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I. INTRODUCTION

Very high resolution radars are becoming technologies
of great interest. These systems are able to acquire
more than one detection for each target per frame.
The tracking literature is replete with approaches that make
the hypothesis of at most one detection per target, see
for instance [1]–[4]. However, in recent years some target
tracking researchers have removed that hypothesis: This is
extended target tracking(ETT). A tutorial introduction to
ETT is given in [5].
The literature contains several different approaches to

the ETT problem. By using clustering and centroid extrac-
tion on the data in a preprocessing step, the processed data
can be fed into a point target tracking algorithm [1]. Dedi-
cated ETT algorithms avoid such preprocessing and instead
work directly on the sets of detections. Typically, the mea-
surement process is modeled by a cardinality distribution
and a spatial density. The cardinality distribution models
the number of detections from a target, and the Poisson dis-
tribution is a common choice [6], [7]. The spatial density
models how the measurements are distributed around the
target.
Spatial density models are used for estimating both

kinematic parameters and shape parameters of extended
targets. There are several different spatial density models
in the literature, e.g., the random matrix model [8], [9],
the random hypersurface model [10], and models based on
Gaussian processes [11]–[13]. Introductions to these mod-
els can be found in [5]. In this paper, we use the random
matrix model, which to date is one of the more common
spatial density models.
The random matrix model is based on the assumption

that the target’s shape can be approximated by an ellipse,
and the spatial spread of the detections can be modeled by
a Gaussian distribution whose covariance is proportional
to target’s elliptic extent. Several improvements and exten-
sions of the original random matrix model [8] have been
presented, e.g., improved measurement noise modeling [9],
[14], improved motion modeling [15], and tracking un-
der kinematic constraints [16]. Further, the random matrix
model has been extended to modeling of nonellipsoidal
targets based on representing the target’s shape by a com-
bination of ellipses [17], [18]. The random matrix model
is applied to tracking of multiple sea vessels, ranging from
large ships to smaller boats, using marine X-band radar
data in [19]. The problem of conversion of polar/bistatic
data to Cartesian coordinates within the random matrix
model is addressed and tested on real data in [20] and
[21]. The random matrix model has also been integrated
into multiple ETT frameworks, e.g., probability hypothesis
density (PHD) filter [22]–[24], cardinalizedPHD(CPHD)fil-
ter [25], generalized labeled multi-Bernoulli (GLMB) filter
and labeled multi-Bernoulli (LMB) filter [26], [27], Poisson
multi-Bernoulli mixture (PMBM) filter [28], or probabilistic
multihypothesis tracking (PMHT
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network of multiple sensors and focus on the spatial den-
sity modeling. The multiple sensor extension is by no means
straightforward: The extent of the target differs when it is
observed from different perspectives. The scope of this pa-
per is limited by the assumption that there are no clutter
measurements and there is exactly one target present in the
surveillance area, see also [8] and [9]. Four different mul-
tisensor (MS) measurement updates are presented; three
updates based on a parametric density representation of the
extended target state distribution, and one update based on a
Rao–Blackwellized (RB) particle representation of the ex-
tended target state distribution. The updates are evaluated
and compared in an extensive simulation study using two
kinds of simulators evaluating the performance varying the
numbers of particles, the numbers of detections per target,
the numbers of sensors, and the noise levels. Results show
that the RB particle filter gives best results at the price of
higher computational cost.
This paper extends the preliminary work [31] by adding

the following:

1) Extended descriptions of the four updates;
2) An analysis of the differences and similarities between
the three updates based on a Gaussian-inverse Wishart
(GIW) extended target state probability density function
(pdf);

3) An evaluation of the performance for different numbers
of sensors and numbers of detections per sensor;

4) An evaluation of the performance for different measure-
ment noise levels.

Furthermore, in [21], a closed-form solution for fusing
MS radar data into the random matrix framework has al-
ready been proposed by the authors. In this paper, other
three MS approaches (two based on a parametric density
representation of the extended target state distribution and
one relied upon an RB particle representation of the ex-
tended target state distribution) are proposed and compared,
in an extensive simulation study, with the approach in [21],
here calledfusion approximation(FA).
Some notations that are used throughout this paper is

listed in Table I. This paper is organized as follows. Prob-
lem formulation is given in Section II. The main contribu-
tion, i.e., the four multiple sensor updates, is presented in
Section III. For completeness, extended target prediction
is reviewed in Section IV. Results from an extensive nu-
merical simulation study are presented in Section V. Con-
clusions and future developments are drawn in Section VI.
Finally, Appendix A reviews the SS updates, whereas Ap-
pendix B details the derivations for the two proposed ap-
proaches based on a parametric density representation of
the extended target state distribution.

II. PROBLEM FORMULATION

Consider a multistatic radar system that consists ofS
sensors that acquire data within the same surveillance area.
Consider also that all the acquired measurements from theS
sensors are converted into a common Cartesian space. The

TABLE I
Notations

•Rnis the set of real column vectors of lengthn,Sn++is the set of
symmetric positive definiten×nmatrices, andNis the set of
nonnegative integers.
•N(x;m,P)denotes a multivariate Gaussian pdf over the vector
x∈Rnxwith mean vectorm∈Rnx, and covariance matrixP∈Snx++.
•IWd(X;v, V)denotes an inverse Wishart pdf over the matrix
X∈Sd++with scalar degrees of freedomv>2dand parameter matrix
V∈Sd++, see, e.g., [32, Definition 3.4.1]

IWd(X;v, V)=
2−
v−d−1
2 det(V)

v−d−1
2

d
v−d−1
2 det(X)

v

2

etr−
1

2
X−1V (1)

where etr(·)=exp(tr(·)) is exponential of the matrix trace indicated by
tr(·), det(·) is the determinant operator, andd(·) is the multivariate
gamma function. The multivariate gamma function d(·) can be
expressed as a product of the ordinary gamma function (·), see [32, Th.
1.4.1].
•Wd(X;w, W)denotes a Wishart pdf over the matrixX∈S

d
++with

scalar degrees of freedomw≥dand parameter matrixW∈Sd++, see,
e.g., [32, Definition 3.2.1]

Wd(X;w, W)=
2−
wd
2 det(X)

w−d−1
2

d
w
2 det(W)

w
2
etr−

1

2
W−1X . (2)

•Expected prior extentX̂k|k−1[32]

X̂k|k−1=
Vk|k−1

vk|k−1−2d−2
(3)

whereVk|k−1is the predicted scale matrix andvk|k−1are the predicted
degrees of freedom.
•Expected added effect of the expected prior extentX̂k|k−1and sensor
noise represented by the covariance matrix for thesth sensor’s
measurement noise at timek, i.e.,Rsk, normalized by number of
detectionsnsk

Ŷsk|k−1=
ρX̂k|k−1+R

s
k

nsk
(4)

whereρis a scaling factor.
•Centroid measurementz̄skand measurement spreadZ

s
kforsth sensor are

z̄sk=
1

nsk

nsk

j=1

z
s,j
k ; Zsk=

nsk

j=1

z
s,j
k −z̄

s
k z

s,j
k −z̄

s
k

T

(5)

wherez
s,j
k is thejth measurement for thesth sensor at timekand (·)

Tis
the transpose operator. Note: measurement spread is not equivalent to
sample covariance.
•Cholesky factorization of positive definite matrixAis denoted

A= A
1
2
T

A
1
2=A

T
2A

1
2. (6)

For brevity, we denote the transpose of the upper triangular matrixA
1
2by

A
T
2.
•Delta function forXd, space of alld×dmatrices

δ(X)=0ifX=0d,forX∈Xd (7)

X
δ(X)dX=1 (8)

where0dis ad×dall-zero-matrix. For brevity, we use the following
notationδX(Y)=δ(X−Y).
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conversion is taken into account, thanks to proper noise
covariance matrices [20], [21]. Inside the surveillance area,
an extended target is located. The extended target state is
modeled by a kinematic vectorxkand an extent matrixXk.
The kinematic vector describes the target’s position as well
as motion parameters such as velocity and turn-rate. The
extent matrix describes the target’s spatial extent, under an
assumption that the shape is approximated by an ellipse.
The set of target measurements acquired at timekby

thesth sensor is denoted as

Zsk= z
s,j
k

nsk

j=1
(9)

wherez
s,j
k are the measurements andn

s
kis the number of

measurement for thesth sensor at timek. The detections
z
s,j
k for thesth sensor at timekare assumed independent
and each sensorsacquiresnskmeasurements of the target
at timek. The full set of detections at timekis the union of
the sets of detections from theS∈Nsensors

