(s)
n are multiplied, i.e.,

ηa
(s)
n,k =

M
(s)
n

m=1

ν
(P)
m→ka

(s)
n,k . (35)

3)Measurement update:

γ(s)(xn,k,1) =

M
(s)
n

a
(s)
n,k=0

υxn,k,1,a
(s)
n,k;z

(s)
n ηa

(s)
n,k

(36)
γ
(s)
n,k=ηa

(s)
n,k=0.

Finally,beliefsf̃(yn,k)=f̃(xn,k,rn,k)approximating the
marginal posterior pdfsf(yn,k|z)=f(xn,k,rn,k|z)are ob-
tained as the products

f̃(xn,k,1) =
1

Cn,k
α(xn,k,1)

S

s=1

γ(s)(xn,k,1) (37)

f̃n,k=
1

Cn,k
αn,k

S

s=1

γ
(s)
n,k (38)

with the normalization constants

Cn,k= α(xn,k,1)

S

s=1

γ(s)(xn,k,1)dxn,k+αn,k

S

s=1

γ
(s)
n,k.

(39)
Note thatf2D(xn,k)=fD(xn,k)(cf. Section II-A) was used to

obtain (38). Because the belieff̃(xn,k,1)in (37) approximates
f(xn,k,rn,k=1|z), it can be substituted forf(xn,k,rn,k=
1|z)in (25) and (26), thus providing the basis for Bayesian
target detection and state estimation as discussed in Section II-D.
A particle-based implementation of the above BP method that
avoids the explicit evaluation of integrals and message products
will be presented in Section VI.
The “data association” step (32)–(35) involves solely mes-
sages related to discrete random variables. Being based on loopy
BP, it does not perform an exact marginalization [31], [33], [34].
However, its high accuracy has been demonstrated numerically
[35], [36] (see also Section IX-B), and its convergence has been
proven [36], [48]. We also note that the result of the proposed BP
method does not depend on the order in which the measurements

z
(s)
n,m,m∈ M

(s)
n appear in the sensor measurement vectorz

(s)
n ,

the order in which thez
(s)
n ,s∈Sappear in the stacked mea-

surement vectorzn, or the order in which the augmented target
statesyn,k,k∈Kappear in the vectoryn.

B. Scalability

The main advantage of the BP method described in
Section V-A is its scalability. Assuming a fixed numberPof
message passing iterations, the computational complexity of
calculating the (approximate) marginal posterior pdfs of all the
target states is only linear in the number of sensorsS(see (37),
(38)). Moreover, the complexity of the operations (31)–(36) per-

formed for a given sensors∈Sscales asOKM
(s)
n , where

M
(s)
n increases linearly with the number of PTsK

CMRE Reprint Series

and with the
number of false alarms. (Here, it is assumed that the efficient
implementation of (32), (33) described in [36], [48] is used.)
Thus, the overall complexity of our method scales linearly in
the number of sensors and quadratically in the number of PTs.
Note that in practical implementations, measurement gating [2]
can be used to further improve the scalability.
Such favorable scaling is a consequence of the “detailed”
factorization (27). This factorization, in turn, is based on the
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Fig. 3. Flowchart of a particle-based implementation of the proposed BP method. The symbol∼expresses the fact that a set of particles and weights represents
a certain distribution.

redundant formulation of the joint state-association estimation

task and the corresponding opening of the factorψa
(s)
n de-

scribed in Section IV-A. Due to this factor opening, an increase
in the number of PTs, sensors, or measurements leads to addi-
tional variable nodes in the factor graph (see Fig. 2) but not to
higher dimensions of the messages passed between the nodes.
The scalability of the proposed algorithm will be further ana-
lyzed in Section IX-C.

VI. PARTICLE-BASEDIMPLEMENTATION

For general nonlinear and non-Gaussian measurement and
state evolution models, the integrals in (18), (29), (30),
and (31) as well as the message products in (37) and
(38) cannot be evaluated in closed form and are typically
computationally infeasible. Therefore, we next present an
approximate particle-based implementation of these opera-
tions. In this implementation, each belieff̃(xn,k,rn,k)is
represented by a set of particles and corresponding weights

x̄
(j)
n,k,̄w

(j)
n,k

J

j=1
. More specifically,̃f(xn,k,1)is represented

by x̄
(j)
n,k,̄w

(j)
n,k

J

j=1
, and̃f(xn,k,0) =f̃n,kfD(xn,k)is given

implicitly by the normalization property of̃f(xn,k,rn,k), i.e.,

f̃n,k=1− f̃(xn,k,1)dxn,k. Contrary to conventional parti-

cle filtering [50], [51], the particle weights̄w
(j)
n,k,j∈{1,...,J}

do not sum to one; instead,

pen,k

J

j=1

w̄
(j)
n,k≈ f̃(xn,k,1)dxn,k. (40)

