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Abstract 
The primary limitation on system performance for active sonars is reverberation - the reradzalion of acoustic 
energy back to  the receiver from inhomogeneities in the physical properties of the mediarn and its boundaries. A new 
technique for modeling reverberation using an autoregressive power spectral density fuaction lo  describe the mnge- 
scattering funclion of the reverberation channel is presented. The method is used to estimate the range-scatten'ng 
function from sampled reverberation time-series. 

1. Introduction 
Fkverberation - the reradiation of acoustic energy back to the receiver from inhomogeneities in the physical 
properties of the medium and its boundaries can be particularly bothersome in shallow water when contributions 
from surface, volume, and bottom reverberation are present. Many techniques for modeling reverberation have 
been proposed, developed, and tested. These efforts have been motivated primarily by either lhe need to simulate 
reverberation time-series data to test existing processing techniques ([I], [2 ] )  or the desire to formulate new 
detector-processing structures [3]. A new technique for modeling reverberation that can be used to address either 
of these two issues is presented below. 

2. Linear Systems Theory Approach To Reverberation Modeling 
Small amplitude acoustic signals are governed by the linear wave equation [4];  therefore, reverberation can be 
analyzed using a linear, time-varying filter. The input/output relationship of such a filter is 

where s ( t )  is the input signal, y ( t )  is the output signal and h ( t ; r )  describes the output of the filter at  time t 
due to  a unit impulse applied T seconds earlier. It is assumed that s ,  and tl?erefore, y have negligible energy 
outside a band centered at  some carrier frequency and can be designated as band-pass signals [3]. Analysis then 
continues with the equivalent lowpass complex representation of these signals a.nd the impulse response h,. To 
simplify notation, it is now assumed that s ,  h ,  and y refer to their complex lowpass representations. 

Equation (1) will be equated to the system shown in Figure 1. Specifically, the deterministic signal s ( t )  is the 
transmit waveform and y ( t )  is the resultant reverberation time-series. The time-varying filter h ( t ;  r )  models the 
effects of system parameters, propagation effects, and scattering effects and will be referred to as the "impulse 
response" of the reverberation channel. From this model it can be seen that r is a variable representing time delay. 

A simple approach to modeling the reverberation channel that has found widespread use assuines a first-order, 
uncorrelated scattering model [5]. It is assumed that the scattering regions are uncorrelated with each other 
no matter how closely spaced in the time-delay variable r ,  and, at  ea.cb time delay, the impulse response is a 
sample function of a stationary, zero-mean, complex Gaussian random process. These assumptions are typically 
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referred to as the "wide-sense stationary, uncorrelated scattering (WSSUS) assu~nplions." Because of the zero- 
mean, Gaussian assumption, the reverberation channel is completely characlerizecl by bhe second-order statistics 
of h(t; r ) .  As a result of the WSSUS assumptions, the correlation function of h(t; r )  has Llle unique structure 

That is, in the variable t ,  the correlation function is only a function of the time cl~fference At = t l  - t 2 ,  and in the 
variable T ,  the correlation function has the structure of a nonstationary, white-noise process. 

The time variations of the reverberation channel are caused by the mot1011 of the inedium inhomogeneities and 
the motion of the transmit/receive array relative to the medium. As measured by 111e variable At above, this 
motion manifests itself as a Doppler spread of the transmitted waveform. Under certa~n conditions [6] tallat are 
assumed to  hold in this development, the channel can be assumed to be time invariant so that (1) reduces to a 
simple convolution integral 

and the correlation function in (2) reduces to 

Now the impulse response of the reverberation channel is just a realization of a nonstationary, complex Gaussian, 
whit+noise process where the average intensity function rh(r) is referred to  a.3 the "range-scattering function" 131. 
Although rh(T) is a causal function of time delay and, in theory, is of infinite extent, for all practical purposes, 
there is a range of values of r over which rh(r) is essentially nonzero. This limit w~ll  be cienotecl as TI&. It is often 
referred to as the "multipath spread of the channel" [7]. 

