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Abs t rac t  

De tec t i on  and t r a c k i n g  by pass ive sonar i nvo l ves  t he  observa t ion  o f  t h e  
t a r g e t  - r a d i  a ted no ise  i n  bea r i  ng-cel  l S and t ime-ce l  l S t h a t  have t h e i  r 
dimensions predetermined by a combinat ion o f  phys ica l  l i m i t a t i o n s ,  e.g. 
t h e  s i z e  o f  t h e  acous t i c  ar ray,  and general  f a c t o r s  r e l a t e d  t o  t h e  geometry 
of t he  t a r g e t  motion. Th is  present  s tudy  cons iders  t h e  i d e a l i z e d  s i t u a t i o n  
o f  a p lane  wavefront be ing  rece ived  by a l i n e a r  ar ray.  Conclusions a re  
g iven  r e l a t i n g  t o  t h e  e f f e c t s  o f  t a r g e t  mot ion on t he  a l l owab le  observa t ion  
t imes  f o r  constant  speed and headi ng cond i t ions .  
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1. I n t r o d u c t i o n  

The normal pass ive d e t e c t i o n  system invo lves ,  i n  general , the  assumption 
t h a t  t h e  rece ived  wavefront o f  t a r g e t  r a d i a t e d  no ise  i s  a  p lane wave. 'The 
s i g n a l  p rocess ing  i s  based on t h i s  assumption and p rov ides  a  broad-band 
'bear ing  versus t ime ' d i s p l a y  o r  a  narrow-band ' f requency versus t i m e '  
d i s p l a y .  Sometimes t he  l a t t e r  data a re  presented as ' f requency versus 
bea r i ng  and t i m e ' .  

For a  'bear ing  versus t i m e '  d i s p l a y  (broadband) t he  bear ing  data f o r  a  
g i ven  pass-band are u s u a l l y  ob ta ined  from the  ou tpu ts  o f  beams formed from 
t h e  whole a r ray  by i n t e g r a t i n g  them, t h a t  i s  t o  say averaging t h e  ou tpu ts  
over  some app rop r i a te  t ime - and thus  t h e  average represents  beam ou tpu t  
power. The beams are  made t o  over lap  a t  t he  3-dB down p o i n t s  so t h a t  t h e  
w i d t h  of t he  bear ing  c e l l s  can then taken t o  be equal t o  t h e  3-dB beamwidth 
o f  t h e  beams. 

A l t e r n a t i v e l y ,  t h e  bear ing  da ta  may be obta ined from the  d i s p l a y  of t h e  
cor re logram formed by app l y i ng  t h e  sp l i t -beam process* t o  a  g iven  pass- 
band. The c e l l  w id th  i s  then taken as t he  e f f e c t i v e  3-dB w id th  o f  t h i s  
c o r r e l  ogram. 

The t ime  d u r a t i o n  . r i  o f  t h e  c e l l s  f o r  t h e  'bear ing  versus t i m e '  d i s p l a y  
i s  t h e  coherent i n t e g r a t i o n  t ime, and i s  determined more by t he  c y c l e  t ime  
of t h e  d i s p l a y  system than any o t h e r  cons idera t ion .  

For a  ' f requency versus t i m e '  d i s p l a y  (narrow band) t h e  frequency i n f o r -  
mat ion  i n  a  g iven beam i s  t he  power ou tpu t  o f  t he  frequency ana l ys i s  dev ice  
a p p l i e d  t o  t h e  beam s igna ls .  The e f f e c t i v e  coherent i n t e g r a t i o n  t ime, .ra , 
i s  then g iven  by t h e  i nve rse  o f  t h e  frequency r e s o l u t i o n ,  i.e. l / A f  ( t h e  
frequency c e l l  -w id th) .  Thus, f o r  narrow-band processing, t h e  c e l l  s i z e  i s  
taken t o  be A f  ( i n  f requency)  by l / A f  ( i n  t ime ) ,  where A f  i s  t h e  3-dB 
w id th  o f  t h e  frequency ana l ys i  S window. 

