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The cross-spectral density of ocean ambient noise is usually estimated from the product of the com-

plex hydrophone signals, each of which already corresponds to the summed responses of sources

from all angles. The true coherence is the integral over all angles of the angle-dependent product.

The influence of this distinction on necessary time integration in geoacoustic inversion and passive

fathometry is explored, and a meaningful separation of the cross-spectral density matrix into

Toeplitz and Hankel parts is proposed. Various processing techniques are applied to synthesized

data and some experimental vertical array data in a passive fathometry context. Passive fathometry

is only sensitive to the Hankel part of the matrix. VC 2017 Acoustical Society of America.

[http://dx.doi.org/10.1121/1.4981120]

[SED] Pages: 2812–2820

I. INTRODUCTION

In recent years ocean ambient noise has been used as a

sound source of opportunity to measure such environmental

properties as seabed reflection coefficient (Harrison and

Simons, 2002; Quijano et al., 2012; Muzi et al., 2015), and

sub-bottom profiles by either restoring the reflection phase

through spectral factorization (Harrison, 2004, 2005), or

“passive fathometry” (Siderius et al., 2006; Harrison and

Siderius, 2008; Gerstoft et al., 2008; Siderius et al., 2010;

Traer and Gerstoft, 2011). The signal processing in all these

cases is based, one way or another, on the noise coherence or

cross-spectral-density-matrix (CSDM) measured by an

acoustic array. If adaptive beam forming (ABF) rather than

conventional (CBF) is to be used then the CSDM must be

invertible, but above all, regardless of the method or the aim,

some time averaging is required. The usual method of

achieving this averaging is to Fourier transform blocks of

multiple hydrophone data from time to acoustic frequency.

At a single frequency the CSDM, C, with components Cn,m,

is formed from the vector of N hydrophone inputs with indi-

vidual elements xn by running a continuous loop to construct

a time average,

Cn;m ¼ Cn;m þ xn x�m; 1 � n;m � N : (1)

Throughout this paper scalars (with possible subscripts) are

denoted as italics, and their conjugates are indicated by an

asterisk. Matrices and vectors will be shown in bold with

conjugate transpose indicated by a dagger. The desired aver-

age of spatial coherence is the sum over all angles of the
product of xn x�m; however, each element of x is, indepen-

dently, already a sum (or integral) of noise sources over all

angles. This is one of three possible reasons for needing to

time-average in the case of passive fathometry. In total these

reasons are as follows:

(1) To achieve convergence of the up- and down-beam

cross-correlation to form the impulse response of the vir-

tual source in passive fathometry.

(2) To build a full-rank CSDM in order to invert it (in the

case of ABF processing).

(3) To achieve convergence of xn x�m to hxn x�mi by eliminat-

ing angular cross-terms as mentioned above.

A search for an alternative way of tackling the unwanted

angular cross-terms of the third reason above has led from the

standard method (“method 1,” below) first to a formulation in

which the CSDM is derived in terms of an explicit Toeplitz

component and an explicit Hankel component (“method 2”),

then to a simplified but familiar approach (“method 3”) that

avoids use of matrices altogether. Both latter methods appear

to bypass the usual need for explicit time-averaging (although

it transpires that this impression is illusory), and the third

method is extremely fast computationally.

The reason for interest in the processing details is that a

vertical component of motion of the hydrophone array mini-

mises the time available for integration. This motion may be

unintentional, for example caused by wave motion of a vertical

array in bad weather (Harrison and Siderius, 2008; see also

Sec. III below) or intentional when a small array is attached to

a glider that is constantly, but slowly changing depth. The

remainder of this paper compares these three methods.

II. THREE PROCESSING APPROACHES

A. Method 1: The standard approach

Initially we postulate generalised, distant sources at

elevation angle h with complex amplitude aðhÞ, implicitly a

function of frequency. Experimentally what is received at

the hydrophone depth zn is the integral of the arrivals over

all angles
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xn ¼
ð p=2

�p=2

aðhÞ expðikzn sin hÞ cos h dh: (2)

The CSDM is constructed from an average of the form given

in Eq. (1). Substituting Eq. (2) into Eq. (1) makes the result

clear

Cn;m ¼
ð p=2

�p=2

ð p=2

�p=2

aðh1Þ a�ðh2Þ expðikzn sin h1Þ

� expð�ikzm sin h2Þ cos h1 cos h2 dh1dh2; (3)

which can be written in terms of X1;2 � sin h1;2 as

Cn;m ¼
ð1

�1

ð1

�1

aðX1Þ a�ðX2Þ expðikznX1Þ

� expð�ikzmX2ÞdX1dX2: (4)

