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High-frequency normal-mode calculations in deep water

M. C. Ferla, F. B. Jensen, and W. A. Kuperman?®

SACLANT ASW Research Centre, 19026 La Spezia, Italy

(Received 20 November 1981; accepted for publication 2 April 1982)

A method has been developed to perform high-frequency deep-water normal-mode calculations
in the multikilohertz region in water depths of the order of 5 km. The results from this technique
agree with fast field program (FFP) solutions as well as with infinite-frequency solutions in the

appropriate limit. The wave-theory calculations presented therefore provide a set of test cases for

future numerically more efficient approximations.

PACS numbers: 43.30.Bp, 43.30.Jx, 43.20.Ks, 92.10.Vz

INTRODUCTION

There are two basic problems associated with perform-
ing high-frequency deep-water normal-mode calculations.
The first problem is that in deep water the number of modes
is approximately of the order of the frequency and lengthy
calculations must therefore be performed. Of course, there is
a regime where “uncorrected” ray theory is a good approxi-
mation and also over the last few years “corrected” ray the-
ory' and ray-mode theories’™ have extended the applicabi-
lity of the asymptotic ray formalism. The second problem is
that numerical instabilities occur because the lower-order
modes are ‘“‘trapped” in the deep sound channel and are
hence evanescent outside the channel. Under these circum-
stances, the eigenvalue search becomes unstable when the
numerical algorithm attempts to calculate the eigenfunc-
tions in regions from where they are essentially zero to where
they have a finite value and then again back to zero. Multi-
ple-shoot eigenvalue techniques® can alleviate some of these
instabilities but such methods have not yet been applied to
the multikilohertz region.

In this paper we present a simple, fast technique for
alleviating the abovementioned problems. This technique is
not limited to a specific normal-mode computer program
and can be included in most existing programs, even those
that use multiple-shoot techniques. In Sec. I we present the
method with an example, and we compare the normal-mode
results with standard ray-theory calculations. The examples
presented in Sec. I also provide a set of test cases for future
numerically more efficient approximations. In Sec. II, as an
additional confirmation of the accuracy of this procedure,
we compare our normal-mode high-frequency results with
analytic ray theory (infinite frequency) solutions where, of
course, normal-mode calculations do not encounter caustic
problems.

l. THE METHOD

The technique we use is simply to put the mode func-
tions to zero where they are essentially zero (by straightfor-
ward physics arguments) rather than to try to calculate small
numbers. This automated precedure, which is similar to the
approach used by Guthrie’ for computing SOFAR duct
modes, saves computation time and eliminates the basic in-
stabilities.

“ Present address: Naval Ocean Research and Development Activity,
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In cases where numerical instabilities exist for the lower
modes, we know that there are higher modes that are not
evanescent and are easy to calculate. Therefore we start the
calculation with the highest-order mode and progress down-
ward in mode number. We test the mode functions to deter-
mine if they become evanescent by checking if and at what
depths the vertical wavenumber becomes imaginary, that is,
when

k?z)— k7 <O, (1)

where k (z)is w/c(z) and k,, is the eigenvalue of the n th mode.
When a mode is found to be evanescent, we know that the
next lower mode will be even “more trapped’ in the sound
channel. We therefore reduce the size of the water column to
where the last mode was evanescent and had a negligible
value (in our examples 10~ '° times the maximum ampli-
tude). As we go down in mode number, we keep shrinking
the size of the water column based on the structure of the
lowest mode calculated, with the result that the calculation
is both stable and fast (because we are using fewer and fewer
integration points for calculating those modes that previous-
ly were the most difficult to calculate). In addition, the
boundary conditions used for this numerical procedure are
simplified since we require that the mode functions and their
derivatives vanish at both upper and lower boundaries of the
reduced region of calculation.

We have installed this deep-water high-frequency capa-
bility in a previously developed normal-mode program® that
had already undergone extensive model/model” and model/
data comparisons.'® Without this technique, the highest fre-
quency that could be used in calculating all the modes in 5-
km water depth was about 200 Hz. At this frequency, both
the previous method and the one described in this paper gave
identical results. At higher frequencies the new technique
has been checked against fast field program'"'? (FFP) solu-
tions.