I n  t h e  above i t  i s  revealed t h a t  i n  t he  broad-band p rocess ing  t h e  s i z e  o f  
t h e  'observa t ion  c e l l s '  i s  f i x e d ;  i n  consequence i n f o r m a t i o n  can be l o s t  
i f  t h e  s i gna l  moves through t h e  c e l l s  i n  a  t ime  l ess  than t h e  coherent 
i n t e g r a t i o n  t ime. On t h e  o the r  hand, i n  t h e  narrow-band p rocess ing  some 
f l e x i b i l i t y  i s  u s u a l l y  ava i l ab le .  However t h e  minimum i n t e g r a t i o n  t ime  i s  
l i n k e d  t o  t h e  des i r ed  frequency r e s o l u t i o n ,  and so i f  t h e  t a r g e t  s i gna l  
moves through t h e  frequency c e l l  i n  a  t ime  l e s s  than t h i s  i n t e g r a t i o n  t i m e  
t hen  once again i n f o r m a t i o n  can be l o s t .  

Th is  paper examines t he  rarlge o f  values o f  coherent i n t e g r a t i o n  t imes 
l i k e l y  t o  be a v a i l a b l e  i n  ASW encounters based on t h e  assumption t h a t  a  
s i n g l e  p lane wave i s  rece ived  from the  t a r g e t ,  and t h a t  t h e  r e c e i v i n g  
vessel and t a r g e t  a re  moving on f i x e d  courses a t  constant  speeds. 

* Horton, C. "S igna l  process ing f o r  underwater acous t i c  waves", Washington, 
G.P.O., McGraw H i l l ,  1969. 
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2 Random Encounter 

2.1 GEOMETRY 

The s i t u a t i o n  t o  be s tud ied  i s  shown i n  Fig. 1. 'The assumptions are t h a t  
t h e  no ise  r a d i a t e d  by t h e  t a r g e t  i s  rece ived  by t h e  observer as a s imple 
p lane  wave and t h a t  t he  e f f e c t s  of t h e  mot ion o f  t h e  observer and t a r g e t  
can be descr ibed by geometr ica l  changes. Th i s  i s  e f f e c t i v e l y  conve r t i ng  
t h e  s i t u a t i o n  t o  a two-dimensional f a r - f i e l d  problem and assuming t h a t  t h e  
phase f l u c t u a t i o n s  o r  geometr ic v a r i a t i o n s  of t he  wavefront, which occur 
due t o  i t s  passage through t h e  sea, a re  n e g l i g i b l e .  

CONSTANT SPEEDS 
CONSTANT HEADINGS 

/ ,, WC , W,: Relative crosslng and radial speeds 
V Target speed 
U Own shb speed (observer1 
(Y Target's aspect angle 
B Target's bearlng relative to observe 
6 Target's bow angle 

Fig. 1 .  Geometrical relationship of observer and target. 

2.1.1 Kinematic r e l a t i o n s h i p s  

From Fig. 1 we have t h e  r e l a t i v e  c ross ing  speed wc and t h e  r a d i a l  ( o r  
opening)  speed wr g i ven  by 

And s ince  cos6 = s i n ( B  + 8~ - eo) and s in6  = cos(B + 8~ - eO), where 
~ / 2 -  (B + 0~ - 8,) i s  t h e  angle on t h e  t a r g e t ' s  bow and B i s  t he  bea r i ng  
o f  t h e  t a r g e t  r e l a t i v e  t o  t h e  observer ' s  heading, we have t h e r e f o r e  
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and the  r a t e  o f  change o f  B i s  g iven by 

WC B = --+i0 (Eq- 3) 
r 

Now t h e  Doppler s h i f t  o f  a frequency f rad ia ted  by the  ta rge t ,  as seen by 
the  observer, i s  

where c = speed of sound, i.e. 

A f  = - 6.66 X 10'4 f x W, . 

