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Abstract 
I n  this paper a plane-wave decomposition method is  used to compute the two-dimensional backscattering from a 
buried elastic cylinder as a function of frequency. The cases of a pat water/sediment interface and deteministically 
rough interfaces are considered. For rough interfaces, first-order perturbation theory is  utilized to  compute the 
interface reflection and transmission scatiering matrices. In particular, the situation where the grazing angle i n  
the water column is  sub-critical is considered. In this case, at suficiently high frequencies, t h e  energy scattered 
into the bottom by the rough interface is  dominant. The amplitude and spectral characteristics of the energy 
backscattered by the in.terface itself are also computed. Finally, the accuracy of using a sim,pler, single-scatter 
approximation is  examined. 

1. INTRODUCTION 
In this paper, the backscattering from an elastic-shelled cylinder buried in sediment is considered. In particular, 
the grazing angle of the incident beam is taken to be subcritical. In this case, most of the energy transmitted into 
the bottom is evanescent and for sufficiently high frequencies it would be expected that very little of thls energy 
would interact with the buried cylinder. However, some experiments [1],[2] have indicated that an anomalously 
large amount of energy does, in fact, penetrate into the bottom. Two possible explanations for thls high level of 
energy are: (1) the existence of a Biot slow wave in the bottom [2,3], (2) a rough water/sediment interface which 
causes energy to  be scattered into the bottom [4]. In this paper, the latter concept is ~nvestigated numerically. 
However, instead of simply considering the amount of energy which propagates in the bottom, the amplitude of 
the field backscattered from a buried steel-shelled cylinder is examined. The amplitude of this backscattered signal 
relative to  the noise generated by the rough interface itself is also considered. 

The plane-wave decomposition method for object and bathymetric scattering (see, for example [5],[6]) is used 
as the computational tool. We investigate burial below both flat and rough interfaces. For the case of a rough 
interface, first-order perturbation theory is used to compute the plane-wave scattering matrices for the interface. 
First-order perturbation theory has been shown by other authors [7] to be surpris~ngly accurate for the computation 
of the transmitted field. There has also been related work [a] for the case of an elastic sphere burled below a rough 
elastic interface. 

2. THEORY 
We consider a plane-wave incident upon an infinite elastic cylinder with an angle of incidence of O,, . The cylinder 
is taken to be surrounded by a fluid with sound speed c,, and density p,,. The compressional potential scattered 
by the cylinder has the form 

rn 
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where an are coefficients determined from the solution of a system of equa,tions. This syst.ern of equations is 
derived by assuming Fourier-Bessel series for compressional and shear potentials wit,hin t,he layers of the cylinder 
and then satisfying the appropriate continuity conditions across interfaces. 

The individual azimuthal terms of (1) have a plane-wave decomposition given by: 

where "C" is an appropriate contour in the complex-k, plane, P(k,) is the angle associated wit.11 t,he horizontal 
wavenumber k,, and y, is defined in general as 

Using (2) with (1) it is thus possible to express the scattered field in terms of plane-waves. We will discretize the 
integral of (2). In this case, the effect of the cylinder on incident plane-waves is characterized hy a finite matrix. 

For a buried cylinder, the water/sediment interface modifies the incident field and also res~att~ers the scattered 
field from the cylinder. By characterizing the interface and cylinder in terms of plane-wave scat.tering nlatrices (or 
for a continuous spectrum, operators) we can express the vector of plane-wave components, @ for the scattered 
field in the water column as, 

P'U = Tuu[I - C R ( J D ] - ~ ~ @ D T D D ~ ~ "  (4) 
where Pn is the vector of incident plane-wave components. In (4) Tuu and TDD denote t,ransmission matrices for 
downgoing and upgoing plane-waves across the interface. For a flat interface, these matrices are diagonal. For a 
non-flat interface, a single plane-wave will scatter into a continuum of other plane-waves and t.l~ese matrices will 
be full. The matrix OD is diagonal and advances the vertical phases of the downgoing waves bet,ween the interface 
and the cylinder centre. For propagating wtves these phase-factors have unity norm; for eva.nescent waves these 
factors are decaying exponentials. Finally, C  G OuC and RUD G ODRUD where C is the scatt,ering matrix for 
the cylinder (for the scattering of downward incident plane-waves into upgoing plane-waves) ,RriD is the interface 
reflection matrix for upgoing waves in the basement and Ou advances the phases of upgoing plane-waves. A 
schematic diagram of the scattering geometry with some of the operators indicated is shown in Fig. 1 
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Plane Wave 