In Fig. 1 we illustrate numerical results for a water
depth of 5 km and a frequency of 3.5 kHz. Part of a typical
deep-water profile is shown together with some of the result-
ing modes. The inner lines show where the modes have been
determined to be evanescent as calculated from the above
formula. The outer lines display where the water column has
been automatically truncated as we go down in mode num-
ber. Propagation loss is obtained by summing all the modal
contributions. Before we present the propagation-loss re-
sults, we show in Fig. 2 a ray-trace calculation 13 for a source
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FIG. 1. Deep-water profile with asso-
ciated mode functions.
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at a depth of 1000 m, the axis of the sound channel of the
profile shown in Fig. 1. Rays are calculated leaving the
source with angles between + 10°. Of course, the number of
modes involved in the problem increases with beamwidth.
We have here and in the following example limited the beam-
width in order to keep the total computing time within rea-
sonable limits, though demonstrating that we are able to
compute the lower-order modes, which are the most difficult
modes to evaluate using standard mode programs. In the
following comparison between ray-trace and normal-mode
propagation-loss calculations we have neglected volume loss
in both models for display purposes. Furthermore, knowing
that the two models use different profile interpolations
(curve fitting and linear) we have inputted about 400 profile
points in order to ensure that the two models solve for the
same environment.

Figure 3(a) shows the result with the source on the axis
and the receiver at 2500-m depth. The dashed curve is the
ray-theory result. If we return to Fig. 2 and follow the
dashed line at 2500-m depth, we see that the shadow zones in
Fig. 3(a) correspond to the regions where there are no rays.
The normal-mode calculation shown in Fig. 3(a) results from
summing the 1439 modes corresponding to the limiting an-
gles of the rays leaving the source. Here we see that there is
basically good agreement in high-intensity regions but that
the ray calculation does not agree with the normal-mode
wave-theory solution in the “shadow” regions, where wave
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5000

FIG. 2. Ray trace for source on sound-channel axis (beamwidth is + 10°).
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theory predicts a finite though low field level. Of course,
there is a strong physical correspondence between the nor-
mal-mode result and the ray result. Hence, ray theory pre-
dicts, from Fig. 2, single-ray arrivals from 10 to 20 km and
again from 30 to 40 km. The normal-mode result shows this
by the lack of a distinct interference pattern in these regions.
In the intermediate region from 20 to 30 km, we see from the
ray trace that we are in a region of multiple arrivals, and
hence we see the interference pattern in the normal-mode
result. There is this one-to-one correspondence in all the re-
sults in Figs. 2 and 3.

On-axis calculations are also interesting. Figure 3(b)
shows the corresponding results from normal-mode and ray
calculations. Notice in Fig. 2 that there are no rays above the
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FIG. 3. Propagation loss versus range for source on sound-channel axis. (a)
Receiver below axis; (b) receiver on axis.
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FIG. 4. Vertical distribution of the acoustic fields for source on sound-chan-
nel axis. (a) Range 25 km; (b) range 50 km.

sound-channel axis at ranges from about 10 to 30 km. In this
range interval, the ray calculation predicts a sharp shadow
zone (aray trace artifact), whereas the finite-frequency wave-
theory result does not show this feature. The agreement im-
proves after 30 km when more of the water column is insoni-
fied above the sound-channel axis.

In Fig. 4 we compare the two types of calculations for
the vertical distribution of the field at the two ranges (25 and
50 km) indicated by the arrows in Fig. 2. Again we see that in
high-intensity regions the agreement is good, while only
wave theory predicts some field intensity in the shadow re-
gions.

Il. COMPARISON WITH ANALYTIC RESULTS

The results presented in the last section were for a real
ocean profile. There also exist profiles from which one can
obtain analytic solutions to the ray equations. These solu-
tions are valuable since they can be used to check numerical
solutions. In this section we will compare our numerical so-
lutions with the analytic solution for the parabolic profile

c(z) = co(1 + @*2). (2)

If 6, is the angle of emission of a ray from the source, then for
small angles the trajectory of the ray can be analytically ex-
pressed to order 0 as'
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z = (6,/v2a) sin(vV2ar), 3)

where 6, is in radians; 7 is range and hence there is perfect
focusing at range multiples of

ro=m/vV2a. (4)

Notice also from Eq. (3) that for a given range, the depth z of
aray is directly proportional to 8, which means that rays are
equally spaced as a function of depth. Hence the density of
rays is constant over depth and therefore the intensity is
constant over depth (for the small-angle approximation to
order 7).