After substantial time averaging, all the cross terms (h2 6¼ h1

or h2 6¼�h1) sum to zero, so what remains is (in underwater

acoustics, provided the sources are either distant or nearly

overhead, h2¼6h1) X2¼X1 and X2¼�X1,

Cn;m ¼
ð1

0

aðþX1Þa�ðþX1Þ exp ðþikðzn � zmÞX1ÞdX1

þ
ð1

0

að�X1Þa�ð�X1Þ exp ð�ikðzn � zmÞX1ÞdX1

þ
ð1

0

aðþX1Þa�ð�X1Þ exp ðikðzn þ zmÞX1ÞdX1

þ
ð1

0

að�X1Þa�ðþX1Þ exp ð�ikðzn þ zmÞX1ÞdX1:

(5)

This can be seen to be a simplified version (vertical separa-

tion, loss-free) of the formula for noise coherence given by

Harrison (1996) with a multiplier of sin h=ð1� RR�Þ
absorbed in the source amplitudes a, and aðþXÞ ¼ 1, að�XÞ
¼ R expði2khÞ with R being (complex) seabed reflection

coefficient and h being water depth. So the correspondence

is

aðþXÞa�ðþXÞ ¼ 1;

að�XÞa�ð�XÞ ¼ RR�;

aðþXÞa�ð�XÞ ¼ R� expð�i2khÞ;
að�XÞa�ðþXÞ ¼ R expði2khÞ:

Note that, if the sources are not distant or overhead, then for

any amount of refraction, arbitrary hydrophone displace-

ment, or proximity to boundaries there will always be a h1,

h2 pair at the respective hydrophones that define correspond-

ing rays (possibly including reflections) that project back-

ward to meet at a common source (possibly with finite size),

whereas all others lead to uncorrelated parts of the sea

surface. So out of all the h1, h2 pairs, only one pair links the

source to the two hydrophones. Although this coincidence

may not be at exactly h2¼ h1 or h2¼�h1 it will be close

enough that the effects of array size and refraction on the

following analysis are very small.

Thus method 1, the standard approach, consists of form-

ing a time average of C, and then, according to one’s ulti-

mate aims, (e.g., passive fathometry, reflection loss vs angle,

ABF vs CBF), forming terms such as, v†Cw, v†Cv, v†C21w,

given steering vectors v, w. These matrix operations lead

to estimates of reflection loss, seabed impulse response, and

so on (e.g., see Harrison and Simons, 2002; Harrison and

Siderius, 2008; Harrison, 2009).

B. Method 2: Separation of the Toeplitz and Hankel
parts

From Eq. (5), whatever a() is, the time-averaged C natu-

rally separates into Toeplitz and Hankel parts, provided the

hydrophones are uniformly spaced, since the first two lines

depend on (n�m) and the third and fourth lines depend on

(nþm), i.e., C � TþH. It is convenient to separate the

upper part of the field from the lower part by introducing the

notation

UðXÞ ¼ aðþXÞ;
DðXÞ ¼ að�XÞ;

0 < X < 1 ; (6)

with X � sin h, having dropped the subscript of X:

Tn;m ¼
ð1

�1

aðþXÞa�ðþXÞ exp ðþikðzn � zmÞXÞdX

¼
ð1

0

UðXÞU�ðXÞ exp ðikðzn � zmÞXÞdX

þ
ð1

0

DðXÞD�ðXÞ exp ð�ikðzn � zmÞXÞdX; (7)

Hn;m ¼
ð1

�1

aðþXÞa�ð�XÞ exp ðikðzn þ zmÞXÞdX

¼
ð1

�1

að�XÞa�ðþXÞ exp ð�ikðzn þ zmÞXÞdX

¼
ð1

0

UðXÞD�ðXÞ exp ðikðzn þ zmÞXÞdX

þ
ð1

0

DðXÞU�ðXÞ exp ð�ikðzn þ zmÞXÞdX

¼ 2� real

ð1

0

UðXÞD�ðXÞ exp ðikðzn þ zmÞXÞdX

" #
:

(8)

Note that, by symmetry, all Hankel elements are real.

Returning to the original observation that without con-

siderable averaging xn xm
* is not, after all, the desired coher-

ence it can be seen that these ready-averaged integrals are, in

fact, spatial auto- or cross-correlations of xn expressed in

terms of Fourier transforms into the angle domain. This sug-

gests that one can construct them directly from the given xn

without any further time-averaging to eliminate angular

cross-terms (third type listed in Sec. I).

