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Abstract 

An underwater forward-scattering investigation was undertaken w ~ t h  n random rough corrugated pressure re- 
lease surface manufactured out of Styrofoam. Measured wavefields associated with the reflection caustzcs agree 
with predictions. The frequency dependence of the mth higher-order zntenslty moments I,,, was measured and 
compared to  theoretical predictions. The dependence of I2 on distance from the surjace was also investigated. 

[This work was partially supported by the Office of Naval Research.] 

1. Introduction 
The lnteract~on of an ~ n c ~ d e n t  wavefield w ~ t h  a non-planar surface can Introduce reglons of tocus~ng In the scat- 
tered (reflected or transm~tted) portlon of the wavefield The solut~on to the scattered pressure IS  slmply the 
Helmholtz-Klrchcff Integral In general, thls Integral can not be solved analyt~cally, so one uses numerical 
techniques that ~nvolve  approx~matlons (e g statlonary phase approximation) However, in the reglons of fo- 
cuslng, (the caust~cs)  the statlonary phase approxlmat~on breaks down Theretore an extenslon to that approxl- 
matlon that can handle the focus~ng effects ot caustlcs 1s In order Once the extenslon has been made, then In- 
formation regard~ng the caustlc structure Itself can be used to extract phys~cal ~ n s ~ g h t  to the underly~ng proc- 
esses. 

An extension to the stationary phase approximation for corrugated surfaces has been derived [I] .  The extension 
is 
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where P is the pressure amplitude at time t measured at receiver locationx,. due to a source located at X,, , k 
is the wave number, W is the angular frequency, Ai is the Airy function, P, is the Pearcey function, R , ,  (B,v,,) 
represent the distance from the receiver (source) to the nth scattering point on the surface. The other terms 
(a,, b,, d,,  and the w )  are all geometric terms depending upon the locations of the source and receiver as well 
as the particular scattering surface. The three summations in (1) represent the three different types of contribu- 
tions one can obtain for the particular class of problem at hand. The j sum represents the standard ray ap- 
proximation (no echoes having merged), the 1 sum represents the merging of two rays (referred to as fold 
terms), and the q sum represents the merging of three rays (called cusp terms). Some regions have only rays, 
some only folds, some only cusps, and some have mixtures of the three. 

1.1 Surface Generation 
The formulation of ( I )  explicitly assumes a one-dimensional corrugated surface. A one-dimensional surface is a 
surface whose height function depends only upon one of its coordinates, ~ ( x , y )  = ~ ( x ) .  A computer program 
capable of generating realizations of a population of Gaussian spectrum random rough corrugated surfaces with 
root-mean-square (rms) roughness 1.5 cm, and correlation length 10 cm was used to generate a number of such 
surfaces. From this number, a particular surface realization was selected for manufacture out of Styrofoam. 
The physical dimensions of the surface were about 1 m wide by 1.5 m long. The variations were in the long di- 
mension. This surface then served as a pressure release surface in the underwater investigation. Since the sur- 
face profile was specified numerically, the same surface was used in the computer implementat~on of ( I )  as well 
as the underwater experiments. The caustics of this surface are those for the reflected wavefleld. (For a picture 
of the caustics for this surface, see Figure 3 of [I] . )  

A broad-band omnidirectional source was operated in the frequency range of 95-400 kHz. The source was lo- 
cated approximately 1.1 m from the surface, and the receiver was scanned from 5 cm to 60  cm from the surface. 
Two types of pulses were of interest, the first were "short" pulses (similar to single cycle pulses used for B- 
Mode imaging in clinical diagnostic ultrasound) and the second were "long" pulses or tone-bursts (similar to 
Doppler ultrasound pulses). The short pulses allowed us to isolate the effect of individual contributions to the 
reflected signal (this corresponds to knowing the values for J ,  L, and Q in ( I )  and tracking them individu- 
ally). The long pulses allow the various contributions to interfere and thus approximate the steady state field 
scattered from the surface. 