Zck=

S

s=1

Zsk. (10)

LetZc,k= Zc
k

=0
denotes all such measurement sets up

to, and including, timek.
The problem considered in this paper is that of MS

measurement update, i.e., given a prior distribution for the
extended target state

p(xk,Xk|Z
c,k−1) (11a)

find the posterior distribution

p(xk,Xk|Z
c,k). (11b)

This is achieved using the Bayes’ update

p(xk,Xk|Z
c,k)

=
pZck|xk,Xk p(xk,Xk|Z

c,k−1)

pZck|xk,Xk p(xk,Xk|Z
c,k−1)dxkdXk

(12)

where

pZck|xk,Xk

=p Zckxk,Xk,n
s
k
S

s=1
p nsk

S

s=1
xk,Xk (13)

is the MS measurement likelihood with cardinal-
ity distributionp({nsk}

S
s=1|xk,Xk) and spatial density

p(Zck|xk,Xk,{n
s
k}
S
s=1). This likelihood describes, for a tar-

get with statexk,Xk, how many detections the sensors will
give, and how the detections are distributed spatially around
the target. Modeling the cardinality distribution and esti-
mating the number of detections is outside the scope of this
paper; we refer the readers to the literature, e.g., [6], [7],
and [33].
The MS measurement likelihood, conditioned on the

extended target statexk,Xkand the number of detections

nsk, i.e., the spatial density, is here modeled as

p Zckxk,Xk,n
s
k
S

s=1

=

S

s=1

nsk

j=1

N z
s,j
k ;Hkxk,ρXk+R

s
k (14)

whereHkis a measurement model at timekthat selects
the position components in the state vector,ρis a scaling
factor, andRskis a covariance matrix for thesth sensor’s
measurement noise at timek. This model can be understood
to model the detections as being located on the target’s
extent and corrupted by Gaussian measurement noise with
zero mean and covarianceRsk.

1

We consider two different parameterizations of the prior
and posterior densities (11): factorizedGIWdensity and RB
particle representation.
For Gaussian distributed detections with negligible

measurement noise (Rsk≈0), the conjugate prior for un-
knownxkand unknownXkis aGIWdistribution [8]

p(xk,Xk|Z
c,k−1)=p(xk|Xk,Z

c,k−1)p(Xk|Z
c,k−1) (15a)

=N xk;mk|k−1,Pk|k−1⊗Xk

×IWd Xk;vk|k−1,Vk|k−1 (15b)

wheremk|k−1andPk|k−1are the prior kinematic state esti-
mation and covariance, respectively,vk|k−1andVk|k−1are
the prior degrees of freedom and scale matrix, respectively,
and⊗indicates the Kronecker product.
In the SS case, the posterior distribution

p(xk,Xk|Z
c,k)=p(xk|Xk,Z

c,k)p(Xk|Z
c,k) (15c)

=N xk;mk|k,Pk|k⊗Xk

×IWd Xk;vk|k,Vk|k (15d)

wheremk|kandPk|kare the posterior kinematic state estima-
tion and covariance, respectively, andvk|kandVk|kare the
posterior degrees of freedom and scale matrix, respectively.
The posterior distribution can be computed analytically,
see [8].
However, in most scenarios the measurement noise is

not negligible [9], and in this case the posterior distri-
bution cannot be computed analytically. Instead approxi-
mate methods are necessary. When the measurement noise
is nonnegligible, prior work, see, e.g., [9] and [34], has
shown that it is beneficial to factorize the prior and posterior

1For brevity and notational simplicity, the dependence of the covariances
(Rsk

CMRE Reprint Series
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distributions approximately as

p(xk,Xk|Z
c,k−1)≈p(xk|Z

c,k−1)p(Xk|Z
c,k−1) (16a)

=N xk;mk|k−1,Pk|k−1

×IWd Xk;vk|k−1,Vk|k−1 (16b)

p(xk,Xk|Z
c,k)≈p(xk|Z

c,k)p(Xk|Z
c,k) (16c)

=N xk;mk|k,Pk|k

×IWd Xk;vk|k,Vk|k . (16d)

For the SS case, the update can no longer be computed
analytically. In the literature, there are approximate up-
dates based on, e.g., Cholesky factorization [9], variational
Bayesian approximation [14], and linearization of the log
likelihood [35].
In this paper, we consider the MS case and compare

four different updates. The first three updates are based on
factorizedGIWapproximations (16) of the extended target
state distribution that are as follows:

1) An update based on approximate fusion, proposed
in [21];

2) A MS generalization of the SS update from [9];
3) A MS generalization of the SS update from [35].

The SS updates [9], [35] are reviewed in Appendix A.
The fourth update assumes an RB particle representation of
the extended target state distribution, with a Gaussian distri-
bution for the kinematic state and a particle approximation
of the extent state distribution

p(xk,Xk|Z
c,k−1)≈p(xk|Z

c,k−1)p(Xk|Z
c,k−1) (17a)

=N xk;mk|k−1,Pk|k−1

×

Np

i=1

w(i)k|k−1δXk X
(i)
k (17b)

p(xk,Xk|Z
c,k)≈p(xk|Z

c,k)p(Xk|Z
c,k) (17c)

=N xk;mk|k,Pk|k

×

Np

i=1

w(i)k|kδXk X
(i)
k (17d)

wherew(i)k|k−1andw
(i)
k|kare the predicted and posterior

weights of the particlei, respectively, and Dirac’s delta
function is defined in Table I.2

To summarize, finding the posterior distribution (11b),
given the prior (11a) and the likelihood (14), means to do
one of the following two points.

2It is possible to approximate the full extended target distribution by a
particle filter, thereby obtaining a full particle filter solution. However,
this drastically increases the size of the state space that must be sampled.
Empirically, we have found that the RB particle representation (17) is a
better tradeoff between the performance and the computational burden
of the algorithm. Other more computationally demanding options include
running a Kalman filter for each particle.

1) If a parametricGIWrepresentation is used for the prior
distribution, the posteriorGIWparameters

mk|k,Pk|k,vk|k,Vk|k (18)

are computed, given a set of detectionsZckand the prior
GIWparameters.

mk|k−1,Pk|k−1,vk|k−1,Vk|k−1 (19)

2) If an RB representation is used for the prior distribution,
the posterior RB parameters

mk|k,Pk|k,w
(i)
k|k,X

(i)
k|k (20)

are computed given a set of detectionsZckand the prior
RB parameters

mk|k−1,Pk|k−1,w
(i)
k|k−1,X

(i)
k|k−1 . (21)

In Section III, we present four different MS updates
that are valid forS∈Nsensors; for the sake of clarity the
SS case (S=1) is reviewed in Appendix A. Analysis of
the extended target prediction, i.e., using a motion model
to compute the priorp(xk,Xk|Z

c,k−1),given the posterior
p(xk,Xk|Z

c,k), is outside the scope of this paper. In Sec-
tion IV, we review the standard prediction.

III. MULTISENSOR UPDATES

This section presents the kinematic state update and four
different MS updates. Section III-A gives the kinematic
state update, which is the same for all updates. This is
followed by the particle update. Section III-C presents the
inverse Wishart updates, with a discussion about similarities
and differences.
When the random matrix model is used with nonnegli-

gible measurement noise—as is the case in this paper—the
posterior extent state distribution can typically not be eval-
uated in closed form. Different approaches exist for the
single-sensor inverse Wishart case, and here these are gen-
eralized to multiple sensors. Additionally, an update for a
particle approximation of the extent state density is also
presented.