To construct the Toeplitz part one first takes the inverse

Fourier transform (IFT) of xn to estimate effective sources at

infinity (strength â)
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âðhÞ ¼
XN

n¼1

xn expð�ikzn sin hÞ; (9)

where âðhÞ is some kind of (instantaneous) effective noise

source that results in the known signals xn at the hydro-

phones. Then one takes the modulus square of this quantity

and Fourier transforms it back to a hydrophone separation

ZT ð� zn � zmÞ,

TEðZTÞ ¼
ðp=2

�p=2

jâðhÞj2 expðikZT sin hÞ cos h dh: (10)

This TE is already the same as the desired T, as in Eq. (7),

except for the hat, meaning “estimate.” Thinking of jâðhÞj2
as a “power spectrum,” the integral in Eq. (10), being its

Fourier transform, is the auto-correlation function of the

hydrophone signal x, at this acoustic frequency. This relation

can be made exact by assuming equal hydrophone spacing

ZT � ðn� mÞd, and discretizing sin h between �1 and þ1 at

intervals of

D ¼ 2p
Nkd

; (11)

so sin h � jD, then turning the Fourier series relationship

between Eqs. (9) and (10) into a discrete Fourier transform1

(DFT):

TE
� ¼

XN

j¼1

jajj2 expði2pj�=NÞ: (12)

The single subscript of TE
� signifies the offset from the main

diagonal. Thus, inserting Eq. (9) into Eq. (10) yields TE
� as

an autocorrelation function of xn,

TE
� ¼

X
xn
�x�þn; (13)

where for each offset, �, as x�þn slides over xn the sum is

taken over the overlapping portion only, and

zn ¼ n d;

ZT
� ¼ �d: (14)

This sum, as defined above, is identical to a sum down the

�th diagonal of the matrix xx†. In other words the Toeplitz

matrix is simply formed by summing along the appropriate

diagonals of the given coherence matrix.2 The first benefit of

this approach is that this simple Fourier transforming opera-

tion appears to have bypassed the need for time-averaging to

eliminate angular cross-terms (third type listed in Sec. I) to

arrive directly at the angle integral of the true coherence

function, as in Eq. (12) [or Eq. (10)]. The second benefit is

that for any beam-forming application the symmetry of this,

guaranteed, Toeplitz matrix enables possible extensions to

the effective array size (Muzi et al., 2015) and possible

“filling” out of nested arrays (where hydrophone spacings,

though multiples of a single value, are irregular) (Young,

2005). Equations (10) and (9) show explicitly that it is

possible to separate out the Toeplitz part of any experimental

data from a uniformly spaced vertical array.

The Hankel part, Eq. (8), can be constructed in a similar

way. The sources âðhÞ are estimated as in Eq. (9) but instead

of modulus-squaring them, âðhÞ is multiplied by its up-

down-reverse âð�hÞ then the product is Fourier transformed

back to a hydrophone separation ZH ð� zn þ zmÞ,

HEðZHÞ ¼
ðp=2

�p=2

âðhÞâð�hÞ� expðþikZH sin hÞ cos h dh:

(15)

This integral is the frequency domain representation of the

cross-correlation function of the signal vector xn with its

reverse xN�n at this acoustic frequency. It also corresponds

to the Fourier transform of the convolution of x with itself.

Again these relations are made exact by discretizing sinh as

in Eq. (11). Thus, inserting Eq. (9) into Eq. (15) yields the

convolution

HE
� ¼

X
xnxð�þNÞ�n; (16)

where for each offset, �, as xð�þNÞ�n slides over xn the sum is

again taken over the overlapping portion only, and

zn ¼ n d;

ZH
� ¼ �d: (17)

So the Hankel matrix may be constructed simply by sum-

ming along the appropriate anti-diagonals of the given

coherence matrix xx†.

Passive fathometry is independent of the Toeplitz part

and only depends on the Hankel part (Harrison, 2009). It is

therefore useful to be able to separate it out.

So now “method 2” consists of using Eqs. (9), (10), and

(15) to calculate a Toeplitz matrix T and a Hankel matrix H.

The combined coherence C,

C ¼ TþH (18)

is used to calculate terms such as, v†Cw, v†Cv, v†C21w, as

before. ABF processing, if needed, may still require the time-

averaging to achieve full rank (second type listed in Sec. I),

and passive fathometry still requires time-averaging to

extract the impulse response from the cross-correlation (first

type in the list).

C. Method 3: Connection to a simple solution

The respective symmetries of the Toeplitz and Hankel

arrays allow the one-dimensional representations as in Eqs.

(10) and (15) but these are obviously simply related to the

usual two-dimensional representation, Eq. (5). Inspection of

this result and subsequent matrix multiplication by the up-,

down-steering vectors will show that the whole operation

can be simplified and checked against alternative well

known formulations.