Since the pulse would be used in the underwater experiments and in the computer simulation of ( I ) ,  the fre- 
quency content needed to be minimize. In order to minimize the bandwidth of the output s~gnal ,  a sine wave 
modulated by a cosine-squared envelope pulse was used. This pulse was synthesized by a computer and drove 
the signal generator. The equation that gives the pulse shape is the real part of 

0 
iexp(-i2@)cos2 2xF(t - t , )  

i exp(-i21Fft) 
iexp(- i2Vt)cos2 2xF(t  - t , )  

where f is the center frequency of the tone burst, F is the envelope parameter glven below, and t, (with 
j=0,1,2,3) are times related to the number of cycles in the burst. The relations of the t ,  to t, (the time for the 
center of the burst ) are as follows: 

where nenv (new) IS the number of cycles in the envelope (steady state) reglon of the burst. To calculate the en- 
velope parameter F, use 



The cosine squared envelope was chosen to start at a time such that the zero of the envelope corresponded to the 
first zero in the first cycle. The maximum of the envelope would occur when the oscillations under the envelope 
crossed through a center zero (antisymmetric about the center of the pulse). This resulted in pulses with integral 
number of cycles. The number of cycles chosen depended on the center frequency of the pulse and were set to 
maintain quasi-constant bandwidth over the signals of interest. For example one frequency cycle number combi- 
nation is 125 kHz 4 cycle: This choice gives a bandwidth for the envelope of approximately 15 kHz. By keeping 
this bandwidth constant, the following combinations were utilized: 95 kHz 3 cycle, 200 kHz 6 cycle, 250 kHz 8 
cycle, 275 kHz 8 cycle, and 400 kHz 12 cycle. Figure I shows a representative synthesized pulse for a case 
without and with steady state cycles. 

Figure 1. Representative types of pulses used. Panel (a) shows a 200 kHz center frequency with a cosine 
squared envelope, a total of 6 cycles are present. This sort was used in both types of experiments. Panel (b) 
shows the same 200 kHz center frequency and the ends are 6 cycles with the coslne squared envelope, the mid- 
dle portion contains 24 cycles with unit amplitude envelope. This sort was used only in the Gaussian recovery 
experiments. 

2. Experiments 
Though two distinct types of experiments were performed, the methods and procedures were nearly identical. In 
both cases, the measurement of the reflected wavefield was the goal. In the first type of experiment (which will 
be called twinkling exponent type) the incident frequency was the primary variable changed. In the second type 
(called Gaussian recovery) the pulse duration (number of cycles) was the primary variable changed. The fre- 
quency was held constant for this type. 

The experiments were conducted in a 7'6" deep by 8' diameter yellow-pine tank, filled with filtered tap-water. A 
corrugated Styrofoam surface was mounted at one "end" of the tank. The source was located I .  I m away from 
the surface, at the same depth in the water tank as the top of the surface, and in the midplane of the surface. The 
top of the surface was designated as the origin for the scattered wavefield geometry. In the geometry of the sur- 
face (no y dependence) the source was located at (x,?, <,)= (l.l,O) where the distances are in meters. 

A broadband omnidirectional receiver was used to sample the scattered wavefield for a variety of receiver loca- 
tions (x, ,z,) .  A computer-controlled two-dimensional positioning system was used to move the receiver to 
scan the reflected wavefield. The total effective range of scanning is 1.4 m by 0.75 m. A schematic of the ex- 
perimental setup is shown in Figure 2. The pressure amplitudes were measured at each receiver location for 
each frequency of interest. The computer simulation using ( I )  would be ran over the same receiver locations. 
The results could then be compared. 
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Figure 2 Schematic of experimental setup. 

3. Extraction of frequency dependence 

In a harmonic acoustical wave field, the intensity I is taken to be proportional to JP(X, Y , z j 2  where P is the 
pressure amplitude at  a receiver location (x, y,  2 ) .  Thus for this setup the mth normalized moment of the inten- 
sity becomes 

where ( ) denotes a spatial average over the scattered wavefleld from the surface. From (5) it is obvious that 
1, = 1 which is clearly independent of k. This is simply the statement that the energy flux (proportional to 1,) is 
not altered by phase perturbations. For the remaining moments, the behavior depends upon the number of con- 
tributors, (pulse echoes) interacting at a given site. The number of contributors determine the values of J ,  L ,  
and Q for (1) .  