A. Gaussian Kinematic State Update

The kinematic state is updated as follows:

mMSk|k=mk|k−1+K
c
k|k−1 z̄

c
k|k−1−Hkmk|k−1 (22a)

PMSk|k=Pk|k−1−K
c
k|k−1HkPk|k−1 (22b)

where

Ŷck|k−1=

S

s=1

Ŷsk|k−1
−1

−1

(22c)

Sck|k−1=HkPk|k−1H
T

k+Ŷ
c
k|k−1 (22d)

Kck|k−1=Pk|k−1H
T

k S
c
k|k−1

−1
(22e)

z̄ck|k−1=Ŷ
c
k|k−1

S

s=1

Ŷsk|k−1
−1
z̄sk

CMRE Reprint Series
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and̄zskandŶ
s
k|k−1are defined in Table I. IfS=1,the MS

update kinematic state update (22) reduces to the SS update
presented in Appendix A-A. The kinematic measurement
update equations presented in this section are the same as
measurement fusion Method II in [36] whennsk=1forall
theSsensors and the extent is known.

B. Inverse Wishart Extent Updates

1)FFK Generalization: The MS generalization of
the Feldmann, Franken and Koch (FFK) SS update
[9] (MSFFK), see Appendix A-B1, is

vMSFFKk|k =vk|k−1+

S

s=1

nsk (23a)

VMSFFKk|k =Vk|k−1+

S

s=1

Zsk|k−1+L
c
k|k−1 (23b)

where

Zsk|k−1=X̂
T
2

k|k−1 Ŷ
s
k|k−1

−T2Zsk Ŷ
s
k|k−1

−12X̂
1
2

k|k−1 (23c)

Lck|k−1=X̂
T
2

k|k−1 S
c
k|k−1

−T2Nck|k−1 S
c
k|k−1

−12X̂
1
2

k|k−1

(23d)

Nck|k−1= z̄ck|k−1−Hkmk|k−1 z̄
c
k|k−1−Hkmk|k−1

T

(23e)

and̄zck|k−1andS
c
k|k−1are defined in (22), andX̂k|k−1,Z

s
kand

Ŷsk|k−1are defined in Table I. See Appendix B-A for proof
details.
2)ULL Generalization: The MS generalization of the

unbiased log-likelihood linearization (MSULL) SS update
[35], see Appendix A-B2, is

vMSULLk|k =vk|k−1+

S

s=1

nsk (24a)

VMSULLk|k =Vk|k−1+

S

s=1

Msk|k−1 (24b)

where

Msk|k−1=n
s
kX̂k|k−1+n

s
kρX̂k|k−1(C

s
k|k−1)

−1

×
Zsk
nsk
+Nsk|k−1−C

s
k|k−1 (C

s
k|k−1)

−1X̂k|k−1

(24c)

Nsk|k−1= z̄sk−Hkmk|k−1 z̄
s
k−Hkmk|k−1

T
(24d)

Csk|k−1=HkPk|k−1H
T

k+ρX̂k|k−1+R
s
k (24e)

andX̂k|k−1is defined in Table I. See Appendix B-B for
proof details.
3)Fusion Approximation: The following update is

based on FA and was presented in [21]

vFAk|k=vk|k−1+

S

s=1

nsk (25a)

VFAk|k=Vk|k−1+Z
c
k|k−1+L

c
k|k−1 (25b)

whereLck|k−1was defined in (23d)

c
k|k−1=

1

nk

S

s=1

nsk ρX̂k|k−1+R
s
k (25c)

Zck|k−1=X̂
T
2

k|k−1
c
k|k−1

−T2Zck
c
k|k−1

−12X̂
1
2

k|k−1 (25d)

Zck=

S

s=1

nsk

j=1

z
s,j
k −z̄k z

s,j
k −z̄k

T

(25e)

z̄k=
1

nk

S

s=1

nsk

j=1

z
s,j
k . (25f)

The total number of measurements isnk=
S
s=1n

s
k,

andX̂k|k−1is defined in Table I.
4)Discussion: The following important similarities

between the MSULL, MSFFK, and FA updates can be
noted.
First, all three updates rely on the assumption that

the true extentXkcan be accurately approximated by
the predicted extent estimateX̂k|k−1. The MSULL update
is derived by first linearizing the log likelihood around
(xk,Xk)= x̂k|k−1,̂Xk|k−1, and then modifying to make
the update unbiased. The MSFFK and FA updates use
Cholesky factorizations to reformulate functions of the ex-
tentXk, followed by zeroth-order Taylor approximations of
nonlinear functions of the extent.
For example, using Cholesky factorization, we can write

ρXk+R
s
k

nsk
=
ρXk+R

s
k

nsk

T
2 ρXk+R

s
k

nsk

1
2

(26a)

=
ρXk+R

s
k

nsk

T
2

X
T
2

k

−1

Xk X
1
2

k

−1 ρXk+R
s
k

nsk

1
2

.

(26b)

Approximating the matrix square-roots using zeroth-order
Taylor expansion aroundXk=X̂k|k−1, we get the approxi-

mationsX
1
2

k≈X̂
1
2

k|k−1and

ρXk+R
s
k

nsk

1
2

≈
ρX̂k|k−1+R

s
k

nsk

1
2

= Ŷsk|k−1
1
2.

(26c)
Inserting into (26b) gives the approximation

ρXk+R
s
k

nsk
≈ Ŷsk|k−1

T
2X̂
−T2
k|k−1XkX̂

−12
k|k−1 Ŷ

s
k|k−1

1
2 (26d)

which is linear in the extent stateXk.
Unless there is accurate prior information about the

size of the extended target, initially the assumption that
Xk≈X̂k|k−1
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could be less accurate, which would af-
fect the estimation performance. However, empirical evi-
dence shows that this inaccuracy is overcome within a few
timesteps, and the estimate converges such that the pre-
dicted expected value is close to being equal to the true
extent matrix.
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Second, in all of the updates, the inverse Wishart degrees
of freedom is updated in the same way: By adding the
total number of detections in the setZck, see (23a), (24a),
and (25a).
Third, all three updates of the inverse Wishart scale ma-

trix add matrices that are related to the measurement spread,
and the spread of the centroid measurement around the pre-
dicted position. To see this, we first rewrite the MSULL
update matricesMsk|k−1as

Msk|k−1=Z
s
k|k−1+N

s
k|k−1

+nskX̂k|k−1−n
s
kρX̂k|k−1(C

s
k|k−1)

−1X̂k|k−1
(27a)

where

Zsk|k−1=ρX̂k|k−1(C
s
k|k−1)

−1Zsk(C
s
k|k−1)

−1X̂k|k−1 (27b)

Nsk|k−1=n
s
kρX̂k|k−1(C

s
k|k−1)

−1Nsk|k−1(C
s
k|k−1)

−1X̂k|k−1.

(27c)

Note that the MSULL scale matrix update (24b) adds
the sum ofMsk|k−1to the predicted scale matrix.

Comparing the three updates, we see that S
s=1Z

s
k|k−1

in (23b) andZck|k−1in (25b) are analogous to
S
s=1Z

s
k|k−1,

as they describe the spread of the measurements around the
centroid measurement. For MSFFK and MSULL, we have
sums over the spreads for the individual sensors, whereas
FA computes the spread for all measurements from all sen-
sors. Furthermore, we also see thatLck|k−1in (23b) and (25b)

is analogous to S
s=1N

s
k|k−1, as they describe the spread of

the centroid around the predicted measurementHkmk|k−1.
Here, MSFFK and FA describe the spread around the cen-
troid for all sensors, whereas MSULL has a sum of the
spreads around the individual sensor centroids.

C. Particle Approximation Extent Update

Assume that at timek−1, a set of weighted particles
representing the posterior is available

w(i)k−1,X
(i)
k−1

Np

i=1
(28)

pXk−1|Z
c,k−1 ≈

Np

i=1

w(i)k−1δX(i)k−1
(Xk−1). (29)

The logarithm of the single-sensor likelihood for thesth
sensor, see (14), can be approximated as

logpZskxk,Xk,n
s
k =−

nsk
2
log det(ρXk+R

s
k)

−
1

2

nsk

j=1

z
s,j
k −Hkxk

T

(ρXk+R
s
k)
−1 z

s,j
k −Hkxk

+const. (30)

Similarly to how in the kinematic state update where the
extent state is approximated by its predicted expected value
[see (4) and (22)], here we approximate the kinematic state
by its predicted expected value in order to split the estima-
tion problem into two parts: kinematic and extent. Thus, this

Algorithm 1:Particle Filter Algorithm.