Figure 5(a) shows a ray trace for the source on the axis
of the parabolic profile (the parameter “a” is 0.163 km ™'
leading to a focal range of 13.6 km); the beamwidth is + 4°.
Figure 5(b) is the contour of the field from a normal-mode
calculation where we have limited the number of modes to
correspond to the above beamwidth, i.e., the first 222 modes
for a frequency of 5 kHz. To make the comparison easy, we
have here taken out both volume attenuation and cylindrical
spreading. We clearly see the focusing as described by Eq.
(4). The vertical contour lines in Fig. 5(b), for the normal-
mode computation, indicate constant intensity in the inter-
nal regions as a function of depth at a given range corre-
sponding to the equal spacing of the rays in Fig. 5(a). The
essential difference between the calculations is the finite-fre-
quency effects of the normal-mode calculation, i.e., the de-
gree of focusing, and that the decay of the field outside the
insonified region is a function of frequency.

We can explicitly see this frequency effect by examining
the field as a function of depth at a mid-cycle range and at a
focal point. In Fig. 6 we plot the field at mid-cycle range (6.8
km) from 50 to 5000 Hz. Since the sound channel is symmet-
ric around the source depth, only odd-number modes are
excited (even-number modes have a null on the axis), and the
curves in Fig. 6 result from adding 1, 2, 11, and 111 modes,
respectively. We see that as we go to high frequency the
intensity approaches a constant as a function of depth in
agreement with ray theory, except at the edges. This edge
effect is the well-known “Gibbs overshoot” phenomenon,
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FIG. 5. Parabolic profile and associated ray trace (a) for source on sound-
channel axis (beamwidth is + 4°); (b) corresponding propagation loss con-
tours from normal-mode calculations.
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FIG. 6. Vertical distribution of acoustic field at mid-cycle range from mode
calculations for parabolic profile.

which results when one tries to expand a function whose
derivative is discontinuous (the ray result) in a sum of contin-
uous functions (normal modes) with continuous derivatives.

The frequency dependence at the focal range is shown
in Fig. 7. Notice that there is no focusing at 50 Hz, where the
vertical distribution is equal at.all ranges (see Figs. 6 and 7).
With increasing frequency, wave theory predicts an in-
creased focusing, though with a finite width and intensity at
any finite frequency. Uncorrected ray theory, on the other
hand, gives infinite focusing. Results similar to those pre-
sented here have been reported earlier'*'® for normal-mode
calculations using the analytic series expansion of the solu-
tion of the wave equation. The results presented in this paper
are obtained from a numerical procedure that is not depen-
dent on the existence of an exact analytic solution for a spe-
cific profile.

Ilil. SUMMARY

We have presented a technique to perform high-fre-
quency deep-water normal-mode calculations. We have

508 J. Acoust. Soc. Am., Vol. 72, No. 2, August 1982

shown that it agrees in the high-frequency limit with ray
theory, but we have also displayed the differences resulting
from the wave nature of the normal-mode solution; these
differences decrease as the wave theory is evaluated at higher
frequencies. It is also known that this technique gives
answers at lower frequencies that are identical to those from
straightforward normal-mode calculations. Furthermore,
we have obtained identical wave solutions to the high-fre-
quency test problems of this paper using a fast field pro-
gram'"'? (FFP). Hence we are confident that the mode re-
sults presented here are accurate solutions of the wave
equation. Though it is not yet practical to do normal-mode
calculations at such high frequencies for “production runs,”
these calculations serve to provide a set of test cases that
could be used to check whether other faster asymptotic tech-
niques are correctly handling the frequency dependence of
the acoustic field, especially around caustics and limiting
rays.
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FIG. 7. Vertical distribution of acoustic field at focal range from mode cal-
culations for parabolic profile.
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