3.1 Theoretical predictions 

3.1.1 Small number of contributors . - 
When the number of contributors is small and caustics are dominating the wave field, then the higher moments 
( m  > 1 ) diverge with increasing k. Berry [2] showed that this divergence scales with k according to 

I z m \  = C , { I ) ~ ~ " ~  
\ I , v,>O , m > 2  ( 6 )  

where V, is the twinkling exponent for the mth moment and C,,, is a coefficient related to the random medium 
(in this case the surface). Note that by using the formalism of (5) the normalized moments I,,, will retain only 

the k "" dependence. In addition the requirement in ( 6 )  that m > 2 follows because the leading dependence on 
k is different for m = 2 .  The form of (5) gives,[2] 



d vm = lim- (In I m )  
k+-dlnk 

whlch IS lnsensltlve to factors of Ink in I, Thus the second moment whlch I T  proportional to Ink is predicted 
to have V2 = O  and (7) does not capture the dependence on Ink (For a discussion of the Ink dependence, 
see sectlon 1 of [3] and the references cited therein ) 

The results of catastrophe theory predict that the contribution to I,, from the jth class ot catastiophe I S  [2-61 

where P,describes the increase of the amplitude for increasing k at the caustic while Y, describes the de- 
creasing focal volume. Thus the V,,, exponent is a competition between these two effects. 

For any corrugated surface only cuspoids need to be considered. For the geometry of the surface used in this in- 
vestigation, however, the full list is not required; only the fold (or A z )  and cusp (or A?)  ace necessary. For the 
fold ( j = 1) 

and for the cusp ( j = 2). 

2 P z = 4  , y z = 4  

So combining (8) and (9) yields the twinkling exponents associated with the fold as 

V,.l = F 
and combining (8) and (10) yields the twinkling exponents for the cusp as 

-ap Vtn.2 - (12) 
Since the I, are defined as ensemble averages, as k + oo the largest of the available V,,,,i will determine how 
I,,, diverges. For the two cuspoids available, the possible V,, are (for the fold) 

'3.1 = fi 9 v4,1 = 5 , V5,l = 1 
and (for the cusp) 

V3,2 = 4 r V 4 , ~  = a  9 VJ,2 =$ 
thus the largest of each of these gives 

However, the experimental setup is such that almost all of the data are taken trom regions that exclude the cusp 
polnts. This means that although (15) represents the tw~nkling exponents one qhould expect if the entcre wave- 
field were measured in the k -+ w limit, for an experiment with only a tew cusps and a l~rnited range of k ,  the 
exponents are expected to be close to those of fold caustlcs alone [g~ven  by (14)l Theretore for t h ~ s  experi- 
mental work, the predicted approximate functronal dependence for the second through the fifth moments are, 

1 2 = l n k  , I , = k l "  , I, = k2'\ and I, = k . 
The hypothesis tested in the experiments is that these catastrophe theory predlctlons are correct. 

3.1.2 Large number of contributors 
When the number of contributors is large, which corresponds to receive1 locations tar from the rough surface, 
the real and imaginary components of the complex amplitude pressure become Gauss~an d~stributed Gausslan 
quadrature fields imply an ampl~tude, Id, that obeys a Rayleigh probability density tunct~on [7] The result~ng 
lntenslty d l s t r~but~on  will obey a negative exponential probability density tunct~on (PDF) The probability den- 
sity function of lntenslty becomes the exponent~al d l s t r~but~on  
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By knowing that a random process whose quadrature fields obey Gaussian statistics yields an exponential intensity PDF, 
a means of checking if a random process is Gaussian is evident: If the measured intensity PDF is not consistent with the 
predicted exponential PDF then this suggests that the process is not Gaussian. This is important because the focusing dis- 
cussed previously is highly non-Gaussian. As such if the wave field is being dominated by caustics then the measured in- 
tensity PDF should not be in agreement with (17). 