Note that since f̃(xn,k,1)dxn,kapproximates the posterior
probability of target existencep(rn,k=1|z), it follows that the
sum of weightspen,kis approximately equal top(rn,k=1|z).
The particle operations described in the remainder of this

section are performed for all PTsk∈Kin parallel. The

resulting particle-based implementation of the overall BP
method is summarized in Fig. 3.

A. Prediction

Forn≥1and for each PTk∈K,J particles and

weights{(̄x
(j)
n−1,k,̄w

(j)
n−1,k=p

e
n−1,k/J)}

J
j=1 representing the

previous belief f̃(xn−1,k,rn−1,k)were calculated at the
previous timen−1as described further below. Weighted parti-

cles{(x
(j)
n,k,w

α(j)
n,k)}

J+I
j=1 representing the messageα(xn,k,1)

in (29) are now obtained as follows.5First, for each par-

ticlex̄
(j)
n−1,k,j∈{1,...,J}, one particlex

(j)
n,k is drawn

fromfxn,kx̄
(j)
n−1,k. Next,Iadditional “birth particles”

x
(j)
n,k

J+I

j=J+1
are drawn from the birth pdffb(xn,k). Finally,

weightsw
α(j)
n,k,j∈{1,...,J+I}are obtained as

w
α(j)
n,k =

psn,kw̄
(j)
n−1,k, j∈{1,...,J}

pbn,k(1−p
e
n−1,k)/I, j∈{J+1,...,J+I}.

(41)

Here,pen−1,k=
J
j=1w̄

(j)
n−1,k(cf. (40)). Note that the proposal

distribution [50], [51] underlying (41) isfxn,kx̄
(j)
n−1,k)for

j∈{1,...,J}andfb(xn,k)forj∈{J+1,...,J+I}.A
more general expression for particle-based prediction with an
arbitrary proposal distribution can be found in [16].

B. Measurement Evaluation

For each sensors, an approximatioñβa
(s)
n,k of the message

βa
(s)
n,k in (31) can be calculated from the weighted particles

5Note thatαn,kin (30) is again given implicitly by these weighted particles
sinceα(xn,k,rn,k)
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x
(j)
n,k,w

α(j)
n,k

J+I

j=1
representingα(xn,k,rn,k)as

β̃a
(s)
n,k =

J+I

j=1

υx
(j)
n,k,1,a

(s)
n,k;z

(s)
n w

α(j)
n,k

+1a
(s)
n,k 1−

J+I

j=1

w
α(j)
n,k . (42)

Here, J+I
j=1 υx

(j)
n,k,1,a

(s)
n,k;z

(s)
n w

α(j)
n,k provides a Monte

Carlo approximation [51] of υ(xn,k,1,a
(s)
n,k;z

(s)
n )α(xn,k,

1)dxn,kin (31), and1(a
(s)
n,k)(1−

J+I
j=1 w

α(j)
n,k)provides an ap-

proximation of1(a
(s)
n,k)αn,kin (31). Note that

J+I
j=1 w

α(j)
n,k can

be interpreted as a “predicted existence probability,” and thus

1− J+I
j=1 w

α(j)
n,k can be interpreted as a “predicted nonexis-

tence probability,” which approximatesαn,k.

C. Data Association, Measurement Update, Belief Calculation

The approximate messagesβ̃(a
(s)
n,k)obtained in (42) are used

in the iterative data association step, i.e., they are substituted

for the messagesβ(a
(s)
n,k)in (33) and (34). After convergence

of the data association iteration, approximate messages̃η(a
(s)
n,k)

(approximating the messagesη(a
(s)
n,k)in (35)) are then available

for all PTskand all sensorss.
Next, the measurement update step (36) and the belief calcu-

lation step (37), (38) are implemented by means of importance
sampling [50], [51]. To that end, we first rewrite the belief

f̃(xn,k,rn,k)in (37), (38) by inserting (36), i.e.,

f̃(xn,k,1)∝α(xn,k,1)
S

s=1

M
(s)
n

a
(s)
n,k=0

υxn,k,1,a
(s)
n,k;z

(s)
n η̃a

(s)
n,k

(43)

f̃n,k∝αn,k

S

s=1

η̃a
(s)
n,k=0. (44)