At timek≥1
•Sampling Step

-Fori=1,...,Np, sampleX
(i)
k ∼q·|X

(i)
k−1,Z

c
k,

setw(i)k =Lk Z
c
k|X

(i)
k w(i)k−1. (38)

- Normalize weights:
Np
i=1w

(i)
k =1.

•Resampling Step

- Resamplew(i)k,X
(i)
k

Np

i=1
to getw(i)k,X

(i)
k

Np

i=1
.

approximation avoids to jointly sample both the states (i.e.,
the extent state and the kinematic state) strongly reducing
the computational burden of the proposed approach.
Thus, we approximatexk≈mk|k−1, and the SS log-

likelihood approximation (30) can be rewritten as

logpZskxk,Xk,n
s
k

≈−
nsk
2
log det(ρXk+R

s
k)−

1

2
tr(ρXk+R

s
k)
−1 s

k

+const (31)

where

s
k=

nsk

j=1

z
s,j
k −Hkmk|k−1 z

s,j
k −Hkmk|k−1

T

(32)

=Zsk+n
s
k(̄z
s
k−Hkmk|k−1)(̄z

s
k−Hkmk|k−1)

T. (33)

The logarithm of the MS likelihood (14) is the sum of
the SS log likelihoods

logp Zckxk,Xk,n
s
k
S

s=1
=

S

s=1

logpZskxk,Xk,n
s
k

(34)

≈−
1

2

S

s=1

nsklog det(ρXk+R
s
k)+tr(ρXk+R

s
k)
−1 s

k

+const. (35)

=logLk(Z
c
k|Xk) (36)

whereLk(Z
c
k|Xk) is shorthand notation for the approximate

MS likelihood as a function of the set of measurements
Zckand the extent stateXk. The particle filter proceeds to
approximate the posterior at timekby a new set of weighted
particles

w(i)k,X
(i)
k

Np

i=1
(37)

as described in Algorithm 1.
Particles are sampled from the importance distribution

q·|X(i)k−1,Z
c
k =φ

−1φ(X(i)k−1)+vk (39)

whereφ(X) extracts from a matrixX∈S2++the equivalent
ellipse’s minor axis, major axis, and orientation, andφ−1(·)
is the inverse, i.e.,φ−1(·) generates a matrixX∈S2++
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a minor axis, a major axis, and an orientation.3The ran-
dom variablevkis zero-mean Gaussian distributed

4with
covariance matrix

v=diag(σ
p
axmin
)2,(σpaxmax)

2,(σ
p
θ)
2 (40)

whereσ
p
axmin andσ

p
axmax are the standard deviations for the

major and minor axes,σ
p
θis the standard deviation for the

orientation, and diag(·)produces a diagonal matrix.
Then, particle weights are updated based on the likeli-

hood function of the observed dataZckfrom all sensors, see
(38). The likelihoodLkZ

c
k|Xk is given in (36), and takes

into account all information at timek. Last, a resampling
strategy is adopted to avoid particle degeneracy problem,
e.g., see [37].
A target extent estimate is given by theminimum mean

square errorestimator, which is optimal in terms ofMSE

X̂k|k E Xk|Z
c,k = XkpXk|Z

c,kdXk (41)

≈

Np

i=1

X(i)kw
(i)
k (42)

where the approximation is given by the particle represen-
tation andNpis the number of particles. Afterward, the

estimation at timek, i.e.,̂Xk, is used for the next prediction
step.

IV. EXTENDED TARGET PREDICTION

In tracking algorithms, the update is typically coupled
with a prediction. The same prediction can be used re-
gardless of the number of sensors. For completeness, the
extended target prediction is briefly reviewed here [34].

A. Kinematic State Prediction

The kinematic state transition density is

p(xk|xk−1)=N xk;fk,k−1(xk−1),Qk (43)

wherefk,k−1(xk−1) is a function that describes the motion
of the target. The updated mean and covariance are given
by the extended Kalman filter prediction

mk|k−1=fk,k−1(xk−1) (44)

Pk|k−1=Fk,k−1Pk−1|k−1F
T

k,k−1+Qk (45)

3Note that it is theoretically possible thatφ(X
(i)
k−1)+vkgives a length

or a width that is not positive; a zero or negative length/width does not
have a physical interpretation. In practice, this unlikely issue has a simple
solution: if the length/width is smaller thanemin, it is set equal toemin.
4Other importance sampling distributions can be used, e.g., direct sam-
pling of random matrices. The advantage of the proposed importance
distribution is the simplicity in setting its parameters, thanks to their phys-
ical meaning (e.g., for ship tracking they represent the length, width, and
orientation of ships). For importance sampling, the inverse Wishart pdf
was tested, and similar performance was seen in this case. Using a Gaus-
sian pdf in the importance sampling is preferred because the Gaussian pdf
has more flexibility in setting the “randomness” of the three parameters
that determine the shape and size of the target extent, i.e., the orientation
andthetwoaxes.

where

Fk,k−1=∇xk−1fk,k−1(xk−1)xk−1=x̂k−1|k−1 (46)

is the Jacobian offk,k−1(xk−1) with respect to the state
xk−1, evaluated at the expected valuêxk−1|k−1,andQkis
the process noise covariance.

B. Inverse Wishart Extent Prediction

In case the extent pdf is approximated by an inverse
Wishart pdf, the extent state transition density is

p(Xk|Xk−1,xk−1)

=Wd Xk;νk|k−1,
(xk−1)Xk−1 (xk−1)

T

νk|k−1
(47)

where (·) is a rotation matrix and the Wishart pdf is de-
fined as in Table I. Given the posterior extentXk−1and
the posterior kinematic statexk−1, the expected predicted
extent is (xk−1)Xk−1 (xk−1)

T. The parameterνk|k−1gov-
erns the extent process noise: The larger theνk|k−1,the
lower the process noise. Thus, the extent prediction cor-
responds to rotating the extent by an amount specified by
the kinematic state, and increasing the covariance. In [34],
the predicted parametersvk|k−1andVk|k−1are computed
using a series of density approximations that minimize the
Kullback–Leibler divergence. Here, we use a computation-
ally efficient approximation and update the parameters as
follows:

vk|k−1=2d+2+e
−Ts/τ vk−1|k−1−2d−2 (48)

Vk|k−1= vk|k−1−2d−2

×
(̂xk−1|k−1)Vk−1|k−1 (̂xk−1|k−1)

vk−1|k−1−2d−2
(49)

whereτis a time constant related to the agility with which
the target may change its extent over time,Tsis the sampling
time, anddis the dimension of the extent matrix. Thus,
in this approximate prediction the parameterτreplaces
the Wishart transition density degrees of freedomνk|k−1.
However, note that the effect of the prediction is the same
as if the prediction from [34] had been used: The extent
expected value is rotated, and the covariance is increased.

C. Particle Approximation Extent Prediction

Given the hypothesis that the extent does not tend to
change over time, inspired by [9], we exploit as extent
prediction

X̂k|k−1=X̂k−1|k−1 (50)

whereX̂k−1|k−1is given by the estimator in (42) at time

k−1andX̂k|k−1is the extent prediction at timek.

V. NUMERICAL SIMULATION STUDY

CMRE Reprint Series

The presented Bayesian ETT updates are compared us-
ing simulated data.
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Fig. 1. Two simulators are depicted: (a) Simulator 1 and (b) Simulator 2.