Generally, whether forming a beam or sub-bottom pro-

filing with noise, the matrix operations involve forming a
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product w†Cv with two different steering vectors w, v. This

operation is identical to an element-by-element summation

over all elements of C multiplied by the matrix W formed of

the steering vectors alone, W ¼ wv†, where

wnðh1Þ ¼ expðikzn sin h1Þ;

vnðh2Þ ¼ expðikzn sin h2Þ;

i.e.,

w†Cv ¼
XN

n

XN

m

Cn;mWn;m: (19)

If v¼w, i.e., h2 ¼ h1, as is true when forming a beam, then

W is Toeplitz; if v¼w
†, i.e., h2 ¼ �h1, or in particular,

jh2j ¼ jh1j ¼ p=2, as is true with sub-bottom profiling or

passive fathometry, then W is Hankel.

Therefore when forming a beam the diagonal symmetry

of W matches that of T but not the anti-diagonal symmetry

of H. In contrast, with passive fathometry, the anti-diagonal

symmetry of W matches that of H but not the diagonal sym-

metry of T. The product of this mismatch tends to zero. This

incidentally demonstrates that passive fathometry is

completely independent of T.

So to be specific in forming vertical beams, denoting a

vertically “up” steering vector as wU and down as wD, one

obtains

wU
†CwU ffi

XN

n

XN

m

Tn;mWUU
n;m; (20)

wD
†CwD ffi

XN

n

XN

m

Tn;mWDD
n;m; (21)

where

WUU
n;m ¼ exp ð�ikðzn � zmÞÞ; (22)

WDD
n;m ¼ exp ðikðzn � zmÞÞ; (23)

but because of the symmetry, the double sum of Eqs. (20)

and (21) can be written as a single sum along the anti-

diagonals with a weight determined by the sum along the

diagonal. Thus,

XN

n

XN

m

Tn;mWUU
n;m

¼
XN�1

j¼�ðN�1Þ
ðN � jjjÞ TjþN expð�ikZT

jþNÞ; (24)

where the single index j counts from the bottom-left to the

top-right of the matrix T, and j ¼ 0 corresponds to the diago-

nal of T, i.e., n ¼ m, and ZT
j ¼ zn � zm.

In passing, it is worth noting that the single sums going

from j¼�(N�1) to þ(N�1) in Eqs. (24) show that hidden

in the matrix is useful information from a “virtual” hydro-

phone array with 1þ 2(N�1)¼ 2N�1 elements, rather than

the true N, but with non-uniform weightings of (N � jjj).

This is an explanation of the improved resolution found by

Muzi et al. (2015).

The passive fathometer UD and DU terms may be deter-

mined in a similar fashion as

wU
†CwD ffi

XN

n

XN

m

Hn;mWUD
n;m; (25)

wD
†CwU ffi

XN

n

XN

m

Hn;mWDU
n;m; (26)

where

WUD
n;m ¼ exp ð�ikðzn þ zmÞÞ; (27)

WDU
n;m ¼ exp ðikðzn þ zmÞÞ; (28)

but because of the symmetry, the double sum can again be

written as a single sum in the diagonal direction with a

weight determined by the sum in the anti-diagonal direction.

Thus,

XN

n

XN

m

Hn;mWUD
n;m

¼
XN�1

j¼�ðN�1Þ
ðN � jjjÞHjþN expð�ikZH

jþNÞ; (29)

where j ¼ 0 corresponds to the anti-diagonal of H, i.e.,

n ¼ �m, and ZH
j ¼ zn þ zm.

In both cases the single sums [respectively Eqs. (24) for

T and (29) for H] resemble a Fourier transform. But already

T consists of the product of a function of angle with its con-

jugate, Fourier transformed back to hydrophone position-

space. Similarly H consists of the product of a function of

up-angle with a corresponding function of down-angle,

Fourier transformed back to hydrophone position-space.

Thus they are both a backward transform of a forward trans-

form (ignoring the weighting for the time being). This sug-

gests that instead of performing this double transform we

could have simply selected the “up” and the “down” value
from the already existing functions of angle.

1. Toeplitz part

An exact result is found first for the Toeplitz part by

substituting Eq. (10) into Eq. (24). Thus,

wU
†TwU

¼
XN�1

j¼�ðN�1Þ
ðN � jjjÞ

ð 1

�1

jâðXÞj2 expðikZT
jþNXÞ dX

!

� expð�ikZT
jþNÞ: (30)

Rearranging,

wU
†TwU¼

ð1

�1

jâðXÞj2

�
XN�1

j¼�ðN�1Þ
ðN�jjjÞ expðikZT

jþNðX�1ÞÞ

2
4

3
5dX:

(31)
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The term in square brackets can now be seen as a simple

double sum which can itself be written as a product, and the

resulting exponential sum in the second line can be

evaluated:

wU
†TwU

¼
ð 1

�1

jâ Xð Þj2
XN

n¼1

XN

m¼1

exp ik zn � zmð Þ X� 1ð Þ
� �" #

dX

¼
ð 1

�1

jâ Xð Þj2
XN�1

n¼0

exp inkd X� 1ð Þð Þ
�����

�����
2

dX

¼
ð 1

�1

jâ Xð Þj2
sin

1

2
Nkd X� 1ð Þ

� �

sin
1

2
kd X� 1ð Þ

� �
0
BBB@

1
CCCA

2

dX: (32)

Taking the discretized sinh (¼X), as in Eq. (11), the sinNY/

sinY term in the last line becomes a delta function, and so

wU
†TwU ¼ jâð1Þj2 ¼

XN

n

xn expð�ikznÞ
�����

�����
2

; (33)

where âð1Þ is given in terms of hydrophone inputs xn by Eq.