Here, we also replacedη(a
(s)
n,k)by its particle-based approxi-

mationη̃(a
(s)
n,k), even though we do not indicate this additional

approximation in our notationf̃(xn,k,rn,k). We now calculate
nonnormalized weights corresponding to (43) as

w
A(j)
n,k =w

α(j)
n,k

S

s=1

M
(s)
n

a
(s)
n,k=0

υx
(j)
n,k,1,a

(s)
n,k;z

(s)
n η̃a

(s)
n,k ,

j∈{1,...,J+I}.

Note that this expression is based on importance sampling with
proposal densityα(xn,k,1)(represented by the weighted parti-

cles{(x
(j)
n,k,w

α(j)
n,k)}

J+I
j=1). Similarly, we calculate a single non-

normalized weight corresponding to (44) as

wBn,k= 1−

J+I

j=1

w
α(j)
n,k

S

s=1

η̃a
(s)
n,k=0,

in which1− J+I
j=1 w

α(j)
n,k approximatesαn,k.

Next, weighted particles {(x
(j)
n,k,w

(j)
n,k)}

J+I
j=1 representing

the belieff̃(xn,k,rn,k)are obtained by using the particles

{x
(j)
n,k}

J+I
j=1 representingα(xn,k,rn,k)and calculating the cor-

responding weights as

w
(j)
n,k=

w
A(j)
n,k

J+I
j=1w

A(j)
n,k +w

B
n,k

.

Here, J+I
j=1 w

A(j)
n,k +w

B
n,kis a particle-based approximation of

the normalization constantCn,kin (39). We note that

pen,k=

J+I

j=1

w
(j)
n,k. (45)

D. Target Detection, State Estimation, Resampling

The weighted particles{(x
(j)
n,k,w

(j)
n,k)}

J+I
j=1 can now be used

for target detection and estimation. First, for each PTk,an
approximationpen,kof the existence probabilityp(rn,k=1|z)

is calculated from the particle weights{w
(j)
n,k}

J+I
j=1 according to

(45). PTkis then detected (i.e., considered to exist) ifpen,kis
above a thresholdPth(cf. Section II-D). For the detected targets
k, an approximation of the MMSE state estimatêxMMSEn,k in (18)
is calculated according to

x̂n,k=
1

pen,k

J+I

j=1

w
(j)
n,kx

(j)
n,k. (46)

Finally, as a preparation for the next time stepn+1,are-
sampling step [50], [51] is performed to reduce the number
of particles toJand to avoid degeneracy effects. The resam-

pling results in equally weighted particles{̄x
(j)
n,k}

J
j=1; the corre-

sponding weights are given byw̄
(j)
n,k=w̄n,k=

1
J

I+J
j=1w

(j)
n,k,

j∈{1,...,J}. We note that as a consequence,pen,kin (45) can
also be expressed as in (40).

VII. CHOICE OFBIRTH ANDSURVIVALPARAMETERS

Next, we present a scheme for choosing the birth pdfs
fb(xn,k), birth probabilitiesp

b
n,k, and survival probabilitiesp

s
n,k

(see Section II-A). This scheme is inspired by the standard Pois-
son birth model, where the number of newly born targets obeys
a Poisson distribution with meanμband existing targets survive
with a fixed, specified probabilityps[3]. The scheme is heuristic
but results in scalability with respect to the number of sensors
Sand, as demonstrated in Section IX-B, in good detection and
tracking performance.
We first distinguish between “reliable” and “unreliable” PTs
at timen−1by comparing the PT existence probabilities
pen−1,kwith a reliability thresholdRth:PTkis considered reli-
able at timen−1ifpen−1,k>Rthand unreliable otherwise. Let
Krn−1andK

u
n−1denote the sets of indiceskof reliable and un-

reliable PTs at timen−1, respectively. For PTsk∈Krn−1,we
set the birth and survival probabilities at timentopbn,k=0and