TABLE II
Parameter Setting Simulator 1

Parameter Notation Value

Sampling time Ts 1s
Std. process noise σpos 0.1m·s−2

Maximum turn-rate θmax 1◦

Std. turn-rate noise σφ 0.1◦

Std. heading noise σh 1◦

Target length lt 70 m
Target width wt 15 m
Number of frames kmax 200
Maximum velocity target vmax 15 m·s−1

Minimum velocity target vmin 0.5 m·s−1

Num. detects. time per sensor Nd variable
Num. of sensors S 4
Std. noise range σr 10 m
Std. noise azimuth σθ 2◦

A. Setup

The simulator setups are shown in Fig. 1. The first sim-
ulator, called Simulator 1 from here on, consists of four
sensors, see Fig. 1(a). In each Monte Carlo run, the tar-
get’s initial position is randomly selected within the sensor
network’s hull, and the target tracks are randomly gener-
ated. The simulated target follows both linear and curved
trajectories. The number of detections per scan is variable
and depends on the distance between the target and the
sensor, as well as on the simulator’s parameters, i.e., the az-
imuthal accuracy and the range resolution. The parameters
are summarized in Table II. The goal of this simulator is
to obtain the average performance of the different updates
when Monte Carlo trials are performed.
The second simulator, called Simulator 2 from here on,

consists of a variable number of sensors (ranging from 1
to 10) equally spaced on a circumference of radius 2 km
and center 2.4 km inxand−4.8kminy, see Fig. 1(b).
In this case, the target moves on a straight line and has a
fixed starting point. The simulation environment is fixed
and detailed analysis, such as varying number of sensors
or sensor noises, can be safely performed. The Simulator
2 parameters are summarized in Table III.
Finally, Tables IV and V show the basic sets of param-

TABLE III
Parameter Setting Simulator 2

Parameter Notation Value

Sampling time Ts 1s
Std. process noise σpos 10−8m·s−2

Target length lt 100 m
Target width wt 30 m
Target orientation φt π/4
Num. of frames kmax 200
Num. detects. time per sensor Nd 20–1000
Num. of sensors S 1−10
Std. noise range σr 1–20 m
Std. noise azimuth σθ 1◦–5◦

TABLE IV
Parameter Setting Algorithms for Simulator 1

Parameter Notation Value

Sampling time Ts 1s
Std. process noise σpos 0.1m·s−2

Time constant τ 10
Scaling factor ρ 1
Num. of particles Np 103

Std. prediction axis min. σ
p
axmin 1m

Std. prediction axis max. σ
p
axmax 2m

Std. prediction orientation σ
p
θ 2◦

TABLE V
Parameter Setting Algorithms for Simulator 2

Parameter Notation Value

Sampling time Ts 1s
Std. process noise σpos 10−8m·s−2

Time constant τ 10
Scaling factor ρ 1
Num. of particles Np 103

Std. prediction axis min. σ
p
axmin 0.6 m

Std. prediction axis max. σ
p
axmax 0.6 m

Std. prediction orientation σ
p
θ 0.3◦

eters used by the compared approaches when Simulators 1
and 2 are exploited, respectively.
The random vectorxk=[pk,vk,ωk]

T∈R5is the kine-
matic state, and describes target’s positionpk∈R

2
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Fig. 2. Errors in (a) position, (b) velocity, (c) length, (d) width, (e) orientation, and the (f) Frobenius matrix error are depicted for the four compared
approaches averaged on 103Monte Carlo trials on Simulator 1.

vk∈R
2and turn-rateωk∈R

1. The motion modelf(·)and
process noise covarianceQare

f(Xk)=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

10
sin(ωkTs)

ωk

−1+cos(ωkTs)

ωk
0

01
1−cos(ωkTs)

ωk

sin(ωkTs)

ωk
0

0 0 cos(ωkTs) −sin(ωkTs) 0
00 sin(ωkTs) cos(ωkTs) 0
00 0 0 1

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

Xk,

(51a)

Q=Gdiag σ2a,σ
2
a,σ

2
ω GT,G=

⎡

⎢
⎣

T2s
2
I202×1

TsI2 02×1
01×2 Ts

⎤

⎥
⎦

(51b)

whereTsis the sampling time,σais the acceleration stan-
dard deviation, andσωis the turn-rate standard deviation.
The rotation matrix (·)isdefinedas

(Xk)=
cos(ωkTs) −sin(ωkTs)
sin(ωkTs) cos(ωkTs)

. (52)

The performance metrics used for the assessment are the
root mean square errors in position (pos), velocity (vel),
length (len), width (wid), and orientation (or). Further-
more, the Frobenius matrix error ( FE) for the target extent
Xkis adopted to have an overall performance index for
target’s extent estimation.

TABLE VI
Estimation Errors Averaged on 103Monte Carlo Trials on Simulator 1

Algorithm pos[m] vel[m·s−1] wid[m] len[m] or[◦] FE

FA 1.75 0.328 49.1 21.3 18.1 1698.7
MSULL 1.88 0.324 30.0 10.9 14.0 969.3
MSFFK 1.95 0.324 22.2 10.3 16.3 830.1
PF 2.17 0.317 3.2 2.0 1.72 110.9

Fig. 3. Histogram of the Frobenius matrix errors for the four compared
approaches averaged on 103Monte Carlo trials on Simulator 1.

B. Results

Simulator 1: Fig. 2 shows the results averaged over
103Monte Carlo trials. The PF

CMRE Reprint Series

clearly has the smallest
extent estimation errors; however, the price for the improved
performance is an increase in the computational burden.
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Fig. 4. Frobenius matrix error versus the number of the sensors is
depicted for the four compared approaches: (a) time behavior and (b)
histogram representation. The results are averaged on 103Monte Carlo

trials using Simulator 2.

How the computational time scales with the number of
particles is shown in Fig. 7. One can note that the kinematics
(i.e., position and velocity) are well estimated by all four
updates. Very small differences can be seen for the position
estimates; however, these are limited to less than 1 m.
Regarding the estimated extent, the errors for length,

width, and orientation follow the same trend as the Frobe-
nius matrix error does. FA is the worst algorithm, whereas
MSULL and MSFFK have comparable average perfor-
mance. Table VI summarizes the estimation errors (the best
outcomes are highlighted in boldface text). Fig. 3 provides
empirical distributions of the Frobenius matrix errors for
the four updates, confirming the above-mentioned analysis
and ranking of the updates.
Simulator 2: The other test cases are run using Sim-

ulator 2. From here on, the kinematic estimations will be
omitted because the four algorithms share the kinematic
measurement update step and same performance are ex-
pected for these parameters. Furthermore, only the Frobe-
nius matrix error, which is the unique overall quality index,

Fig. 5. Histogram representation of the Frobenius matrix error versus
the number of detections per sensor is depicted. The results are averaged

on 103Monte Carlo trials using Simulator 2.

Fig. 6. Histogram representation of the Frobenius matrix error versus
the sensor noise level is depicted. The results are averaged on 500 Monte
Carlo trials using Simulator 2. “Very low” indicatesσr=1 m and
σθ=1

◦, “low” indicatesσr=5 m andσθ=2
◦, “medium” indicates

σr=15 m andσθ=3
◦, “high” indicatesσr=20 m andσθ=4

◦,and
“very high” indicatesσr=20 m andσθ=5

◦.

CMRE Reprint Series

will be considered to point out the differences in the targets’
extent estimation.
As first analysis, the variation of number of sensors

is considered. Fig. 4 shows the behavior of the Frobenius
matrix error over time and the related histogram represen-
tation. The higher the number of sensors to fuse, the greater
the accuracy of all the tracking approaches. A final remark
is related to the ranking among the algorithms, which is
quite independent from the number of sensors.
The same considerations can be done when the Frobe-

nius matrix error versus the number of target detections per
sensor is evaluated, see Fig. 5. The higher the number of
target detections per sensor, the greater the performance
accuracy (measured by the Frobenius matrix error).
A further analysis is devoted to the robustness of the

compared approaches with respect to the sensor noise level.
Five levels of noises are exploited in Fig. 6 ranging from
“very low” to “very high.” Obviously, the improvements in
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Fig. 7. Histogram representation of the Frobenius matrix error versus
the number of particles is depicted in (a), whereas the computational time
per scan versus the number of particles for thePFapproach is shown in

(b) using Simulator 2.

the algorithm performance are clear when an increase of
the sensor noise is shown. In the case of low sensor noise
levels, the performance of MSFFK, MSULL, FA, andPF
are comparable. On other hand, when the sensor noise level
can be considered high, the ranking among the compared
algorithms is better defined. The best approach is always
represented by thePFmethod, whereas MSFFK shows its
ability to deal with high levels of sensor noise.
Finally, an analysis varying the number of particles used

by thePFapproach is depicted in Fig. 7. It is clear that about
103particles seem to be enough: Fewer means noticeably
poorer error, while more particles seem to contribute lit-
tle compared to the increase of the computational burden.
Thus, a number of particles of 103(used in this paper for
both the setups) can be advisable.