Figure 1: A schematic of the seatierang geometry 

In the case of a non-flat interface, it is non-trivial to compute the elements of TDD,Tuu and RuD for general 
interfaces. We will assume that the interface is of the form 

where h(z)  is much smaller in amplitude than a wavelength and that first-order perturbation theory will suffice 
to compute the scattering coefficients. In order to derive the perturbation theory t,he compressional pot.entia1 in 



the water, 4, is taken to  have the form 
m 4 W -  - e:(k~z--r~t) + R ~ ~ < ~ O ~ + ~ W Z )  + n(~)C~IXr+rulXl- l d ~  Lm 

and in the sediment the compressional potential 4,, has the form 

where 7, and 7,, are the vertical wavenumbers In the water and sedinlent respect~vely The coefficients Ra and 
To are the plane-wave reflection and transmission coefficients for the unperturbed flat ~nterfacc The contnluity 
equations whlch need to be satisfied at  the water sediment interface are 

and 

Substituting (6) and (7) into (8) and (9) and expanding for h(x) and hl(x) small, the lrad~ng ordel expressloll 
for a(X) and b(X) are obtained. We will not carry out the straightforward cleta~ls here It 1s ~nlportant to note, 
howev-r, that the coefficients a(X) for the backscattered d~rection (negative values of the wavenumby k,) depend 
upon hilkol+lkxl) whereas the coefficients for the scattered field in the forward d ~ r e t t ~ o n  depend up011 h(lko1- Ik,l), 
where h denotes the Fourier Transform of h 

We now cons~der a particular set of rough interfaces. These interfaces have the form 

The parameter Lo allows us to control the wavelength of the perturbation and u its effect~ve lateral extent. The 
amplitude of the perturbation is controlled by 6. The Fourier Transform of bhe surface as defined in (10) is 

In the numerical computations the amplitude 6 will be decreased linearly as a functlon of frequency, In order that 
the height of the perturbation remain a fixed ratio of a wavelength. 

We can make a simple prediction of the frequency dependence of t!lese spectral curves Recall that the 
amplitude of the forward scattered field is approximately proportional to h ( b  - k, , , )  or 

We also recall that for k > k, = 2lrf/c,, the energy in the bottom is evanescent We first co~lsider the s ~ t u a t ~ o n  
where the acoustic wavelength is smaller than the wavelength of t,he interface roughness. Cons~der~ng the second 
exponential in (12) and writing k = k,q, k,, = 2n f co~($~) /c ,  and ko = e n ,  where By denotes grazing angle, we 
derive the relation 

in order that the exponential's argument be zero. The maximum possible of q 1s un~ ty  before the dominantly 
scattered energy in the bottom is evanescent (recall that k = k,q) and the value of the frequency for which this 
occurs is given by 

ffcz.5 
frnax = 

2[cz,/cw cos(@g) - 11 ' 
We do not expect s~gn~ficant energy to propagate In the bottom for acoustic frequencies much greater than thls 
value. 

On the other hand, if ko is very large then there will not be significant scattering In the bottom for frequencies 
which are too small. Followmg a similar analys~s as before, it can be estimated that there will only be s~gn~ficant 
enhanced propagation in the sediment for 

For small values of frequency, the evanescent energy which is present in t,he sediment, regardless of the interface 
roughness, may dominate. 