(9) with h¼p/2. But for any matrix R defined by R ¼ x x†

the well-known identity

wU
†RwU ¼ wU

†x ðwU
†xÞ† ¼ jwU

†xj2 (34)

demonstrates that this derivation has gone full circle in tying

the Toeplitz and Hankel formulas of Eqs. (10), (13), (15),

and (16) to the usual formulation of Eqs. (1) and (5). Thus,

Eqs. (33) and (34) show that there is an exact separated T in

the sense that wU
†TwU ¼ wU

†CwU, where C ¼ x x†.

By a similar argument it is straightforward to show that

wD
†TwD ¼ jâð�1Þj2 ¼

XN

n

xn expðþikznÞ
�����

�����
2

: (35)

2. Hankel part

The Hankel part which is most important for passive fath-

ometry can be evaluated by inserting Eq. (15) in Eq. (29),

wD
†HwU

¼
XN�1

j¼�ðN�1Þ
ðN � jjjÞ

ð 1

�1

âðXÞâð�XÞ�

� expðþikZH
jþNXÞ dX expð�ikZH

jþNÞ

¼
ð 1

�1

âðXÞâð�XÞ�

�
XN�1

j¼�ðN�1Þ
ðN � jjjÞ exp ðikZH

jþNðX � 1ÞÞ

2
4

3
5 dX:

(36)

Now, since ZH
jþN � zn þ zm it is important to note that

H, i.e., the â terms, contain all the phase offsets that corre-

spond to the upward and downward path differences. In con-

trast, the steering vectors represented by the contents of the

square brackets contain no such phase offsets. Again this

term can be broken down into a product of two single sums,

but the second one is not conjugated as before. If one adopts

the convention that the offsets are measured from the centre

of the hydrophone array then the same convolution result is

obtained as before [in Eq. (32)]

wD
†HwU

¼
ð1

�1

âðXÞâð�XÞ�
XN

n¼1

XN

m¼1

expðikðznþzmÞðX�1ÞÞ
" #

dX

¼
ð1

�1

âðXÞâð�XÞ�
XN

n¼1

expðikznðX�1ÞÞ
"

�
XN

m¼1

expðikzmðX�1ÞÞ
#

dX: (37)

But since the phases have been chosen to be zero at the array

centre the argument of either exponential could have been

taken as positive or negative without altering the value of

the sums. Therefore, this can again be written as

wD
†HwU

¼
ð 1

�1

â Xð Þâ �Xð Þ�
XN�1

n¼0

exp inkd X � 1ð Þð Þ
�����

�����
2

2
4

3
5dX

¼
ð 1

�1

â Xð Þâ �Xð Þ�
sin

1

2
Nkd X � 1ð Þ

� �

sin
1

2
kd X � 1ð Þ

� �
0
BBB@

1
CCCA

2

dX:

(38)

Discretizing sinh, i.e., X, as with Eq. (33) leads to the con-

clusion that

wD
†HwU¼ âðþ1Þ âð�1Þ

¼
XN

n

xn expð�ikznÞ�
XN

n

xn expðþikznÞ: (39)

This proves that there is an exact separated H in the sense

that wD
†HwU ¼ wD

†CwU, where C ¼ x x†. This simple

result, with âð1Þ and âð�1Þ given in terms of the hydro-

phone inputs xn by Eq. (9) with h¼6p/2, is the basis of

method 3.

Equation (39) provides a quantity that can be Fourier

transformed from acoustic frequency to impulse-response-

time and therefore sub-bottom depth profile. What is rather

surprising is that its right hand side avoids use of matrices

altogether. It has therefore avoided both the second and third

time-averaging requirement mentioned in Sec. I.

In retrospect Eqs. (9), (10), and (15) for the separated

Toeplitz and Hankel parts were written in terms of arbitrary

hydrophone separations along a vertical line, and it was only
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necessary to invoke uniform separation for Eqs. (13) and

(16) and subsequent expansions in terms of T and H, such as

Eqs. (24) and (29). In other words, Eq. (9) is still valid for

non-uniform hydrophone separation, and therefore so are

Eqs. (10) and (15), meaning that there exists an effective

Toeplitz and Hankel separation of C even with arbitrary

hydrophone separation where the diagonals of C would be

distinctly not parallel. Needless to say, Eqs. (33), (34), (35),

and (39) remain valid since they do not depend on hydro-

phone separation, whereas Eqs. (13) and (16) clearly do, and

so would no longer be valid.