With f i n  Hz, wr i n  m/s, and t h e  speed o f  sound taken t o  be 1500 m/s,  t he  
r a t e  o f  change o f  frequency f caused by an outward acce le ra t i on  a long 
r a d i a l  r i s  

From Eqs. 2 and 3 we have 

-(F - i 0 ) u  s ins  + G COS(B + 0~ - eo) - ~ 0 ~ 0 ,  

which g ives 

WE wr = - + go U s inS - U cosS - 9~ v sin(r3 + BT - go) 
r 

+ C  COS(^ t 8~ - go). 
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Thus 

From Eq. 3, 

But from Eq. 1, 

Thus 

and 

Report no. changed (Mar 2006): SM-192-UU



SACLANTCEN SM-192 

2.2 STEADY-STATE CASE 

The steady s t a t e  i s  t h e  s i t u a t i o n  u s u a l l y  t r e a t e d  i n  t a r g e t  mot ion a n a l y s i s  
namely t h a t  i n  which t h e  observer and t h e  t a r g e t  ma in ta i n  f i x e d  courses a t  
cons tan t  v e l o c i t i e s .  

2.2.1 Steady-state k inemat ics  

Under t h e  s teady-s ta te  cond i t ions ,  Eqs. 3  and 7, f o r  bear ing  r a t e  and f r e -  
quency r a t e  respec t i ve l y ,  reduce t o  

and Eqs. 8 and 9 become 

2.2.2 E f f e c t s  o f  t a r g e t  mot ion 

'The mathematical express ions f o r  t h e  i n t e g r a t i o n  t imes ~i and Ta a r e  
requ i  r ed  f o r  t h e  time-domain a n a l y s i s  and t h e  frequency domain ana l ys i s  
r espec t i ve l y .  They represent  t h e  optimum observa t ion  t imes f o r  a  moving 
t a r g e t .  

Time-domain ana l ys i s  

Time i n  beam = 3-dB beamwidth , 
bea r i ng  r a t e  

Frequency domai n  ana l ys i s  

Time i n  f requency b i n  = b i n w i d t h  , 
frequency r a t e  
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To c a l c u l a t e  T we use t h e  p r o b a b i l i t y  d e n s i t y  f unc t i ons  (PDFs) i n  Eqs. 10 
and 11, i.e. t h e  respec t i ve  f u n c t i o n s  f o r  B (bear ing  r a t e )  and f ( r a t e  o f  
change o f  f requency)  i n  t h e i r  s teady-s ta te  cond i t i ons ,  which i nvo l ves  an 
es t ima te  o f  t h e  spread of values of W l i k e l y  t o  be observed i n  an ASW 
encounter. Th is  i s  done by combining t h e  PDFs o f  l i k e l y  speeds and d i  rec -  
t i o n s  o f  t a r g e t  and t r acke r .  

Wi th  t h e  PDFs ca l cu la ted ,  and t h e  f requency-ce l l  w i d t h  and t h e  s p a t i a l  
beamwidth o f  t h e  towed a r r a y  known, t h e  PDFs o f  t h e  t h e  i n t e g r a t i o n  t imes  
can then  be obtained. 

The mathematics f o r  t h e  c a l c u l a t i o n  of t h e  PDF o f  ~i i n  t h e  t ime  domain 
i s  developed i n  Sect. A . l  o f  Appendix A  f o r  a  random encounter, i.e. f o r  an 
encounter i n  which t h e r e  are no c o n s t r a i n t s  on t h e  d i r e c t i o n  o f  e i t h e r  t h e  
t a r g e t  o r  t h e  t r acke r .  

The same procedure i s  f o l l owed  f o r  t h e  PDF o f  Ta i n  t h e  frequency domain. 
Th is  i s  shown i n  Sect. A.2 of Appendix A where t h e  PDF o f  a v a i l a b l e  obser- 
v a t i o n  t i m e  (Ta)  i s  c a l c u l a t e d  f o r  t h e  frequency versus t ime d isp lay .  