The continuous-time Fourier Transform (CTFT) of h ( r )  is also a stochastic process with correlation function, 

that is only a function of the frequency difference A  f = f 2  - fl and therefore can be written as 

Therefore H ( f ) ,  the random transfer function of the reverberation channel, is a wide-sense stationary (WSS), 
zero-mean, complex Gaussian process. Also note that, from the Wiener-Khinchen theorem , 

That is, the range-scattering function is the CTFT of the correlation function R H ( A f ) .  R H ( A f )  is referred 
to as the "two-frequency correlation function" [3]. Since Ru(A f )  is an autocorrelation function in the frequency 
variable A f ,  i t  yields a measure of the frequency coherence of the channel. If jl, denotes a measure of the coherence 
bandwidth, then fh  = &. Two sinusoids with frequency separation greater than f h  are affected differently by the 
channel. It can also be shown that the time-varying intensity of the reverberation is 

In summary, a range spread reverberation channel has been modeled as a random, time-invariant, linear system 
with a WSS, zero-mean complex Gaussian transfer function H ( f ) .  The correlation function of the transfer function 
is the two-frequency correlation function in (6) and its power spectral density (PSD) function is the range-scattering 
function in (7 ) .  Knowledge of either of these second-order statistics completely characterizes the reverberation. 
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Figure 1: Linear System Model for Reverberation 

3. Discrete Processes 
The ultimate goal is to estimate the range-scattering function rh(r)  from reverberation time-series data, and to 
this end the transfer function H(f)  is now sampled at  equally spaced intervals 6f along the frequency axis. The 
motivation being that (6) and (7) are equivalent to a PSD estimation problem in the time delay (T) and frequency 
(Af)  domains. For the present time, it is assumed that access to the samples is available. Later it will be shown 
how to extract this information from the reverberation time-series data. The discrete-time process 

is formed. H[n] is a discrete-time, zero-mean, complex Gaussian WSS process with autocorrelation function 
R[m] = Rx(A f = m6 f).  As such, the z-transform of R[m] can be defined as 

When z is limited to the unit circle, r(s)  is the discrete time Fourier transform (DTFT) of R[m]. In addition, if z 
is expressed as a continuous function of r with 6 f held fixed, then on the unit circle, z(r)  = ej2"76J and 

m 

r ( r )  = P(z(T)) = p(ejZTT6f ) = ~ 1 ~ 1 ~ - j ? r n 1 r 6 f  
m=-m 

(11) 

and it is seen that T(T), the DTFT of R[m], is the PSD of the WSS process H[n]. Note that r ( r )  is periodic in T 
with period = 116 f .  

Since R[m] was derived by sampling the continuous function Rx(A f )  a t  equally spaced samples 6 f along the 
frequency axis, the sampling theorem yields, 

that is, the PSD of the WSS process H[n] is equal to a periodic function of T that is 'a scaled, illfinite sum of 
displaced replicas of the scattering function rh(r ) .  AS long as the sampling interval in the frequency domain 
satisfies 

aliasing in the time-delay domain is kept to a minimum and r ( r )  is a good approximation (to within a scale factor) 
of T ~ ( T ) .  Note that in order to minimize aliasing, the frequency samples  nus st be spaced less than the coherence 
bandwidth of the channel (6f 5 fh).  

3.1. Autoregressive Processes 
It is now assumed that only a finite number of samples (H[n], n = 0 ,1 , .  . . , N - 1) are available and that r ( r ) ,  
which was previously shown to be a good approximation to the scattering function rr,(r), is desired. The problem 
now falls into the category of PSD estimation - determining the spectral content of a random process based on a 
finite set of observations from that process. Typically, the set of observations is made in the time donlain and the 
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PSD estimate generated in the frequency domain, so it is important to reineiiaber that in the crirrent problem, the 
observations are made in the frequency domain, and the spectral estimates are gelierated in the tinae-delay domain. 

The approach taken in this effort assumes that H[n] ,  n = 0 ,1 , .  . . , N - 1 are samples of a zero-mean, complex 
Gaussian, autoregressive process of known order p (referred to as an "AR(p) process") [8] 

Here p is the order of the autoregressive process, a = [a[l] a[2] . . . u [ ~ ] ] ~  is a vector whose elements are the co~nplex 
AR coefficients, and ~ [ t ]  is a complex Gaussian, white-noise process with variance u2. The PSD of H[k] is 

where T' represents a normalized time delay 

'This result is consistent with the requirement for minimizing aliasing in the time-delay domain, and the funda- 
mental period of r' is chosen to be 0 < r' 5 1. 