psn,k=p
s, respectively. Sincepbn,k=0, no birth pdf is needed

at timen(cf. (5)).
For PTsk∈Kun−1,wesetp

s
n,k=0andp

b
n,k=μ

b/|Kun−1|

(here, it is assumed thatμb≤|Kun−1|

CMRE Reprint Series

). Furthermore, we

CMRE-PR-2019-064

10



construct the birth pdffb(xn,k)as follows.
6Consider an

arbitrary sensors0, and letZ
(s0)
n−1 {z

(s0)
n−1,m}m∈M(s0)n−1

de-

note the set of measurements of that sensor at timen−1.
(Note thatZ

(s0)
n−1 corresponds to the measurement vector

z
(s0)
n−1= z

(s0)T
n−1,1···z

(s0)T

n−1,M
(s0)
n−1

T

, with the difference that the

elementsz
(s0)
n−1,mare considered unordered inZ

(s0)
n−1.) We

partitionZ
(s0)
n−1into disjoint subsetsZ

b
n−1,k,k∈K

u
n−1such

that the cardinalities of theZbn−1,kdiffer at most by 1, i.e.,

||Zbn−1,k|−|Z
b
n−1,l|| ≤1for anyk, l∈K

u
n−1. In this way, for

|Kun−1|≥|Z
(s0)
n−1|, at most a single measurementz

(s0)
n−1,mis as-

signed to each PTk∈Kun−1, and for|K
u
n−1|<|Z

(s0)
n−1|,the

maximum number of measurements assigned to the individual
PTsk∈Kun−1is as small as possible. Then, based on thekth
measurement setZbn−1,k, we construct a corresponding “adap-
tive birth pdf” as

fb(xn,k) f(xn,k|xn−1,k)fb(xn−1,k;Z
b
n−1,k)dxn−1,k,

where the pdffb(xn−1,k;Z
b
n−1,k)is constructed usingZ

b
n−1,k

and prior knowledge (e.g., about the target velocity) as discussed
in [52]. Particles representingfb(xn,k)are obtained by draw-
ing particles fromfb(xn−1,k;Z

b
n−1,k)and performing particle-

based prediction [51].

VIII. RELATION TOEXISTINGMETHODS

Several aspects of the proposed method are related to existing
methods, as discussed next.

The redundant model for data association using both target-
oriented and measurement-oriented association variables
was previously proposed in [35] and [36]. In [35], BP is
used to estimate optical flow parameters. In [36], BP is
used for data association (without multitarget tracking).
Our model for target existence was previously used by
the search-initialize-track filter in [10], which, however,
is not BP-based, considers only a single sensor, does not
employ the redundant model for data association, and uses
a different track initialization scheme.
In the case of a single target and a single sensor, the pro-
posed method reduces to the particle-based implementa-
tion of the Bernoulli filter [16] (which is derived using the
FISST framework).
The TOMB/P filter [20], which is effectively a FISST-
based variant of the JIPDA filter that uses BP and the
redundant data association model, differs from the pro-
posed method in the following respects: it is restricted to
a single sensor and to linear-Gaussian state evolution and
measurement models—see [53] for an extension to nonlin-
ear, non-Gaussian models—and the number of PTs (tracks)
varies over time. We note that a simple multisensor exten-
sion of the TOMB/P filter based on the IC principle would
lead to a performance that depends on the order in which
the measurements from different sensors are processed.
If the parameters of the proposed method are chosen such
that all targets exist at all times (this special case was

6We note that for |Kun−1|→∞, this scheme is equivalent to the standard
Poisson birth model.

Fig. 4. Sensor positions (marked by circles), initial target positions (marked
by crosses), and example target trajectories.

mentioned in Section II-A, and was considered in our pre-
vious work in [38]), then the method becomes similar to
the Monte Carlo JPDA filter [7] in that it uses a similar
particle-based processing scheme. However, contrary to
the Monte Carlo JPDA filter, the proposed method per-
forms data association by means of BP, is based on the
redundant model for data association, and can also be used
when the number of targets is unknown.

IX. SIMULATION ANDEXPERIMENTALRESULTS

Next, we report simulation and experimental results assessing
the performance of our method and comparing it with that of
five previously proposed methods for multisensor-multitarget
tracking.