2.2.3 Computer s i m u l a t i o n  r e s u l t s  

From t h e  technique out1 i n e d  i n  Sect. A. 1 of Appendix A, t h e  PDF o f  t h e  
c ross ing  speed wc (shown i n  Figs.  2  and 3) i s  obta ined us ing  t h e  assumed 
PDFs o f  speed f o r  t h e  ASW f r i g a t e ,  f o r  t h e  convent ional  submarine, and f o r  
t h e  nuc lear  submarine (see p. 5). I n  t h i s  t ime  domain ana l ys i s  we d e r i v e  
t h e  PDF o f  t h e  bea r i ng  r a t e  B (see Figs. 4 and 5) and f i n a l l y  t h e  
i n t e g r a t i o n  t imes  (see Figs. 6 and 7)  f o r  bo th  convent ional  and nuc lear  
submarines. 

The PDF o f  t h e  a v a i l a b l e  observa t ion  t imes  de r i ved  i n  t h e  frequency domain 
a n a l y s i s  were c a l c u l a t e d  w i t h  t h e  method descr ibed  i n  Sect. A.2 o f  
Appendi X A and t h e  r e s u l t s  a re  shown i n  Figs. 8 and 9. 

Resu l t s  ob ta ined  us ing  a  Montecar lo  technique a re  shown i n  Figs. 10 and 11; 
t h e  assoc ia ted  c a l c u l a t i o n  i s  presented i n  Appendix B. 
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F i g .  2 .  Time domain a n a l y s i s :  p r o b a b i l i t y  d e n s i t y  a s  a f u n c t i o n  of 
c r o s s i n g  speed for a conventional submarine t a r g e t .  

\ 0-NlCLEFRSNCTfXGET1 
X - RSW FRIGATE COBSERVER1 

10 15 25 
SPEED cm1 

Fig. 3 .  Time domain a n a l y s i s :  p r o b a b i l i t y  d e n s i t y  a s  a  f u n c t i o n  of 
c r o s s i n g  speed for a  nuclear  submarine t a r g e t .  
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I L0 

W 

Q. X R = l  km 

l3 + R = 3  km l: A R . 5  km 
0 R = 7  km 
0 R - 9  km 

B 
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

EEWING RATE CEG./SECI 

Fig .  4 .  Time domain a n a l y s i s :  p r o b a b i l i t y  d e n s i t y  func t ion  o f  bearing 
r a t e  (6 ) f o r  a conventional submarine t a r g e t .  

F ig .  5 .  Time domain a n a l y s i s :  p r o b a b i l i t y  d e n s i t y  func t ion  of bearing 
r a t e  (6 )  f o r  a  nuclear  submarine t a r g e t .  
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TIME ANALYSIS 

+ R = 7  km 
x R = 9  km 

8 
6 

INTEGRRTION T I E  3 (SEC1 

Fig.  6 .  Time domain analysis:  probabflity density function of integration 
time (li) f o r  a conventional submarine target .  

TIME ANALYSIS 

INTEGGRTION T I E  CSEC) 

Fig.  7 .  Time domain analysis:  probabil i ty density function of integration 
time ( T i )  f o r  a nuclear submarine target .  
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FREQUENCY ANALYSIS 

INTEGRATION T I E  ~a CSECI 

Fig .  8 .  Frequency domain a n a l y s i s :  p r o b a b i l i t y  d e n s i t y  func t ion  of 
a v a i l a b l e  obseva t ion  time (Ta)  f o r  a  conventional submarine 
t a r g e t .  

FREQUENCY ANALYSIS 
FR€Q.RESOL.=0.1 X 
F=3eW CHZI 
*32 HY 
SSN 

INTEGRATION T I E  Ta CSECI 

Fig .  9 .  Frequency domain a n a l y s i s :  p r o b a b i l i t y  d e n s i t y  func t ion  of 
a v a i l a b l e  observa t ion  time (T,)  f o r  a  nuclear submarine t a r g e t .  
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MONTECARLO ANALYSIS CSSKI 

m m  
0 W I a a l W 2 4 8 3 d B J 6 8 4 2 8 4 8 8 5 4 8 6 8 E I  

OEEf?VATICW T I E  CSEC./KPll 

Fig .  10. Montecarlo analys i s :  probabi l i ty  density  funct ion of  the integra- 
t i o n  time (T) f o r  a conventional submarine target .  

NONTECARLO ANALYSIS C SSN l 

OBSl3VATION T I E  CSEC./KHl 

Fig .  11. Montecarlo analys i s :  probabi l i ty  dens i ty  funct ion  of the integra-  
t i o n  time (T) for a nuclear submarine target .  
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3. Conclusions 

'The r e s u l t s  as presented i n  Figs.  4 through 11 a re  v a l i d  f o r  t h e  case o f  a  
32-hydrophone a r ray  w i t h  ha l f -wave leng th  spacing and a frequency o f  300 Hz. 
They a re  cons idered t o  be rep resen ta t i ve  of a  r e a l i s t i c  s i t u a t i o n ,  a l though 
i t  would be o f  i n t e r e s t  t o  extend t h e  s tudy by i n c o r p o r a t i n g  a broader 
range o f  parameters. 

From t h e  PDFs o f  t h e  speeds cons idered i n  t h i s  s tudy t h e  r e s u l t s  a l l  show a 
s t r ong  dependence on t a rge t -obse rve r  range, as one would expect, s ince  t h e  
change i n  bear ing  r a t e  of t he  t a r g e t  p l ays  a major r o l e .  A t  sho r t  ranges 
t h e  PDF o f  t he  i n t e g r a t i o n  t ime  i s  narrow w i t h  t h e  peak o c c u r r i n g  a t  a  
smal l  value o f  t ime. A t  l onger  ranges t h e  maximum PDF occurs a t  a  h i ghe r  
va lue  o f  t ime  and t h e  spread increases. Th is  i s  why a t  l ong  ranges one has 
more t ime  a v a i l a b l e  f o r  i n t e g r a t i o n ,  w h i l e  a t  sho r t  ranges t h e  t ime  f o r  
i n t e g r a t i o n  i s  l i m i t e d .  

Two methods have been used t o  c a l c u l a t e  t h e  p r o b a b i l i t y  d i s t r i b u t i o n  o f  t h e  
i n t e g r a t i o n  t ime: t h e  a n a l y t i c a l  method descr ibed  i n  Appendix A and t h e  
Montecar lo  method descr ibed  i n  Appendix B. The shape o f  t h e  curves i n  
Figs.  10 and 11 of t h e  Montecar lo r e s u l t s  show a good r e l a t i o n  t o  these 
ob ta ined  w i t h  t h e  more compl icated a n a l y t i c a l  method (F igs.  6 t o  9). 
However, t h e  a n a l y t i c a l  method gives, i n  add i t i on ,  mathematical express ions 
f o r  t h e  mean and t h e  s tandard d e v i a t i o n  of t h e  a v a i l a b l e  i n t e g r a t i o n  t ime, 
and these  can be used f o r  p r e d i c t i o n s  of process ing performance. 
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APPENDICES 

A - C a l c u l a t i o n  o f  t h e  p r o b a b i l i t y  dens i ty  o f  
t h e  a v a i l  a b l e  observat ion t ime  

B - Montecarlo technique 
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Appendix A 

CALCULATION OF THE PROBABILITY DENSITY OF THE AVAILABLE OBSERVATION TIME 

The general  c a l c u l a t i o n  procedure i s  t o  d e r i v e  t h e  p r o b a b i l i t y  d e n s i t y  
f u n c t i o n  (PDF) o f  the  i n t e g r a t i o n  t ime  f o r  t h e  ASW observer f rom t h e  
knowledge of t h e  PDFs o f  t h e  observer  and t a r g e t  v e l o c i t i e s .  I n  t h e  random 
encounter case t h e  d i r e c t i o n s  of movement of observer and t a r g e t  are u n i -  
f o r m l y  d i s t r i b u t e d  i n  (0, h). 

A . l  TIME DOMAIN ANALYSIS 

I n  t h e  t ime  domain ana l ys i s  (bear ing  versus t ime d i s p l a y ) ,  t h e  r e l a t i v e  
c r o s s i n g  speed f o r  t h e  random encounter case i s  (see Sect. 2 o f  t h e  main 
t e x t  ) 

wC = V s i n a  - U s in6  . (Eq. A l )  

The bear ing  r a t e  i s  

WC B  = - ,  
r (Eq. A2) 

and t h e  a v a i l a b l e  i n t e g r a t i o n  t i m e  i s  r e l a t e d  t o  t h e  bear ing  r a t e  by t h e  
re1 a t  i on 

where 8 i s  t h e  3-dB beamwidth o f  t h e  towed-array pa t t e rn .  

A.l.l C a l c u l a t i o n  of PDF o f  c ross ing  speed 

From Eq. A l ,  w i t h  v  s i n a  = zl and U s in6  = z2 we have 
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Under the  hypothesis t h a t  z, and z2 are random independent var iables,  
t he  PDF o f  wc from the theorem o f  Papoulis* (p. 189), i s  

I n  order t o  determine the  PDFs of zl and z2, we def ine  t h a t  

X, = V  and X, = s ina  -+ zl = v  s i n a ,  

and from Papoulis* (p. 205) 

where ~ (x , )  = p (s ina )  , and since p (s ina )  d (s ina )  = p(a) da , 

p(s ina )  = -p(.) - . 
d ( s i  na)/da cosu 

With a un i fo rmly  d i s t r i b u t e d  between (0, a), 

and the re fo re  
2 1 p (s ina )  = - X - S [see Papoulis* (p. 133)l. 
271 cosa 

From zl = v  sina, 

Z 
s ina  = 1 , 

v 

and therefore cosa = ( 1  - s i n 2 a ) p  = 1 - [l - ( z , / v ) ~ ] @  . 
* Papoulis, A. "P robab i l i t y ,  random var iables,  and s tochast ic  processes", 
McGraw H i l l ,  New York, 1962. 
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Hence 

[ t a r g e t  l. 

A t  t h i s  p o i n t  we need t o  s p e c i f y  p ( v )  , t h e  a n a l y t i c a l  form o f  t he  PDF o f  
t h e  t a r g e t  v e l o c i t y .  

The same procedure i s  f o l l owed  f o r  t h e  observer te rm U sinB: 

and 

With B u n i f o r m l y  d i s t r i b u t e d  between (0, 2n), 

1 2  and t h e r e f o r e  p ( s i n $ )  = - x - . 
2n cos0 

From z2 = U sinB, 

and t h e r e f o r e  cos$ = ( 1  - s i n 2 $ ) l P  = /lJ1 - ( ~ , / ~ ) 2 '  
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Hence 

[observer]. 

We assume a  s p e c i f i c  a n a l y t i c a l  form f o r  p (u )  , the  PDF of the  observer 
( s h i p )  ve loc i t y .  

The c a l c u l a t i o n  of the  i n t e g r a l s  p(zl ) and p (z2 )  f o r  the  cases i n  which 
the  ASW f r i g a t e  i s  the  observer and the  convent ional or nuclear  submarine 
i s  the  t a r g e t  are developed i n  t h i s  repo r t  from given d i s t r i b u t i o n s  o f  t he  
v e l o c i t i e s  U, v. 

A. 1.2 I n t e g r a l s  c a l c u l a t i o n :  observer (ASW f r i g a t e 1  

h 
3 A 
U 

P 0.1- ASW FRIGATE c . . . . . . . . . . . 
m : 

b uml, = 10 n 
> 0.05- um2 = 18 
t 

Umg = 20 

p(u) i s  the  PDF of the  observer. 
10 20 30 
SPEED (knl 

I n t e r v a l :  6  < U < 10 

P(') = ml (U-6) 

m, = 0 - 0 9 - 0 = 0 . 0 2 2 5  (s lope) ,  
4 
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I n t e r v a l :  10 < U < 18 

p ( u )  = 0.09,  

I n t e r v a l :  18 C U C 20 

The p r o b a b i l i t y  term i s  g iven by 

Since z2 = 11 s i  nB, 

z 2 / u <  1 ; U >  z2.  