4. Maximuin Likelihood Estiination Of The Range-Scattering Fu~lction 
In this section inaximum likelihood estimates (MLEs) of a and u2 denoted as a and 5' are developed [9]. When 
these estimates are substituted into (15), a inaxinlum likelihood estimate of the PSD (range-scattering function) 
is produced: 

8' 
71(r1) = 

11 + EL=, &[m] exp(-j2rmr')12 ' 

(17) 

Recall that the MLEs are based on the data set H[n] ,  n = 0 ,1 , .  . . , N - 1, which is denoted in vector form as H. 
The approximate (actually conditional) probability density function (PDF) of H is: 

where the vector of unknown parameters O = [aTu2IT, N' = N - p and u[O] = 1 Ma?timizing this fuilction with 
respect to u2 yields 

When a is replaced by its MLE, u2 becomes 8'. 
The MLE of a is found by minimizing J ( a )  in (19). Note that J ( a )  is a quadratic with respect to the a[k]'s 

and can be written as 

where 

and 



Minimizing J (a )  with respect to  a  yields 

and substituting (23) into (19) yields 

where P& is the projection matrix 

5. Processing Reverberation Time-Series 
The previous development assumed that  salnples from the random process H [ I I ]  were readily available. In reality, 
a finite set of samples must be derived from the time-series y ( t )  These ca.n be obtainecl a.s follows. Recall that 
s ( t )  is a complex lowpass signal and y ( t ) ,  h( t )  are complex lowpass random processes. Assun~c: that  the energy 
of s ( t )  is negligible outside the band - B / 2  5 f 5 B / 2 .  Also assume that the bandwidth of tlie signal is greater 
than the coherence bandwidth of the channel, B > fh ~s l lr , , .  Sample y(t)  with sa~nple  periotl At = &, and form 
the discrete-time version of ( 3 )  

where s[n] = s(t = n A t ) ,  h[n] = h(t = nAt ) ,  y[n] = y(t = nAt ) ,  NT = Nh + N s ,  Nh = 2,  N, = 2 and T, 1s the 
duration of the t r a n s m ~ t  waveform The d~screte-tune system replaces the cont~nuous-t~me system wlth negl~g~ble  
loss of information Equation (26) represents a tapped delay line model oE the reve~beratlon channel [3] 

Now assume that  T* > TS so  that  Nh >> N, and assume that  N w NT % NI, samples of y[n] ale collected Per- 
forming an N point d~screte Fourler transform (DFT) on y[n], tlie llnear convolut~on 111 (26) can be approslmated 
with a circular convolution and can be wrltten ln the frequency domaln as 

where theDFTofy [n ]1sde f ined tobe? [k ]=~ , "~~y[n ]exp( - j2~nR/N) ,  k = 0 , 1 ,  , N - 1  
Now &[k] is derived from ?[k] by dlvislon under the assu~nption that S[k] # 0 ,  R = 0 , 1 ,  , N - 1 

Given the sampl_e period above, the_ D F T  approximates the C T F T  reasonably well, that  IS, p [k ]  can be 
replaced with Y [ k ] ,  S[k] with S[k ] ,  and H[k]  wlth Y [ k ]  Also note that  the d~screte frequency ~nclea k  corresponds 
to  frequencies & x SO the sample period of the DFT output IS < $, which satisfies the requirement 
to  minimze aliasing of the scattering function 111 (13) Note also that the h[n] are samples from an ~ndepenclent, 
complex Gaussian random process, that  1s h[n] - CN(0 ,  r [ n ] ) ,  where 

The tap  weights of the tapped delay line model are independent, zero-mean, complex Gaussian rand0111 variables, 
where the variance of h[n] is r [n] .  Finally, from (12),  (15),  (16) ,  and (28), ~t can be seen that  