A. Simulation Setting

We simulated up to five actual targets whose states con-
sist of two-dimensional (2D) position and velocity, i.e.,xn,k=
[x1,n,kx2,n,kẋ1,n,kẋ2,n,k]

T. The targets move in a region of in-
terest (ROI) given by[−3000 m,3000 m]×[−3000 m,3000 m]
according to the near constant-velocity motion model, i.e.,
xn,k=Axn−1,k+Wun,k, whereA∈R

4×4andW ∈R4×2

are chosen as in [54, Sec. 6.3.2] withT=1s, andun,k∼
N(0,σ2uI2)withσ

2
u=0.025 m

2/s4is an independent and iden-
tically distributed (iid) sequence of 2D Gaussian random vec-
tors. The birth distributionfb(xn,k), birth probabilitiesp

b
n,k,

and survival probabilitiespsn,k were chosen as described in

Section VII, using meanμb=0.01and “global” survival prob-
abilityps=0.999. The number of PTs was set toK=8unless
noted otherwise. We considered a challenging scenario where
the five target trajectories intersect at the ROI center. The target
trajectories were generated by first assuming that the five targets
start moving toward the ROI center from positions uniformly
placed on a circle of radius 1000 m about the ROI center, with
an initial speed of 1 m/s, and then letting the targets start to exist
at timesn=5, 10, 15, 20, and 25. We consideredS=3
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sensors
unless noted otherwise. The sensors are located uniformly on a
circle of radius 3000 m about the ROI center. Fig. 4 shows the
sensor positions, the initial target positions, and example target
trajectories.
The sensors perform range and bearing measurements within
a measurement range of 6000 m. More specifically, within
the measurement range, the target-generated measurements are
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given by

z(s)n,m= x̃n,k−p
(s) ϕx̃n,k,p

(s) T
+v(s)n,m,

where x̃n,k [x1,n,kx2,n,k]
T,p(s)is the position of sen-

sors,ϕx̃n,k,p
(s) is the angle (in degrees) of the vector

x̃n,krelative to the vectorp
(s), andv

(s)
n,m∼N(0,Cv)with

Cv=diag{(10 m)
2,(0.5◦)2}is an iid sequence of 2D Gaus-

sian random vectors. The false alarm pdffFAz
(s)
n,m is linearly

increasing on[0m,6000 m]and zero outside that interval with
respect to the range component, and uniform on[0◦,360◦)with
respect to the angle component. (In Cartesian coordinates, this
corresponds to a uniform distribution on the sensor’s measure-
ment area.) The mean number of false alarm measurements is
μ(s)=2if not noted otherwise.
Our implementation of the proposed method usedJ= 3000

“legacy” particles andI= 3000birth particles for each PT.
We performed P=20BP iterations. The threshold for tar-
get detection wasPth=0.5, and the reliability threshold was
Rth=10

−3. We simulated 150 time stepsn.

B. Performance Comparison Using Simulated Data

We compare the proposed BP method with particle imple-
mentations of the IC-PHD filter [3], [12], [26], the IC-CPHD
filter [3], [15], [26], the IC-MB filter [3], [17], and the partition-
based MS-PHD and MS-CPHD filters [23], [24]. The “IC-”
filters are straightforward multisensor extensions performing a
single-sensor update step sequentially for each sensor [3], [5],
[26]. In addition, we consider a (yet unpublished) multisensor
extension of the TOMB/P filter [20] based on the IC principle,
using the particle implementation presented in [53], which will
be referred to as IC-TOMB/P filter. We note that for the special
case of a known number of targets, a comparison of our method
with multisensor JPDA methods has been presented in [38].
The partition-based MS-(C)PHD filters approximate the ex-

act multisensor (C)PHD filters; they can outperform the IC-
(C)PHD filters but have a higher computational complexity.
Since the trellis algorithm used for partition extraction in the
original formulation of the MS-(C)PHD filter [23], [24] is only
suitable for a Gaussian mixture implementation, it was adapted
to a particle-based implementation. We note that the exact mul-
tisensor (C)PHD filters are not computationally feasible for the
simulated scenario since their complexity scales exponentially
in the number of sensors and in the number of measurements per
sensor [22], [25], [55]. The performance of the various methods
is measured by the Euclidean distance based OSPA metric with
a cutoff parameter of 200 [56].
The (C)PHD-type filters use 24000 particles to represent

the PHD of the target states. As in [12], [15], they perform
kmeans++ clustering [57] for state estimation. The IC-MB fil-
ter uses 3000 particles to represent each Bernoulli component.
The maximum numbers of subsets and partitions used by the
MS-(C)PHD filter are 120 and 720, respectively, similarly to
[23], [24]. The IC-TOMB/P filter uses 3000 particles for each
Bernoulli component. The mean of the intensity function for un-
detected targets at timen=0is zero. After each single-sensor
update step, Bernoulli components with existence probability
smaller then10−5are removed.
With the above-mentioned parameters (in particular,K=8

PTs andS=3 sensors) and a detection probability of

P
(s)
d (xn,k)=Pd=0.8, the runtime per time step for a

Fig. 5. MOSPA error versus timenforS=3 sensors,Pd=0.8,and

μ(s)=2.