VI. CONCLUSION AND FUTURE DEVELOPMENTS

In this paper, a study of MS Bayesian ETT has been
shown. The extended targets have been modeled into the
random matrix framework, i.e., the extended target state
consists of a kinematic state vector and an extent matrix.

Four different extent matrix measurement updates have
been presented using the same MS kinematic vector mea-
surement update. One of the updates is based on a particle
approximation of the extent state pdf; the other three are
based on an inverse Wishart representation of the extent
state pdf. Of the inverse Wishart updates, one is based on
FAs, and the last two are MS generalizations of existing SS
updates.
Extensive numerical results, using two different simu-

lation setups, pointed out that the best performance is ob-
tained by thePF-based approach. As usual, there is no free
lunch, and the improved performance comes at the price of
an increased computational burden.
Finally, the integration of the MS filters proposed in this

paper into a multiple ETT algorithm, enabling to work in
a real environment with clutter measurements and multiple
extended targets, deserves further investigations.

APPENDIX
A. REVIEW OF SS UPDATE

In this section, we give a brief review of SSGIWupdates,
focusing on two different updates that are later generalized
to multiple sensors, namely, the updates found in [9] and
[35]. WithS=1 sensor, the MS measurement likelihood
(14) simplifies to

pZ1kxk,Xk,n
1
k =

n1k

j=1

N z
1,j
k ;Hkxk,ρXk+R

1
k .

(53)

A. Gaussian Kinematic State Update

The SS kinematic state update used in [9] and [35]
updates the Gaussian parameters as

mSSk|k=mk|k−1+K
1
k|k−1 z̄

1
k−Hkmk|k−1 (54)

PSSk|k=Pk|k−1−K
1
k|k−1HkPk|k−1 (55)

where

S1k|k−1=HkPk|k−1H
T

k+Ŷ
1
k|k−1 (56)

K1k|k−1=Pk|k−1H
T

k S
1
k|k−1

−1
(57)

and̄z1kandŶ
1
k|k−1are defined in Table I fors=1.

B. Inverse Wishart Extent Update

1)FFK: The SS extent update in [9] is based on the
assumption that the extentXkis approximately equal to the
predicted estimateX̂k|k−1. This update is here calledFFK,
after the authors’ initials. The inverse Wishart parameters
are updated as

vFFKk|k =vk|k−1+nk (58)

VFFKk|k =Vk|k−1+Z
1
k|k−1+L

1
k|k−1
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where

Z1k|k−1=X̂
T
2

k|k−1 Ŷ
1
k|k−1

−T2Z1k Ŷ
1
k|k−1

−12X̂
1
2

k|k−1 (60)

L1k|k−1=X̂
T
2

k|k−1 S
1
k|k−1

−T2N1k|k−1 S
1
k|k−1

−12X̂
1
2

k|k−1

(61)

N1k|k−1= z̄1k|k−1−Hkmk|k−1 z̄
1
k|k−1−Hkmk|k−1

T

(62)

and̄z1k,̂Xk|k−1,and̂Y
1
k|k−1are defined in Table I.

2)ULL: The SS update in [35] is derived using lin-
earization of the logarithm of the likelihood (14) around the
nominal point

(xk,Xk)= x̂k|k−1,̂Xk|k−1 (63)

followed by bias compensation. This update is here called
ULL(unbiased log-likelihood linearization). Derivation de-
tails are given in [35], where a small simulation study shows
that theULLupdate outperforms theFFKupdate. The inverse
Wishart parameters are updates as

vULLk|k =vk|k−1+n
1
k (64)

VULLk|k =Vk|k−1+M
1
k|k−1 (65)

where

M1k|k−1=n
1
kX̂k|k−1+n

1
kρX̂k|k−1(C

1
k|k−1)

−1

× 1
k|k−1−C

1
k|k−1 (C

1
k|k−1)

−1X̂k|k−1 (66)

1
k|k−1=

1

n1k

n1k

j=1

z
1,j
k −Hkmk|k−1 z

1,j
k −Hkmk|k−1

T

(67)

= z̄1k−Hkmk|k−1 z̄
1
k−Hkmk|k−1

T
+
Z1k
n1k
(68)

C1k|k−1=HkPk|k−1H
T

k+ρX̂k|k−1+R
1
k (69)

andX̂k|k−1is defined in Table I.

B. DERIVATION SKETCH

In this section, we give some details related to the deriva-
tion of the MS generalization of the FFK and the ULL
updates (i.e., MSFFK and MSULL).

A. MSFFK

The MS likelihood can be written as

p(Zck|xk,Xk)=

S

s=1

nsk

j=1

N z
s,j
k ;Hkxk,ρXk+R

s
k .(70)

The product for the generic sensorsin (70), i.e., the SS
likelihood, can be factorized as follows:

p(Zck|xk,Xk)∝

S

s=1

N z̄sk;Hkxk,
ρXk+R

s
k

nsk

×

S

s=1

|ρXk+R
s
k|
−
nsk−1

2 etr−
1

2
Zsk ρXk+R

s
k
−1
.

(71)

see, e.g., [8, Appendix C] or [24, Appendix A].
By applying the Gaussian product formula, and using

the approximation in (26), we get

p(Zck|xk,Xk)∝N z̄ck|k−1;Hkxk,Y
c
k

×

S

s=1

|Xk|
−
nsk−1

2 etr−
1

2
Zsk|k−1X

−1
k (72)

withZsk|k−1defined in (23c) and

Yck=

S

s=1

ρXk+R
s
k

nsk

−1
−1

(73)

Multiplying with a factorized prior, we get

pxk,Xk|Z
c,k ∝pZck|xk,Xkpxk,Xk|Z

c,k−1

∝pZck|xk,Xkpxk|Z
c,k−1 pXk|Z

c,k−1 (74)

∝N xk;m
MS
k|k,P

MS
k|k−1 N z̄ck|k−1;Hkmk|k−1,S

c
k|k−1

×|Xk|
−
nk−S

2

S

s=1

etr−
1

2
Zsk|k−1X

−1
k

×IWd Xk;vk|k−1,Vk|k−1 . (75)

By applying a Cholesky approximation of the type (26) to
Sck|k−1, the posterior becomes

p(xk|Z
c,k−1)p(Xk|Z

c,k−1)

∝N xk;m
MS
k|k,P

MS
k|k−1 etr−

1

2
Lck|k−1X

−1
k |Xk|

−
nk
2

×etr −
1

2

S

s=1

Zsk|k−1X
−1
k IWd Xk;vk|k−1,Vk|k−1

(76)

∝N xk;m
MS
k|k,P

MS
k|k−1 IWd Xk;v

MSFFK
k|k ,VMSFFKk|k .

(77)

B. MSULL

The MS log likelihood is written as

logp(Zck|xk,Xk)

=

S

s=1

nsk

j=1

logN z
s,j
k ;Hkxk,ρXk+R

s
k
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∝

S

s=1

nsklog det(ρXk+R
s
k) (79)

+

nsk

j=1

z
s,j
k −Hkxk

T

ρXk+R
s
k
−1
z
s,j
k −Hkxk

=

S

s=1

nsk log det(Xk)+log det(ρI+X
−T/2
k R

s
kX
−1/2
k )

+

nsk

j=1

Tr z
s,j
k −Hkxk z

s,j
k −Hkxk

T

ρXk+R
s
k
−1

(80)

whereIis the identity matrix and Tr[·] is the matrix trace.
By introducing

k=X
−1
k (81)

s
k= z

s,j
k −Hkxk z

s,j
k −Hkxk

T

(82)

Taylor expanding around the point

k̂|k−1=X̂
−1
k|k−1 (83)

ŝ
k|k−1= z

s,j
k −Hk̂xk|k−1 z

s,j
k −Hk̂xk|k−1

T

(84)

and performing a bias compensation, we get

p(Zck|xk,Xk)∝

S

s=1

nsk

j=1

N z
s,j
k ;Hkxk,ρ̂Xk|k−1+R

s
k

×

S

s=1

IWd Xk;n
s
k,M

s
k|k−1 . (85)

See [35] for a proof in the case of a SS. The MS gen-
eralization is straightforward due to the independence be-
tween the sensors. The double-product of Gaussians can be
rewritten as

N z̄ck|k−1;Hkxk,Y
c
k|k−1 . (86)

Its proof follows from [24, App. A] and applying the Gaus-
sian product formula.
By multiplying the likelihood with a factorized prior,

the MSULL kinematic update follows from the standard
Kalman filter update. The product of inverse Wishart
likelihoods and the inverse Wishart prior distribution
can easily be rewritten to obtain the MSULL extent
update (24a) and (24b).
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Extended target tracking using Gaussian processes
IEEE Trans. Signal Process., vol. 63, no. 16, pp. 4165–4178,
Aug. 2015.