Another feature which can be derived from (12) is that for a frequency lying in t.he bounds of (15), the direction 
of the dominant energy in the sediment is in the -k, direction for the lower value of the frequency, increases to 
normal incidence with increasing frequency and then finally at  the maximum frequency is nearly Iiorizontal in the 
+k, direction. 
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3. NUMERICAL EXAMPLES 
We consider an air-filled steel-shelled cylinder (cp = 5950 m/s, c,h,,, = 3240 m/s and p = 7.7g/cm3) of 15 m m  
thickness and outer radius 0.25 m. We consider an incident field with a plane-wa,ve spectrum of t,he form 

where kz = w cos(20°)/c, and ub = 0.025w/cW will be used in the computat~ions. Thus a beam centred about 
the grazing angle of 0, = 20° is produced, directed towards the centre of the cylinder. For angles approximately 
f 3.85' on either side of 20°, the beam has e-' of its maximum amplitude. I11 Fig. 2 we show t.11e spect.rum of 
the backscattered field a t  a receiver located a t  x=-2.747 m and z=1 111 relative to the cylinder centre when the 
surrounding fluid has parameters cp = 1700 m/s and p = 1500 kg/m3. This receiver location corresponds to  a 
direction of -20° with respect to  the cylinder centre (measured from the horizont,al axis); thus we a,re considering 
a monostatic scattering geometry. We have computed the scattered field in t,wo ways: (1 )  we used the pla,ne-wave 
decomposition method (solid line) (2) we solved the scattering problem explicit,ly in t.erms of t.he Fourier-Bessel 
series for different incident plane-wave directions and then summed the result,s t,o produce t,he bean1 response 
(dashed line). As can be seen the two methods give essentially identical results 
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Figure 2: Specirum of backscattered field for surrounding fluid cp = 170011t/s,p = 1500kg/m3 as computed for an 
incident beam, using the plane-wave decomposition method(so1id line) and a Foarier-Ressel series npproach(dashed 
line) 

We now consider the incident beam to  be in the water column (cp = 1500m/s,p = 1000kg/in3) and the cylinder 
in the sediment (cp = 1700m/s, p = 1500kg/m3) buried 0.5 m (2 radii) below the interface. For t,his sediment the 
critical grming angle in the water column is equal to  28.1' and therefore the cent.re angle of t.he incident beam is 
8' below critical. In Fig. 3a we show the field that  is transmitted into the sediment for a frequency of 20 kHz. 
As can be seen, very little energy is transmitted into the sediment in this case. The fields that  a.re scattered (the 
incident field is not shown) by a cylinder buried in the same sediment, but for a rough interface (ko = 4n), are 
shown in Figs. 3b and 3c for frequencies of 10 kHz and 20 kHz are shown. As can be seen, there is now significantly 
more energy in the bottom than in Fig. 3a. The scattered field is in fact st,rongest behind the cylinder where the 
total field would be a shadow zone. I t  can also be observed that  directionality of t.he field is different for t.he two 
frequencies. This is in accordance with the predictions from (12). It can also be seen t,hat t,he most energy is, 
in fact, backscattered a t  angles close to 90' back into the water column and t11a.t t,he amount. of energy which 
reaches the receiver position is relatively small. In these and following computat,ions, the value of 6 is varied with 
frequency so as to  be A120 (A EE wavelength) and u in (10) is equal to 2. The rougl~ness pat,ch has it.s largest 
amplitude directly above the cylinder centre. 

In Fig. 4 we show a plot of the backscattered spectral amplitudes for various rough interfaces. I t  can be seen 
that  the Gaussian and flat bathymetries produce almost the same spectral response. The sinusoidal bathymetry 
with ko = 4~ produces a spectral curve which is significantly higher t.llan t,lle no-roughness curve for f 2 8kHz. 
The spectral curve for the sinusoidal bathymetry with ko = 0 . 7 5 ~  is initially higher t,llan t,he no-roughness curve 
but approaches it for increasing frequency, which is consistent with the behaviour as predicted I,y (15). The level 
of backscatter for the ko = 47r curve is approximately equal to 2% of the level for t,he freespace curve of Fig. 2. 
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Figure 3: Top figure 8s znczdent pressure field at 20 kHz; second figure zs the pressure field scattered by the cylznder 
at 10 kHz for a rough znterface (ko = 4n); thard figure zs the scattered pressure field ~t 20 kHz for the rough 
tnterface 
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Figure 4: Backscattered energy spectra for dzfferenl types of surface roughnesses: no roughness (solzd l zne ) ,  Gaus- 
szan profile (dashed), smusozdal (ko = 4s) (dash-dotted) and sznusozdal (ko = 0 7 . 5 ~ )  (doffed)  

We now consider a flat interface and an interface with ko = 4s, in the case that the sediment has an attenuation 
of 0 .5dBlA .  The spectral curves for this case are shown in Fig. 5 .  As would be expect,ed, the levels are less in this 
case and decrease with frequency. Also, note that most of the resonance structure of the curves has disappeared. 