MATLAB implementation without gating on a single core of
an Intel Xeon E5-2640 v3 CPU was measured as 0.07 s for
the proposed algorithm, 0.11 s for the IC-PHD filter, 0.14 s
for the IC-CPHD filter, 0.27 s for the IC-MB filter, 13.21 s for
the MS-PHD filter, 13.82 s for MS-CPHD filter, and 0.08 s for
the IC-TOMB/P filter. All runtimes are based on plain MAT-
LAB code without any precompiled C/C++ parts. The high
runtimes of the MS-(C)PHD filters are due to the fact that the
trellis algorithm used for partition extraction is tailored to a
Gaussian mixture implementation and becomes computation-
ally intensive in a particle-based implementation. We note that
the efficient extraction of high-quality partitions in a particle-
based implementation of the MS-(C)PHD filter is still an open
problem.
Fig. 5 shows the mean OSPA (MOSPA) error—averaged over
400 simulation runs—of all methods versus timen, assuming
S=3sensors with a detection probability ofPd=0.8.The
error exhibits peaks at timesn=5, 10, 15, 20, and 25 because
of target births. However, very soon after a target birth, the pro-
posed method as well as the IC-CPHD, MS-PHD, MS-CPHD,
and IC-TOMB/P filters are able to reliably estimate the num-
ber of targets. The proposed method is seen to outperform all
the other methods except the IC-TOMB/P filter. In particular,
it outperforms the IC-CPHD, MS-PHD, and MS-CPHD filters
mainly because particle implementations of (C)PHD filters in-
volve a potentially unreliable clustering step. This clustering
step is especially unreliable for targets that are close to each
other. This fact explains the higher MOSPA error of the IC-
CPHD, MS-PHD, and MS-CPHD filters aroundn= 100, i.e.,
around the time when the target trajectories intersect in the
ROI center. Furthermore, the IC-CPHD filter suffers from the
“spooky effect” [58], i.e., when a missed detection occurs, PHD
weight is shifted from the undetected part of the PHD to the
detected part, no matter how distant and unrelated these parts
may be. The MOSPA error of the IC-PHD and IC-MB filters is
seen to be significantly larger than that of the other methods;
this is caused by the inability of these filters to reliably estimate
the number of targets. We note that for sensors with different
probabilities of detection, the performance loss of IC-(C)PHD
filters relative to MS-(C)PHD filters tends to be larger than in
Fig. 5 [23], [24]. Finally, the proposed method performs sim-
ilarly to the IC-TOMB/P filter, at a computational complexity
that is similar for the considered scenario. (However, we will
show in Section IX-C that the computational complexities of
the two methods scale very differently.)
Fig. 6 shows the time-averaged MOSPA error—averaged
over time stepsn=50,...,150
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Fig. 6. Time-averaged MOSPA error versusPdforS=3 sensors and

μ(s)=2.

Fig. 7. Time-averaged MOSPA error versus number of sensorsSforPd=0.6

andμ(s)=2.

Fig. 8. Time-averaged MOSPA error versus mean number of false alarms

μ(s)forS=3andPd=0.6.

abilityPdforS=3sensors. For all methods, as expected, the
MOSPA error decreases with decreasingPd.Fig.7showsthe
time-averaged MOSPA error versus the number of sensorsS
forPd=0.6. It can be seen that the MOSPA error of the MS-
PHD and MS-CPHD filters increases forSlarger than 5; this
is because the chosen maximum numbers of subsets (120) and
partitions (720) are too small for that case. (We note that choos-
ing larger maximum numbers of subsets and partitions leads
to excessive simulation times.) Finally, Fig. 8 shows the time-
averaged MOSPA error versus the mean number of false alarms
μ(s)forS=3andPd=0.6. As expected, the MOSPA error of
all methods increases with growingμ(s). In addition, Figs. 6–8
again show that the proposed method outperforms the other
methods except the IC-TOMB/P filter. We note that the poor

Fig. 9. Average runtime per time step of the proposed method. Top: versus

Sfor five actual targets andμ(s)=10; center: versusμ(s)forS=3and five

actual targets; bottom: versus the number of actual targets forS=3,μ(s)=10,
and the number of PTs set toK=5,7,...,23.

performance of the IC-MB filter is due to the approximation
used by that filter, which is accurate only for a highPdand a
very lowμ(s)[17].