[12] T. Hirscher, A. Scheel, S. Reuter, and K. Dietmayer
Multiple extended object tracking using Gaussian processes
InProc. Int. Conf. Inform. Fusion, Jul. 2016, pp. 868–875.

[13] E.̈Ozkan, N. Wahlstr̈om, and S. J. Godsill
Rao-Blackwellised particle filter for star-convex extended tar-
get tracking models
InProc. Int. Conf. Inform. Fusion, Jul. 2016, pp. 1193–1199.

[14] U. Orguner
A variational measurement update for extended target tracking
with random matrices
IEEE Trans. Signal Process., vol. 60, no. 7, pp. 3827–3834, Jul.
2012.

[15] K. Granstr̈om and O. Orguner
New prediction for extended targets with random matrices
IEEE Trans. Aerosp. Electronic Syst., vol. 50, no. 2, pp. 1577–
1589, Apr. 2014.

[16] J. W. Koch and M. Feldmann
Cluster tracking under kinematical constraints using random
matrices
Robot. Auton. Syst., vol. 57, no. 3, pp. 296–309, Mar. 2009.

[17] J. Lan and X. R. Li
Tracking of maneuvering non-ellipsoidal extended object or
target group using random matrix
IEEE Trans. Signal Proc., vol. 62, no. 9, pp. 2450–2463,
May 2014.

[18] K. Granstr̈om, P. Willett, and Y. Bar-Shalom
An extended target tracking model with multiple random ma-
trices and unified kinematics
InProc. Int. Conf. Inf. Fusion, Washington, DC, USA, Jul.
2015, pp. 1007–1014.

[19] K. Granstr̈om, A. Natale, P. Braca, G. Ludeno, and F. Serafino
Gamma Gaussian inverse Wishart probability hypothesis den-
sity for extended target tracking using X-band marine radar data
IEEE Trans. Geosci. Remote Sens.

CMRE Reprint Series

, vol. 53, no. 12, pp. 6617–
6631, Dec. 2015.

CMRE-PR-2019-057

13



[20] G. Vivone, P. Braca, K. Granstr̈om, A. Natale, and J. Chanussot
Converted measurements random matrix approach to extended
target tracking using X-band marine radar data
InProc. 18th Int. Conf. Inf. Fusion, Washington, DC, USA, Jul.
2015, pp. 976–983.

[21] G. Vivone, P. Braca, K. Granstr̈om, and P. Willett
Multistatic Bayesian extended target tracking
IEEE Trans. Aerosp. Electron. Syst., vol. 52, no. 6, pp. 2626–
2643, Dec. 2016.

[22] R. Mahler
PHD filters for nonstandard targets, I: Extended targets
InProc. 12th Int. Conf. Inform. Fusion, Seattle, WA, USA, Jul.
2009, pp. 915–921.

[23] K. Granstr̈om, C. Lundquist, and O. Orguner
Extended target tracking using a Gaussian-mixture PHD filter
IEEE Trans. Aerosp. Electronic Syst., vol. 48, no. 4, pp. 3268–
3286, Oct. 2012.

[24] K. Granstr̈om and U. Orguner
A PHD filter for tracking multiple extended targets using ran-
dom matrices
IEEE Trans. Signal Process., vol. 60, no. 11, pp. 5657–5671,
Nov. 2012.

[25] C. Lundquist, K. Granstr̈om, and U. Orguner
An extended target CPHD filter and a Gamma Gaussian inverse
Wishart implementation
IEEE J. Sel. Topics Signal Process., vol. 7, no. 3, pp. 472–483,
Jun. 2013.

[26] M. Beard, S. Reuter, K. Granstr̈o m , B . - T. Vo , B . - N . Vo , a n d
A. Scheel
A generalised labelled multi-bernoulli filter for extended multi-
target tracking
InProc. Int. Conf. Inf. Fusion, Washington, DC, USA, Jul.
2015, pp. 991–998.

[27] M. Beard, S. Reuter, K. Granstr̈o m , B . - T. Vo , B . - N . Vo , a n d
A. Scheel
Multiple extended target tracking with labelled random finite
sets
IEEE Trans. Signal Process., vol. 64, no. 7, pp. 1638–1653,
Apr. 2016.

[28] K. Granstr̈om, M. Fatemi, and L. Svensson
Gamma Gaussian inverse-Wishart Poisson multi-Bernoulli fil-
ter for extended target tracking
InProc. Int. Conf. Inform. Fusion, Heidelberg, Germany, Jul.
2016, pp. 893–900.

[29] M. Wieneke and J. W. Koch
Probabilistic tracking of multiple extended targets using ran-
dom matrices
Proc. SPIE, vol. 7698, Apr. 2010, Art. no. 769812.

[30] M. Wieneke and J. W. Koch
A PMHT approach for extended objects and object groups
IEEE Trans. Aerospace Electr. Systems, vol. 48, no. 3, pp. 2349–
2370, Jul. 2012.

[31] G. Vivone, P. Granstr̈om, K. Braca, and P. Willett
Multiple sensor Bayesian extended target tracking fusion ap-
proaches using random matrices
InProc. 19th Intern. Conf. Inf. Fusion, Jul. 2016, pp. 886–892.

[32] A. K. Gupta and D. K. Nagar
Matrix Variate Distributions(ser. Chapman & Hall/CRC Mono-
graphs and Surveys in Pure and Applied Mathematics). London,
U.K: Chapman & Hall, 2000.

[33] K. Granstr̈om and U. Orguner
Estimation and maintenance of measurement rates for multiple
extended target tracking
InProc. Int. Conf. Inf. Fusion, Singapore, Jul. 2012, pp. 2170–
2176.

[34] K. Granstr̈om and U. Orguner
A new prediction update for extended target tracking with ran-
dom matrices
IEEE Trans. Aerosp. Electron. Syst., vol. 50, no. 2, pp. 1577–
1589, Apr. 2014.

[35] T. Ardeshiri, U. Orguner, and F. Gustafsson
Bayesian inference via approximation of log-likelihood for pri-
ors in exponential family
2015. arXiv: 1510.01225. [Online]. Available: http://arxiv.org/
abs/1510.01225

[36] Q. Gan and C. Harris
Comparison of two measurement fusion methods for Kalman-
filter-based multisensor data fusion
IEEE Trans. Aerosp. Electron. Syst., vol. 37, no. 1, pp. 273–279,
Jan. 2001.

[37] M. Arulampalam, S. Maskell, N. Gordon, and T. Clapp
A tutorial on particle filters for online nonlinear/non-Gaussian
Bayesian tracking
IEEE Trans. Signal Process., vol. 50, no. 2, pp. 174–188, Feb.
2002.