Frgure 5: Backscattered energy spectra for no roughness (solzd lane) and sznusozdal (kn = 47r) (dash-dotted) znter- 
faces zn the case that there zs an attenuatzon of 0.5 dB/A zn the sedzment 

1.2- 

I - '  

We have seen that the presence of a rough interface increases the amount of energy in the sediment and leads 
to an increased amount of backscatter from the cylinder. However, there will also be increased hacltscatter from 
the ~nterface itself and this will interfere with the backscattered energy from the cylinder In Fig. 6 below we 
show the computed backscattered energy from the interface (ignoring the flat interface specular component) as a 
function of frequency (solid line) as well as the backscattered energy from the cyl~nder As can be seen the energy 
backscattered from the interface dominates until f=10 kHz. Of course, in the time domain ~t maybe possible 
to separate the two types of energy, even when the reverberant energy do~ninates, by using appropr~ate filtering 
techniques. 

Finally, we consider the modelling issue of when a single scatter approximation may be used That IS, instead 
of computing all the multiple interactions between the cylinder and the water/sediment interface above lt, we may 
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Figure 6: Backscattered field from the znterface (solzd Irne), and backscattered szgnnl from burzed cylander (dash- 
dotted) for sznusordal (ko = 4a) rnterface 

approximate the scattering process as an incident field upon the cylinder, accounting for transmission through 
the rough interface, a single, free-space scattering (using the parameters of the surrounding sediment), and then 
transmission back into the water column. For the retransmission back into the water column from the sediment we 
consider two subcases; (1) we use the transmission coefficient for the flat interface (2) we account for the roughness 
for this second transmission process. There are computational advantages if the single scatter approximation is 
accurate; a variety of propagation codes can be used to propagate the incident field up to the scatterer and to 
propagate the scattered field away from the object. The scattering from the object can be computed using a free- 
space code. This type of approach has been used previously by other authors for waveguide scattering problems 
(see, for example, [9],[10]). In Fig. 7 we show the backscattered spectral curves using the exact solution (solid h e ) ,  
using the single scatter approximation with the flat interface transmission coefficients for transmission back ~ n t o  
the water (dashed line), and the single scatter approximation with the rough interface transm~ssion coefficients for 
transmission back into the water. As can be seen all three curves are very close, except near the strong peaks at  

04  m , , , , , , , , C 
0 2 4 6 8 10 12 14 16 18 20 

Frequemy (kHz) 

Figure 7: Backscattered field from the cylznder for the rough znterface (ko = 4x) using the eruct solvtzon (solzd 
lane), the srngle scalter appmxzmatton wrth sample retransmzssron back znfo water (dashed lzne), and the szngle 
scatter approxzmatton wzth rough tnterface retransmzss:on back- znto the water (dotted h e ) .  
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approximately 2kHz where using the correct rough interface transmission coefficients for retransmission into the 
water has a noticeable effect. 

4. SUMMARY 
It has been showed that the plane-wave decomposition method can be combined in a straightforward fashion 
with perturbation theory to compute scattering from objects buried below a rough interface. It was found that, 
for the case where the energy would normally be evanescent in the bottom, a rough i~lt~erface can significantly 
increase the amount of object backscattered energy observed at  a receiver in t,he water colu~nn. In fact, at  
sufficiently high frequencies this energy is higher than the energy backscattered from the interface itself (ignoring 
the specular component from the flat interface). The amount of energy and the directionalit,y of the energy in 
the bottom depends upon the wavelength of the interface roughness. Finally, we have shown t,hat a simpler (a.nd 
computationally faster) single-scatter approximation can probably be used in many conlputations. 
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