C. Scalability

Finally, we investigate how the runtime of our method scales
in the number of sensorsSand in the number of actual targets,
and how it depends on the mean number of false alarmsμ(s).
Fig. 9 shows the average runtime per time stepnversusS,μ(s),
and the number of actual targets for a MATLAB implementation
on a single core of an Intel Xeon E5-2640 v3 CPU. The runtime
was averaged over 150 time steps and 400 simulation runs.
The probability of detection was set toPd=0.6. These results
confirm the linear scaling of the runtime inSand in the mean
number of measurements per sensor (which grows linearly with
μ(s)). The scaling in the number of actual targets is seen to be
roughly quadratic. Further investigation showed that the scaling
in the number of actual targets is linear if the number of PTs
is held fixed, and similarly, the scaling in the number of PTs
is linear if the number of actual targets is held fixed. The low
absolute complexity of the proposed method is evidenced by the
fact that for 20 actual targets,S=3sensors, andμ(s)=10,the
computations per time stepnrequire less than 0.5s.
While the proposed method was observed in Section IX-B to
perform similarly to the IC-TOMB/P filter, its advantage over
the IC-TOMB/P filter is its drastically improved scalability. In
order to demonstrate this advantage, we depict in Fig. 10 the
runtime of the IC-TOMB/P filter, again versusS,μ(s), and the
number of actual targets to permit an easy comparison with
Fig. 9. It is seen that for scenarios with a highμ(s)
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and for
scenarios with a large number of actual targets, the runtime of
the IC-TOMB/P filter is significantly higher than that of the
proposed method. We note that we had to restrict the number of
actual targets to maximally 10, rather than 20 in Fig. 9, to avoid
excessive simulation times.
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Fig. 10. Average runtime per time step of the IC-TOMB/P filter. Top: versus

Sfor five actual targets andμ(s)=10; center: versusμ(s)forS=3and
five actual targets; bottom: versus the number of actual targets forS=3and

μ(s)=10.

Fig. 11. Multistatic sonar network consisting of an acoustic source and two
receivers (hydrophone arrays) towed by AUVs. A research vessel and a wave
glider act as a communication relay.

D. Results for a Multistatic Sonar Tracking Experiment

To validate our method, we present results obtained for real
measurements that were acquired by a multistatic sonar network
during the Littoral Continuous Active Sonar 2015 (LCAS15)
sea trial [59]. As shown in Fig. 11, the network consisted of
an acoustic source and two receivers (sensors). In our experi-
ment, an echo repeater towed by a research vessel (not shown
in Fig. 11) served as a nominal target (replacing the target in
Fig. 11). The source operated in continuous active sonar mode
[60] and transmitted linearly frequency-modulated sweeps with
a repetition period of 20s and a duty cycle of almost 100%. The
receivers were hydrophone arrays towed by two autonomous un-

derwater vehicles (AUVs); they computed measurementsz
(s)
n,m

from the output of the respective hydrophone array as described
in [61]. The measurements follow a bistatic range-bearing mea-
surement model with port-starboard ambiguity [62, Sec. II-B].

At each sensors∈{1,2}, measurementsz
(s)
n were available

everyT=2s.

Fig. 12. Sensor trajectories, true target trajectory, and estimated trajectories.
The squares, circle, and cross indicate the end point of the respective trajectory.