In addition, the moments for the exponential distribution are known to be [8] 

thus giving normalized moments of 

I,,, =m!. (19) 

Clearly (19) has no frequency dependence in ~t and thus does not d~verge  as k + m T h ~ s  1s In dlrect contradlc- 
tlon of the predlct~ons uslng (6) so the lnteractlon of the number of contr~butors I S  clearly ~mportant. 

3.2 Measurements 
The results for four data runs are shown in Figure 3. The specifics for each of the data sets are in Table 1 .  

Set X, range (m) Z, range (m) Number of Frequencies used (kHz)  
sampled 
points 

1 0.1 -> 1.35 0.20 -s 0.21 2505 95 125 275 

Table 1: Experimental conditions for twinkling exponent measurements 

2 3 3 4 4 5 5 
Moment m 

Figure 3 The results for the twinkling exponents vs. moment number for the four data sets. The line shows the 
theoretical prediction ( 13) for the told case. 

Since part of the work involved an improved numerical technique based on(l) .  the resulting computer simulation 
code was also tested for similar regions of interest as the experimental regions. The two experimental sets la- 
beled 3 & 4 in Figure 3 were used as the basis for simulation runs I & 2. The results for the simulation runs are 
shown in Figure 4.  The region scanned in data set 3 (4) is labeled as silnulation 1 (2). The frequencies in 
simulation 2 are the same as for those used in data set 4.  Due to computer time constraints, simulation I, used 
only the lowest three frequencies from the experiment and the simulated region was reduced slightly. 



Sirnulotion 2 

0 
2 3 3 4 4 5 5 

Moment m 

Figure 4 The results for the twinkling exponents vs. moment number for the two computer simulation sets. The 
simulation was an implementation of ( I ) .  The line shows the theoretical prediction for the fold case based on 
(13). 

4. Extraction of distance dependence for I2 
A separate set of experiments was performed to test the prediction that the second moment behavior depended 
upon distance from the surface as well as number of echoes. For these experiments, the pulses used were those 
with the long unit amplitude envelope shown earlier. These pulses were long enough that the various echoes 
could interfere with each other and allow the recovery of the Gaussian wavefield moments. 

For both the experimental data and the simulation data (shown in Figure 5 ) .  the second moments started out be- 
low the Gaussian limit of 2! and grew as the region of the cusps was encountered. After reaching a maximum, 
the value would begin to decrease with distance. For the short pulses, the value would decrease below the 2! 
limit. For the long pulses, the value would settle near 2! at approximately 30 cm from the surface. 

The experimental conditions are show in Table 2. 

X,. range (rn) Z, values (rn)  Short Pulse Long Pul\e 

0.1 -> 1.4 0.035 0.06 0.2 200 k H z  200 kHz 
0.04 0.07 0.25 6 cycles 30 cyclec 
0.045 0.08 0.3 
0.05 0.1 0.4 
0.055 0.15 0.5 

Table 2: Experimental conditions for Gaussian recovery measurements. 

5. Conclusions 
In a caustic dominated wavefield, the higher order moments of the intensity ( m  > 2 )  were found to increase as 
the wave number to an exponent as predicted by theory. High-frequency approximations based on catastrophe 
theory were demonstrated to give physical insight into the non-Gaussian behavior of the intensity statistics in the 
caustic dominated portion of the wavefield. It also explains the transition to the classical Gaussian result for 
regions where the number of ray contributors is large. 

The effort documented here was carried out after a forward scattering experiment off of the arctic ice canopy [9] 
revealed merging of echoes. The results are relevant to other rough surfaces or volume propagation through in- 
homogeneities if these problems are dominated by large scale (relative to the acoustic wavelength) features. For 
surfaces with both large and small scale features further research is needed to understand how the small scale 
features effect the wavefield and thus the higher order moments of the scattered intensity. 
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Figure 5 The normalized second moment as a function of distance from the surface. The Gaussian limit of 2! is 
shown for reference. Panels (a) data and (b) simulation are for the short pulse. Panels (c) data and (d) simula- 
tion are for the long pulse. 
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