Gemine Vivonereceived the B.Sc. (summa cum laude), M.Sc. (summa cum laude), and
Ph.D. (highest rank) degrees in information engineering from the University of Salerno,
Fisciano, Italy, in 2008, 2011, and 2014, respectively.
He is currently in the Department of Information Engineering, Electrical Engineering

and Applied Mathematics, University of Salerno. In 2014, he joined the North Atlantic
Treaty Organization (NATO) Science and Technology Organization Centre for Maritime
Research and Experimentation, La Spezia, Italy, as a Scientist. In 2013, he was a Visiting
Scholar in Grenoble Institute of Technology, Grenoble, France, conducting his research
at the Laboratoire Grenoblois de l’Image, de la Parole, du Signal et de l’Automatique
GIPSA-Lab. In 2012, he was a Visiting Researcher in the NATO Undersea Research Centre,
La Spezia, Italy. His research interests include statistical signal processing, detection of
remotely sensed images, data fusion, and tracking algorithms.
Dr. Vivone is a Referee for several journals, such as IEEE TRANSACTIONS ONGEO-

SCIENCE ANDREMOTESENSING, IEEE JOURNAL OFSELECTEDTOPICS INAPPLIEDEARTH
OBSERVATIONS ANDREMOTESENSING, and IEEE GEOSCIENCE ANDREMOTESENSINGLET-
TERS

CMRE Reprint Series

. He received the Symposium Best Paper Award at the IEEE International Geoscience
and Remote Sensing Symposium 2015.

CMRE-PR-2019-057

14



Karl Granström(M’08) received the M.Sc. degree in applied physics and electrical engi-
neering and the Ph.D. degree in automatic control from Link̈oping University, Link̈oping,
Sweden, in May 2008 and November 2012, respectively. He is currently a Postdoctoral
Research Fellow in the Department of Signals and Systems, Chalmers University of
Technology, Gothenburg, Sweden. He has previously held postdoctoral positions in the
Department of Electrical and Computer Engineering at the University of Connecticut,
Storrs, CT, USA, from September 2014 to August 2015, and in the Department of Electri-
cal Engineering, Link̈oping University from December 2012 to August 2014. His research
interests include estimation theory, multiple model estimation, sensor fusion and target
tracking, especially for extended targets.
Dr. Granstr̈om received paper awards at the Fusion 2011 and Fusion 2012 conferences.

Paolo Braca(M’14–SM’17) received the Laurea (summa cum laude) degree in electronic
engineering and the Ph.D. degree (highest rank) in information engineering from the
University of Salerno, Fisciano, Italy, in 2006 and 2010, respectively.
In 2009, he was a Visiting Scholar in the Department of Electrical and Computer

Engineering, University of Connecticut, Storrs, CT, USA. In 2010–2011, he was a Post-
doctoral Associate at the University of Salerno. In 2011, he joined the North Atlantic
Treaty Organization Science and Technology Organization Centre for Maritime Research
and Experimentation, as a Scientist in the Research Department. He is the coauthor of
about 100 publications in international scientific journals and conference proceedings.
His research interests include statistical signal processing with emphasis on detection and
estimation theory, wireless sensor network, multiagent algorithms, target tracking and data
fusion, adaptation and learning over graphs, and distributed radar (sonar) processing.
Dr. Paolo Braca was awarded with National Scientific Qualification (Abilitazione

Scientifica Nazionale) in 2017, by a qualification committee of professors, selected by
the Italian Ministry of Education, Universities and Research, to function as an Associate
Professor in Italian Universities. He is an Associate Editor of the IEEE TRANSACTIONS ON
SIGNALPROCESSING, IEEE TRANSACTIONS ONAEROSPACE ANDELECTRONICSYSTEMS,
ISIF Journal of Advances in Information Fusion,EURASIP Journal on Advances in
Signal Processing, and is the Lead Guest Editor of the special issue “Sonar Multi-Sensor
Applications and Techniques” inIET Radar Sonar and Navigation. From 2014 to 2016, he
was an Associate Editor of the IEEE SIGNALPROCESSINGMAGAZINE(E-Newsletter). He
is in the Technical Committee of the major international conferences in the field of signal
processing and data fusion. He received the Best Student Paper Award (first runner-up) at
the 12th International Conference on Information Fusion in 2009.

Peter Willett(F’03) received his B.Sc. degree in engineering science from the University
of Toronto in 1982, and the M.E., M.S. and Ph.D. degrees in electrical engineering from
Princeton University in 1983, 1984 and 1986, respectively.
He has been a Faculty Member in the Electrical and Computer Engineering Department,

University of Connecticut, Storrs, CT, USA, since 1986. Since 1998, he has been a
Professor. His research interests include statistical signal processing, detection, machine
learning, communications, data fusion, and tracking.
Dr. Willett was the Editor-in-Chief of the IEEE SIGNALPROCESSINGLETTERS(2014–

2016), and the Editor-in-Chief of the IEEE TRANSACTIONS ONAEROSPACE ANDELEC-
TRONICSYSTEMS(2006–2011). He was an AESS Vice President for Publications 2012–
2014. From 1998 to 2005, he was an Associate Editor of three active journals, IEEE
TRANSACTIONS ONAEROSPACE ANDELECTRONICSYSTEMS(for Data Fusion and Target
Tracking) and IEEE TRANSACTIONS ONSYSTEMS,MAN,ANDCYBERNETICS,PARTSA
ANDB. He is the Associate Editor of the IEEE AEROSPACE ANDELECTRONICSYSTEMS
MAGAZINE

CMRE Reprint Series

. He was a member of the IEEE AESS Board of Governors (2004–2009 and
2010–2016) and of the IEEE Signal Processing Society’s Sensor-Array and Multichannel
technical committee, and was the Chair in 2015–2016.

CMRE-PR-2019-057

15



0B0B0BDocument Data Sheet 
Security Classification Project No. 

Document Serial No. 

CMRE-PR-2019-057 

Date of Issue 

June 2019 

Total Pages 

15 pp. 

Author(s) 

Gemine Vivone, Karl Granström, Paolo Braca, Peter Willett 

Title 

Multiple sensor measurement updates for the extended target tracking random matrix model 

Abstract 

In this paper, multiple sensor measurement update is studied for a random matrix model. Four different 
updates are presented and evaluated: three updates based on parametric approximations of the extended 
target state probability density function and one update based on a Rao-Blackwellized (RB) particle 
approximation of the state density. An extensive simulation study shows that the RB particle approach 
shows best performance, at the price of higher computational cost, compared to parametric 
approximations. 

Keywords 

Covariance matrices, time measurement, target tracking, noise measurement, 
density measurement, kinematics, computational modelling 

Issuing Organization 

NATO Science and Technology Organization 
Centre for Maritime Research and Experimentation 

Viale San Bartolomeo 400, 19126 La Spezia, Italy 

[From N. America: 
STO CMRE 
Unit 31318, Box 19,  APO AE 09613-1318] 

Tel: +39 0187 527 361 
Fax:+39 0187 527 700 

E-mail: library@cmre.nato.int 

mailto:library@cmre.nato.int


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Algerian
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BaskOldFace
    /Batang
    /Bauhaus93
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BodoniMTPosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /BritannicBold
    /Broadway
    /BrushScriptMT
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /Centaur
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /Chiller-Regular
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /CooperBlack
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FootlightMTLight
    /FreestyleScript-Regular
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Impact
    /InformalRoman-Regular
    /Jokerman-Regular
    /JuiceITC-Regular
    /KristenITC-Regular
    /KuenstlerScript-Black
    /KuenstlerScript-Medium
    /KuenstlerScript-TwoBold
    /KunstlerScript
    /LatinWide
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSansUnicode
    /Magneto-Bold
    /MaturaMTScriptCapitals
    /MediciScriptLTStd
    /MicrosoftSansSerif
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MS-Mincho
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /NuptialScript
    /OldEnglishTextMT
    /Onyx
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Parchment-Regular
    /Playbill
    /PMingLiU
    /PoorRichard-Regular
    /Ravie
    /ShowcardGothic-Reg
    /SimSun
    /SnapITC-Regular
    /Stencil
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TempusSansITC
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanMTStd
    /TimesNewRomanMTStd-Bold
    /TimesNewRomanMTStd-BoldCond
    /TimesNewRomanMTStd-BoldIt
    /TimesNewRomanMTStd-Cond
    /TimesNewRomanMTStd-CondIt
    /TimesNewRomanMTStd-Italic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VinerHandITC
    /Vivaldii
    /VladimirScript
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryStd-Demi
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Suggested"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice




