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The wave equation in a medium with a time-dependent boundary
Leonard Fortuin
SACLANT ASW Research Centre. La Spezia. Italy

(Received 19 October 1972; revised 1 December 1972)
It is shown that the Helmholtz equation is not exactly correct for a medium with a time-dependent boundary.
The equation can be used with very good approximation when the time-derivative of the surface elevation is
much smaller than the speed of the waves through the medium. For underwater sound waves, reflected and
scattered by an ocean surface that can be described by the Pierson-Moskowitz spectrum, this means that the
wind speed has to be much less than the sound speed.
Subject Classification: 13.2, 13.4.

LIST OF SYMBOLS

amplitude
sound speed
standard deviation of surface elevation
(-I)+
wavenumber of radiation
pressure (time dependent)
pressure (time independent)
pressure, due to the boundary
pressure in unbounded medium
vector in horizontal plane
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The propagation of sound waves through the ocean
is governed by a wave equation. In case of a monochromatic source this wave equation is usually written
as1
(V+k2)P =0,
(1)
the so-called Helmholtz equation. This equation is
exact when the boundaries of the medium in which the
waves are propagating are independent of time. However, in case of a time-dependent boundary, such as
the ocean surface, the Helmholtz equation can only be
used when the boundary changes slowly enough. I t is
the purpose of this paper to derive a condition for the
validity of Eq. 1 in that case. Also, the significance of
the derived condition will be discussed.
I. THE CONDITION FOR THE VALIDITY
OF THE HELMHOLTZ EQUATION

i

I t is convenient to deal with the velocity potential
0 rather than the sound pressure 5. For.sound waves
of small amplitude these two quantities are related by
the equation
P=PoaD/at.
(2)
The velocity potential satisfies the equation2

t
v

time
wind speed
YT, YR direction cosines
5
surf ace profile
po
density
7
time difference
@
correlation function of surface elevation
w
angular frequency of incident wave
w,
frequency of surface wave
Before treating the case .of a time-dependent surf e,
we consider the "frozen" boundary for comparison.l

1

A. The Time-Independent Surface

L.
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If the sound source is monochromatic, 0 can e
written as o(t)= U exp(iwt), where U is independe t
of time. We have then
aD/at=iw0,
and

aaD/ata= -wv~,

5=&,,OD,

so that Eq. 3 changes into

(v2+p)a=0.

I

Using Eq. 6 and dropping the time-factor exp(iw),
Eq. 1 is found without any approximation.
-.
B. The Time-Variant Surface

.7
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The movement of the surface causes the
to depend on time in a more complicated way
the foregoing case. To illustrate this we refer to
Doppler effect that is present in the scattered fie
hence also in the total field 3 and so in U. For
reason U is now a function of time.
The Journal of the Acoustical Society of America

161)s

:

'

:

./

1.

I,.

FORTUIN

Consequently, instead of Eqs. 4 and 5 we find:
aD/at = (iwU+au/at) exp (iot),

(8)

'

For realistic values of the windspeed, this condition is
easily met. Details can be found in Appendix A.
B. The Complete Condition

and this result substituted into Eq. 3 does not produce
Eq. 7. However, if the inequality

For simplicity we take the Fraunhofer formula
(Ref. 1, Eqs. 42 and 43) and find for a point close to the
surface (ZR= Az) :

is satisfied, Eqs. 8 and 9 may be replaced by Eqs. 4
and 5, and Eq. 7 does follow. So this is a sufficient
condition for the validity of the Helmholtz equation
in the case of a time-dependent boundary. In that case
Eq. 6 also holds, so that the condition can be written

with Do= [ X R ~ +(ZT+AZ)~]~.
The direct wave for that
same point is time-independent and given by

Iap/atI<<lwpl.

where d= [ X R ~ +(ZT-AZ)~]~.If now Az<<ZT, we can
put Do= d and

as

(11)

I t should be noted that p is the total sound field:
p=po+pb. As the incident field Po is independent of
time, we get
Ia~b/atl<<wI P O + P ~ ~
(I2)
where o> 0.
If either I po 1 << 1 pa 1 or Ipo I>> 1 pb 1, this condition
is certainly satisfied when
But if 1 pol and I pbl are of the same order of magnitude (as occurs close to the boundary), we have to
observe the complete condition (Eq. 12) instead of
the reduced condition (Eq. 13). The significance of
both conditions is discussed in Sec. 11.
11. SIGNIFICANCE OF THE. CONDITIONS

A. The Reduced Condition
In Ref. 1 (Eq. 39) a formula is given for the scattered
field that is derived from the Helmholtz equation. The
time dependency is concentrated in the factor
are constants, smaller than or equal
where TT and
to 1. Replacing pa by F in Eq. 13, we find the inequality
This formula may be replaced by3
as { is a stationary process and y ~ Y,R < 1. The lefthand side of this inequality is hard to deal with, because
it is a random quantity. Therefore, we replace it by its
mean value or its standard deviation. In both cases we
find, for a sea-surface elevation that is Gaussian and
that can be described by the Pierson-Moskowitz wave
spectrum4
v<<lOco.
(17)
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pb(t) = -Po exp[--i2k cos8,[, (t)]

(20)

follows. This result into Eq. 12 yields
Also this inequality has to be analyzed statistically.
Using the mean-square criterium, plus some results of
Appendix A, we obtain the condition
Very low values of the windspeed (and consequently
of h) need not be considered because the surface looses
then its time dependency, and our problem disappears.
Hence we assume that the quantity between square
brackets in Eq. 22 has a t least the value 1W6 (following
from k= 1, v = 1 m/sec and cose,=0.6). Then we find
This condition is far more restrictive than the one found
in the previous section, but still easy to satisfy.
111. SUMMARY

We have shown that for a medium with a timedependent boundary the well-known Helmholtz equation holds only approximately. We have also derived
a sufficient condition to which 'its use is subject: The
time derivative of the surface elevation has to be much
smaller than the speed a t which the waves are propagating through the medium.
This condition has been analyzed statistically for
the random sea surface. Using the Pierson-Moskowitz
spectrum to describe the surface elevation, it is found
that the wind speed has to be much smaller than the
sound speed. This condition is very weak and easy to
satisfy. Hence we conclude that it is permitted to use
the Helmholtz equation in studies on sound scattering
from the time-variant ocean surface.
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procerse, with Gaussian probability density. S N ~ t i d ~ , ~~~~a

Xt can r-habe ~ b o m(Ref. 9, p. 147) that

r d o m process
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For A"e

take the Pieison-Mdowita spectrum (Ref-

4, p. 1679). The integraI can then be solved analytically :

to the random process Q ~ N / & [ .
~ & we
t
Its probabili density follovps fmm Ref. 7, pp. 130,
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