The l i m i t s  o f  t h e  i n t e g r a l  a r e  as f o l l o w s :  

Thus t h e  t o t a l  p r o b a b i l i t y  i s  g iven by 

where 
1 "'1 (bl+ B p )  du, FI = -  
71 z2 
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Eva lua t i ng  these  i n t e g r a l s ,  we have 

F i n a l  l y  , we have 

for z2 < uml 

p ( z2 )  = F 1 2  + F2(z2 = urnl) + F3(z2 = urn2), 

for Um2 < Z2 < U,n3 

p ( z 2 )  = F 3 ( z 2 ) *  
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A. 1.3 I n t e g r a l  S c a l c u l a t i o n :  t a r g e t  (conventional  SSK) 

a ; - 1 / CONV. SUBMARINE Vml = 3  

z \ 
W \ vm2 = 8 
n \ 

LW-, vm, = 10 
\ 
\ 
\ V, = 16 

SPEED Ckn) 

I n t e r v a l :  0 c v  c 3  

I n t e r v a l :  3  c V c 8 
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I n t e r v a l :  8 v  < 10 

I n t e r v a l :  10 v  < 16 

p ( v )  = 0.045, 

I n t e r v a l :  16 < v  < 20 

P ( V )  = 0.045 + m, (V -16 ) ,  
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The t o t a l  p ( z l )  i s  g i v e n  by 

Since  

and 

p ( z l )  = F, + F, + F3 + F, + F5, 

we have 
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for vm3 z1 < vm4 

A. 1.4 In tegra ls  ca lcu la t ion:  t a rge t  (nuclear SSN) 

I n t e r v a l :  0 < v < 6 

P ( V )  = mv, 

1 r NucL. SUBMARINE 

SPEED (knl 
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I n t e r v a l :  6 c v c 16 

p ( v )  = 0.05. 

I n t e r v a l :  16 c v c 30 

p ( v )  = 0.05 + m(v-16) ,  m = - 0°05 = - 0.3571 X 10-2. 
14 

Thus 

w i t h  

a = yo + mx0 S yo = 0.05 , m = - 0.3571 x 10-~, 

A = m  9 xo = 16 , a = 0.1071. 

The t o t a l  p (z l )  i s  g iven by 

Report no. changed (Mar 2006): SM-192-UU



SACLANTCEN SM-192 

C Since 

r a, = 0, A, = 0.8333 X 1 0 - ~ ,  Vml = 6,  

a, = 0.05, A, = 0, vm2 = 16, 

a, = 0.1071, A3 = - 0.3571 x 10-,, vm3 = 30, 

and 

~ ( 2 , )  = F1 + F, + F39 

we have 

for  zl v,, 

Consequently, 

for zl v,, 
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for  Vml zl < vm2 

A.1.5 C a l c u l a t i o n  o f  PDF o f  bear ing r a t e  

From t h e  equation 

where W, = crossing speed and r = range, we o b t a i n  

where 

The PDF of i s  then 
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A.1.6 C a l c u l a t i o n  o f  PDF o f  i n t e g r a t i o n  t ime  

4 

From t h e  equat ion 
8 

T = T  
B 

we o b t a i n  

where 

The PDF of T i s  then  

w i t h  t h e  3-dB beamwidth g iven  by 

i n  which A = wavelength, 
N = number of hydrophones, 
d = hydrophone spacing. 

A.2 FREQUENCY DOMAIN ANALYSIS 

I n  t h e  frequency domain a n a l y s i s  ( f requency versus t ime  d i s p l a y ) ,  t h e  
a v a i l a b l e  observa t ion  t ime  i s  g iven  by 

Time i n  a f requency b i n  = b i n  w i d t h  
f requency r a t e  
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Frequency r a t e  i s  given by 

where A f  i s  t he  frequency Doppler s h i f t  

i n  which wr = r a d i a l  v e l o c i t y  component, 
c = speed o f  sound. 

From Eqs. A7 and A8 we have 

Based on the  geometry of Sect. 2.1 of the  main t e x t  

+ COS(B + er - 0,)]. (Eq. A101 

Therefore, from Eqs. A9 and A10 i n  t he  steady-state case we have 

(Eq. A l l )  

i n  which wc = c ross ing  speed component (m/s), 
X = wavelength (m), 
r = range (m). 
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From Eqs. A6 and A l l  we have 

l ~ ~ = X x A f ~ x r x -  , 
W: 

where A f o  i s  f requency r e s o l u t i o n .  