III. SUMMARY OF RESULTS

The behaviour of the calculated Toeplitz and Hankel

matrices as integration time is increased can be simulated at

a single frequency by postulating noise at the hydrophone

with a random real and imaginary part that is a function of

angle, /n(h). To simulate the correlation between upward

and downward angles the same random numbers are used for

corresponding components above and below horizontal, but

the bottom reflected components may be reduced by a reflec-

tion coefficient factor R and a phase exp(2iknH sinh) that

represents the path length to the seabed and back. With this

basis one can compute the “true” coherence as CTRUE
n;m

¼
Ð

/nðhÞ/m
�ðhÞ cos h dh, the usual “experimental” product

of hydrophone inputs CEXPT
n;m ¼ xnxm

� ¼
Ð

/nðhÞcos h dh
�
Ð

/m
�ðhÞ cos h dh, and the Toeplitz and Hankel compo-

nents as in the text CTþH
n;m ¼ Tn;m þ Hn;m using Eqs. (13) and

(16). Each of these can be averaged by adding in the result

of a new sequence of /n(h).

The upper row of panels in Fig. 1 shows surface plots of

the CSDMs at 1.5 kHz for “True,” “Expt,” and “TþH” for

an average over just ten realisations, and the lower row is the

same but for 100 realisations. In this example the seabed is

deliberately (and unrealistically) close to the 128 element

array, with a round-trip path of 36 m, so that, concentrating

on the “True” panels, the Hankel contribution can be clearly

seen as the strong anti-diagonal that crosses the main diago-

nal near element 100. This is because, for this path differ-

ence and a hydrophone separation of 0.18 m the anti-

diagonal is defined by nþm¼ 36/0.18¼ 200, giving an

intersection and a peak at n¼m¼ 100. If the seabed had

been further from the array the Hankel features, though still

existent, would have been harder to discriminate by eye

because the anti-diagonal ridge would have been beyond the

bottom-right of the matrix.

In all three cases averaging has two effects: one is to

even out fluctuations along the tops of the ridges; another is

to reduce the “clutter” away from the ridges. As one might

expect, the “true” CSDM is nearest to ideal because it is

effectively ready-averaged (in the sense that there are

already no angular cross terms), and therefore there is mini-

mal difference between upper and lower panel. In contrast,

the Expt CSDM is rather chaotic even after substantial aver-

aging, although one can still detect the jagged ridges of the

main diagonal and the anti-diagonal. The point of this figure

is to compare the third column (TþH) with the second col-

umn (Expt). Even with a small amount of averaging TþH

comes close to the ideal “True” case. Furthermore, even after

substantial averaging TþH is much better than Expt in two

respects: the floor values are smoother, and both diagonal

and anti-diagonal ridges are smoother.

Despite the differences between the three CSDMs dem-

onstrated in Fig. 1 the scalar products of the CSDMs with

various combinations of up- and down-steering vectors that

were described in Sec. II C obey certain equalities or near-

equalities, namely,

• For both steering vectors in the same direction

wU
†TwU ¼ wU

†CwU;

wU
†HwU � 0;

and their equivalents for downward-steered vectors.

FIG. 1. Synthesised cross-spectral den-

sity matrix for a 128-element array at

1.5 kHz. Columns from left to right:

True meaning each element is the inte-

gral over angle of the product of com-

plex arrivals; Expt meaning each

element is the integral over angle of

the product of the already angle-

integrated omnidirectional hydrophone

signals; TþH meaning each element is

the sum of the separated Toeplitz and

Hankel parts. Top row is the average

of 10 realisations; bottom row is the

average of 100 realisations.
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• For opposing steering vectors

wD
†HwU ¼ wD

†CwU;

wD
†TwU � 0:

(In all cases C ¼ x x†.)

At first sight, it is paradoxical that there is agreement

between wU
†TwU and wU

†CwU and separately between

wD
†HwU and wD

†CwU, but in Fig. 1, on the other hand,

there is much more fluctuation in C (¼x x†) (labelled Expt)

than in TþH (labelled TþH). However the explanation is

quite simple. Because wU, wD are a conjugate pair wD
†CwU

could be written as wU
TCwU (the T superscript signifying

transpose without conjugate), so, as mentioned earlier, for

arbitrary R the product wU
TRwU is identical to the sum over

all terms of the term-by-term product of R with the matrix

wU
TwU, which must be Hankel as long as the elements of

wU are of the form exp(i n…). So, whether the matrix R is

pre-summed along its anti-diagonals [as in Eq. (16) to form H]

or not, the term-by-term multiplication by the Hankel matrix

wU
TwU will have the same effect as summing along the

anti-diagonals. Thus, despite the noisy appearance of the

Expt matrix C in Fig. 1, one still finds wU
†TwU ¼ wU

†CwU

and wD
†HwU ¼ wD

†CwU. This agreement is further borne

out by the plots of impulse response using both derivations

in Sec. IV.