The r[n] are referred to  as the "sampled range-scattering function" and are t<he quantities that  are estimated with 
the MLE technique described in the previous section. In order to illustrate the efficacy of thls approach and poilit 
out some of the processing details, several examples using actual in-water da ta  are presented in the next section. 
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Figure 2: Time-series: P ~ n g  1 

Frequency Sample 

Figure 3: Spectral Content of Ping 1 

6. IN-WATER RESULTS 
The data were collected In approximately 100 meters of water. The sonar array transm~tted a large t~me-bandwidth 
waveform (T, x 0.3 seconds, B z 2000 Hz) and received the reverberat~on return whde operat~ng at  a depth of 
approximately 30 meters. The element level data of the sonar array were processed to produce a dlgital version 
of the complex lowpass representation of the reverberation returns and the sum hearn tmle-series was generated 
from the element level outputs. This is the time-series referred to as "y[n]" in (26) F~gure 2 1s the reverberation 
return time-series from the data set designated "P~ng 1." 

Figure 3 shows the spectral content of the time-ser~es data of P ~ n g  1 obta~ned by perfornl~ng a DFT on the 
data. Note that this time-ser~es possesses good spectral support over a w~de frequency range (1 e , S[h] # 0 over 
a wide range of frequencies) S~nce the AR model~ng approach requires the estimat~on of only a small number of 
parameters ( p +  1, and in the examples shown In t h ~ s  sect~on, p = 13 was chosen), not all of the data in Fyure 3 
must be processed Frequency samples 5000 - 6000 were chosen for this esa~nple and the deconvolut~on operat~on 
was performed. 

When these data are inserted into (17), the MLEs of the AR coefficients produce an MLE of the sampled 
range-scattering function shown In F~gure 4 When this scatter~ng funct~on est~mate is convolved w ~ t h  the squared 
magnitude of the transmit slgnal (essentially a boxcar function of duration T, seconds), an est~mate of the intensity 
of the rece~ved time-ser~es is produced (see (8) for the continuous-tune version of t h ~ s  relat~onshlp) F~gure  5 shows 
the intensity estimate for Ping 1. Note that there are transient effects contained 111 the results, but  when these 
effects are removed and the ~ntensity est~mate 1s plotted along with the onginal t~me-series data, as 111 Figure 6, 
the intensity estlmate follows the complex structure of the reverberatlon t~ine-series very closely 

The scattering funct~on estimate (Figure 4) was then used to generate a real~zat~on of the random  inp pulse 
response via the use of a random number generator. This impulse response was used to smlulate a reverberat~on 
time-series vla (26) F~gure  7 shows a plot of the original time-series m the top trace and the s~mulated time- 
series in the bottom trace. The s~milar~ty  between the two time-series appears to be rather close, ~ n d ~ c a t ~ n g  that 
AR modeling of the range-scattering function shows promise. Note that add~t~onal  s~mulated real~zat~ons of the 
time-series can be obtained by simply generating new real~zations of the ~mpulse response us~ng the estimate of 
the sampled range-scattering function and the random number generator. 

Another data set was examined to test the robustness of the AR approach. Data set des~g~lated ' 'P~ng 2" was 
processed In the same manner as P ~ n g  1 This lllcludes uslng the same   nod el order p = 13 Smce the sonar was 
moving through the water, these data were taken in slightly d~fferent water ~llass fro111 P ~ n g  92 F~gure  8 ~ 1 1 0 ~ s  
the ~ntensity function est~mate and the ~n-water time-series for Ping 2. Co~npar~ng F~gures 6 and 8, ~t IS read~ly 
seen that each of the time-ser~es 1s quite d~fferent, but the AR approach 1s able to capture the co~nples structure 
of each. 
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Figure 4: Scattering Function Estimate: Ping 1 
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Figure 5: Intensity Function Estimate: Ping 1 
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Figure 6: Intensity Function Estimate and Time-series: Ping 1 
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Figure 7: Actual and Simulated Time-series: Ping 1 



106 High Frequency Acoustics in Shallow Water, NATO SACLANTCEN, Lerici, Italy 30 June - 4 July 1997 

48.5 1 1.5 2 2.5 3 3 5  
Time (seconds) 

Figure 8: Intensity Function Estimate and Time-series: Ping 2 
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