Our numerical study was based on the following assump-
tions and choices. The positions of the source and receivers
are assumed known (since GPS position information was avail-
able). Although only one actual target is present, the number
of PTs is set toK=8to accommodate additional targets sim-
ulated by features of the seafloor. The target states consist of
2D position and velocity. Target motion is modeled by the near
constant velocity model (see Section IX-A) with driving noise
varianceσ2u=0.001 m

2/s4. The birth and survival probabil-
ities are chosen aspbn,k=0.8·10

−5andpsn,k=0.9995,re-
spectively. The covariance matrix of the measurement noise
vectors used in the measurement model [62, Sec. II-B] is

diag{(20 m)2,(1◦)2}. The false alarm pdffFAz
(s)
n,m is lin-

early increasing on[0m,15000 m]and zero outside that interval
with respect to the range component, and uniform on[0◦,360◦)
with respect to the angle component. (In Cartesian coordinates,
this is a uniform distribution on a disc of radius 15000m.) The
mean number of false alarm measurements isμ(s)=18.The
detection threshold isPth=0.75, and the reliability threshold
isRth=10

−3.WeusedP=20BP iterations for iterative data
association,J= 10000“legacy” particles, andI= 10000birth
particles.
For an assumed detection probability ofPd=0.5,Fig.12

shows the sensor trajectories, the true target trajectory (which
was provided by GPS measurements), and the trajectories es-
timated by the proposed method from 35 min of measurement
data. One can see that after a few seconds, the target is de-
tected and reliably tracked with high accuracy. There are sev-
eral false trajectories, which are probably related to features of
the seafloor. The presence of such features motivates the use of
a multitarget tracking method, because a single-target tracking
method may track a feature rather than the target.
We also compared the proposed algorithm with the distributed
MHT proposed in [63], [64], which is a track-oriented MHT that
was developed for the considered multistatic sonar tracking ap-
plication. The MHT is based on the extended Kalman filter and
thus uses a linearization of the measurement model. Therefore,
it cannot explicitly model the port-starboard ambiguity of the
measurement model. This leads to the formation of one “ghost”
trajectory for each target and each sensor (see [62] for details).
In the MHT, the validation threshold was set to 25, the depth of
the filter to three scans, and the track confirmation logic of the
filter to 5/3. Furthermore, we considered six different values of
the maximum number of missed detections,Nm
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TABLE I
TOTANDFARFOR THEPROPOSEDMETHOD AND THEMHT

six different values ofPdranging from 0.2 to 0.7 in steps of 0.1.
We note that the chosen values ofNmin the MHT and ofPd
in the proposed method define comparable ranges of operating
characteristics for the two methods. More specifically, decreas-
ingPdin the proposed method generally has the effect that
more targets are detected and longer trajectories are estimated.
A similar effect is obtained in the MHT by increasingNm.
The performance metrics for this comparison were time-on-

target (TOT) and false alarm rate (FAR) [2]. TOT is the fraction
of time that the target is successfully detected, which was con-
sidered to be true if the target position estimate was within
300 m of the true target position. FAR is the normalized num-
ber of false trajectories (or false detections) generated in the
surveillance region per unit of 2D space and time. In order to
achieve a fair comparison and to minimize the impact of ghost
trajectories on MHT performance, in the FAR calculation for
theMHT,weremoved2·TOT false alarms at each time step.
The TOT and FAR obtained with both methods are shown in
Table I. It can be seen that the proposed method achieves a more
attractive TOT/FAR tradeoff than the MHT.

X. CONCLUSION

We developed and demonstrated the application of the belief
propagation (BP) scheme to the problem of tracking an un-
known number of targets using multiple sensors. The proposed
BP-based multitarget tracking method exhibits low complex-
ity and excellent scaling properties with respect to all relevant
system parameters. This is achieved through the use of “aug-
mented target states” including binary target indicators and the
establishment of an appropriate statistical model involving a re-
dundant formulation of data association uncertainty [36]. The
complexity of our method scales only quadratically in the num-
ber of targets, linearly in the number of sensors, and linearly in
the number of measurements per sensor. Simulation results in a
challenging scenario with intersecting target trajectories showed
that the proposed method can outperform previously proposed
methods, including methods with a less favorable scaling be-
havior. In particular, we observed significant improvements in
OSPA performance relative to various multisensor extensions
of the PHD, CPHD, and multi-Bernoulli filters. The applica-
tion of the proposed method to real measurement data from a
multistatic sonar tracking experiment demonstrated an improved
tradeoff between time-on-target and false alarm rate compared
to a track-oriented multi-hypothesis tracker. We note that an ex-

tension of our method to an unknown time-varying probability
of detection is presented in [65].
Promising directions for future research include distributed
variants of our method for use in decentralized wireless sensor
networks with communication constraints [66] and FISST-based
multisensor-multitarget tracking methods using BP for data as-
sociation.
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