IV. APPLICATION TO EXPERIMENTAL DATA

To compare performance of the separated Toeplitz and

Hankel approach with the usual coherence matrix approach

an experimental example is taken from some existing drift-

ing 32-element vertical array data collected at approximately

15:45 on May 12, 2004 during the first drift over the Ragusa

Ridge (see Harrison and Siderius, 2008, for experimental

details). This data set was originally difficult to handle, and

it was suspected by Harrison that this was due to the effect

on integration time of wave induced oscillatory motion of

the array in a heavy sea. Some simple order-of-magnitude

calculations, knowing the mass of the ballast weight and the

buoyancy per unit length of the flexible connecting cable,

predicted an oscillation period of about 10 s. This period was

subsequently confirmed as 7 s with amplitude 1 m (Traer and

Gerstoft, 2011). The point of using the data in this paper is

to demonstrate the success of this processing approach with

a short integration time. To avoid blurring, processing needs

to be completed in about 7/(2p) seconds, and in this time,

with a sample rate of 12 kHz and 4096 samples per Fourier

transform block, there are just over three blocks available.

The enlargement of the seabed impulse response in Fig.

2 is the result of averaging four blocks of 4096 samples.

Travel time has been converted to two-way path length, and

the y-axis labelled “Amplitude” is the absolute value of the

Hilbert transform of the inverse Fourier transform of quanti-

ties in the text such as wD
†CwU. The three almost coincident

lines correspond to processing with, respectively, the sepa-

rated Hankel part alone (wD
†HwU), conventional (wD

†RwU)

where R ¼ hxx†i, and the sum of the separated Hankel and

Toeplitz parts [wD
†(T1H)wU].

For comparison, and as an aide to identifying these

three lines, Fig. 3 shows the same quantities but evaluating

Eqs. (10) and (15) as numerical integrals discretized with 32

values of sinh strictly between 0 and 1, unlike the DFT. The

earlier equations were in the frequency domain, for a single

frequency. Comparing Figs. 2 and 3 the effects of discrepan-

cies between the two approaches can be seen in the time

domain.

Notice that the “H” and “TH” curves still agree very

well, as one would expect because the Toeplitz part contrib-

utes essentially nothing. However, the “R” curve, that is

unchanged from Fig. 2, has more peak-trough contrast than

either H or TH curve, as one might expect from the smooth-

ing effect of the convolution in Eq. (32).

FIG. 2. Enlargement of the experimental impulse response resulting from

the average of four blocks of 4096 samples calculated three ways: H uses the

separated Hankel matrix; R uses the matrix constructed directly from the

hydrophone inputs as R ¼ x x†; TH uses the sum of the separated Toeplitz

and Hankel matrices. Differences are small through using Eqs. (13) and (16).

FIG. 3. Enlargement of the experimental impulse response as in Fig. 2

except that the Toeplitz and Hankel matrices were calculated with the differ-

ent discretization of angle allowed by Eqs. (10) and (15). Differences are

greater than in Fig. 2.
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Disregarding the array motion Fig. 4 is the average of

200 Fourier transform blocks—there are roughly 20 Fourier

transform blocks per full up-down cycle of the hydrophone

array. Clearly, there are still two distinct peaks despite the

broadening of a few metres and all three curves agree pretty

well.

Otherwise the fact that there are still background fluc-

tuations, particularly for path lengths less than about 108 m

which correspond to locations above the seabed, indicates

that the averaging of type 1 (in Sec. I) have not yet con-

verged. Clearly, there is nothing to stop one increasing

integration time indefinitely, but despite the similarity

between Figs. 2 and 4 and the apparent smoothing benefit,

small systematic shifts of the peaks in time would be

smoothed out. This peak shifting is revealed by plotting

the intensity of Fig. 2 against travel time (two-way path

length) and hydrophone-array-drift time, i.e., a sub-bottom

profile.

The sub-bottom profile, Fig. 5, obtained with a four-

block average using the H processing corresponding to

Fig. 2 shows the resolved periodic waves due to the array

motion and the second reflection at a 3 m deeper round-trip

path. At this geographic location, namely, the Ragusa

Ridge, it is likely that there is a thin layer of sediment cov-

ering rock which explains the two arrivals.

It is interesting that, from an integration time point of

view, there seem to be brighter spots (i.e., better conver-

gence) at the location of the wave peaks and troughs rather

than at the intervening slopes. One obvious reason is that on

the slopes the amplitude contributions are shared out

between different time bins. A more subtle reason is that the

motion causes a mismatch between the up- and down-beam

time series, i.e., a very small, but possibly significant,

Doppler shift. It can be seen that these two mechanisms,

though related, are distinct by thinking of the first as the

array passing through many depths but being stationary at

each one; this leads to weakening through blurring but

without Doppler effect. In contrast the second mechanism

must include Doppler.

V. CONCLUSIONS

This paper set out to search for an alternative computa-

tional route to the function wD
†CwU, which is an essential

component in the calculation of the seabed’s impulse

response, or time domain Green’s function, the hope being

that convergence might be more rapid. It was noted that the

infinitely averaged coherence of sea surface noise naturally

separates into Toeplitz and Hankel parts [Eq. (5)]. A practical

basis for this separation with experimental data was proposed

[Eqs. (9), (10), and (15)], and the derivation extended to

show that wD
†
CwU 5 wD

†(T1H)wU could be reduced to

(wDx†)(wUx†)† [Eq. (34)]. Since the latter is already identi-

cally equal to wD
†
CwU, not only is the proof tied down at

both ends, but furthermore whichever of the four ways the

calculation is done [i.e., Hankel alone, Hankel plus Toeplitz,

the product (wDx†)(wUx†)†, or the ordinary coherence matrix

wD
†RwU using R ¼ hxx†i] the result is the same to within

numerical accuracy. Therefore none of these approaches has

any particular advantage from the point of view of improving

convergence and reducing the integration time. However,

there is a clear winner from the point of view of processing

time and that is the product (wDx
†) (wUx

†)†, which requires

2Nhþ1 multiplications as opposed to the 2Nh
2 multiplications

for wD
†RwU. The Toeplitz and Hankel calculations each

require an additional pair of Fourier transforms.

It was found that the Toeplitz matrix can be seen as

either the spatial auto-correlation of the hydrophone

responses, or the sums down the offset diagonals of the

matrix x x† [Eq. (13)]. Similarly the Hankel matrix can be

seen as either the spatial cross-correlation of the hydrophone

responses with the same responses in reverse order (i.e., the

convolution of the response with itself), or the sums down

the offset anti-diagonals of the matrix x x† [Eq. (16)]. A

rather surprising result is that even if the hydrophones are

not uniformly spaced the coherence can still be separated

into a Toeplitz and Hankel part.

FIG. 4. The same enlargement of the experimental impulse response as in

Figs. 2 and 3 but averaging over 200 blocks (roughly nine cycles of array

oscillation) and disregarding the array’s motion.

FIG. 5. Enlargement of a sub-bottom profile showing two layer boundaries

contaminated by array oscillations of about 1 m and period roughly 7 s.
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A simple simulation of directional noise (Fig. 1) demon-

strated the behaviour of three calculations of CSDM after

light or intensive averaging. The “Toeplitz þ Hankel” matrix

[Eqs. (9), (10), and (15) or (13) and (16)] is much less chaotic

than the x x† matrix used in the standard processing case [Eq.

(1)] and approaches the perfection of the “true” coherence. A

summary was given of the properties of the various scalar

products of CSDMs with up- or down-steering vectors. It was

explained that despite the reduced fluctuation in the Toeplitz

and Hankel matrix, as compared with the x x† matrix, the fact

that the steering vector wU is of the form exp(i n…) and wD

is its conjugate means that a product such as wD
†CwU is

equal to wD
†HwU since the matrix multiplication operation

effectively already sums along the anti-diagonals.

The Toeplitz and Hankel separation was applied to

some experimental drifting vertical array data in a sub-

bottom profiling application. The deliberately chosen data

suffered from wave induced oscillation of the array making

integration time a serious issue (Figs. 4 and 5). A compari-

son of the impulse response calculated using the separated

Hankel matrix and using the original coherence matrix

showed that agreement was extremely good when using the

DFT form [Eq. (13) and (16); Fig. 2] and slightly less good

when using an arbitrary number of points to discretize sinh
in the Fourier transform (Fig. 3).

Finally, it was noted that, as might be expected, conver-

gence was better at the peaks and troughs of the array’s

motion. The poorer convergence in between clearly needs

more time whether allowance for Doppler is required or not.
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1Note that the factor 2p=ðNkdÞ can be written in terms of the design fre-

quency fo as 2fo=ðfNÞ so that for frequencies below the design frequency

samples of a exist with value zero but outside the real range of h.
2In proprietary software an auto-correlation as in Eq. (13) would in any

case be computed via DFTs, thus the result would naturally be a cyclic

auto-correlation. In contrast, an “unbiased” cross-correlation compensates

for the shorter lengths of the outer diagonals. We shall return to this point

in more detail in Sec. II C.
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