A l t e r n a t i v e l y ,  

(Eq. A12) 

(Eq. A13) 

w i t h  ka = X X n f0 X r . 
To c a l c u l a t e  t h e  PDF o f  , l e t  .ra = y and W, = z i n  Eq. A13. 
Hence 

And from 

dy -1 w e o b t a i n  py (y )  = p Z ( z ) x ( z I  . 

-2ka 
But f rom Eq. A14, - dy = ,- , 

dz z3 

l and thus  py (y )  = - X  z3 P Z ( ~ ) -  
2ka 

(Eq. A14) 
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Now .since 

1 we have py(y)  = - X 

2ka 

F i n a l l y ,  r e v e r t i n g  t o  our o r i g i n a l  no ta t i on  o f  Eq. A13, we ob ta in  

And, i f  pWc i s  an even func t ion  of wc , 

(Eq. A16) 
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Appendix B 

MONTECARLO TECHNIQUE 

The i n t e g r a t i o n  t ime T i s  a  func t ion  of the fo l l ow ing  random var iab les  (see 
Sect. 2 of the  mai n  t e x t )  : 

U = speed o f  observer, 
v  = speed o f  t a rge t ,  
a = bow angle o f  t a rge t ,  
B = bearing r e l a t i v e  o f  t a r g e t  t o  observer, 

and i s  der ived from three equations: 

W 
C i3 = - ( r  = range), 

r 

e 'c = -  (8 = 3-dB beamwidth o f  a r ray) .  
B 

Therefore the  i n t e g r a t i o n  t ime i s  a  func t i on  of f ou r  random var iab les  as 
f o l  l ows : 

T F(u, v, a, B )  [r and 8 are constants]. 

To c a l c u l a t e  the  PDF o f  T i n  terms o f  t h e  PDFs o f  U, v, a, B , t h e  
Montecarlo method i s  app l ied  t o  the  case o f  a  random encounter i n  which a 
and B are un i fo rmly  d i s t r i b u t e d  between (0, h) and t h e  d i s t r i b u t i o n s  of 
U and v  a re  given (see Appendix A f o r  t h e  assumed d i s t r i b u t i o n  of U, 
v)  

The Montecarl o  c a l c u l a t i o n  i s  based on t h e  subrout ine RAND0 l (X ) ,  which 
generates random nu~iibers i n  the  i n tepva l  (0, l ) ,  and i s  ava i l ab le  on t h e  
Uni vac Computer a t  SACLANTCEN. 

The operat ions on which the  Montecarlo computer s imu la t i on  i s  based are as 
f o l  l ows : 
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1. E x t r a c t  a random number f rom 
CALL RAND0 1(X)  
The ou tpu t  i s  a number between 0 t o  1 and i n d i c a t e s  t he  i n t e r v a l  o f  1 
(see Table B l ) .  

2. Again, e x t r a c t  a random number from 
CALL RAND0 1(X) 
The output  i s  again a number between 0 and 1 and w i l l  determine t h e  
va lue  of t h e  random v a r i a b l e  i n  t h e  se lec ted  i n t e r v a l  (see Fig.  A 1  i n  
Appendix A (0  < X 1 )  and Table B l ) .  

3. C a l c u l a t e  r corresponding t o  t h e  random values ob ta ined  from 
Operat ion 2. 
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TABLE B1 

Cumulative i n t e r v a l  p r o b a b i l i t y  ( X )  f o r  observer and t a r g e t  

( a )  ASW f r i g a t e  (Observer)  

- 
PROBABILITY I I I CURVE ( 0  X 1 )  t 

( b )  Convent ional  submari ne (Targe t )  

( c )  Target bear ing  (B) r e l a t i v e  t o  observer 

b 

r 

PROBAB I L I TV 

p (  0 < v < 3 )  = 0.14 
p (  3 < v < 8)  = 0.45 
p (  8 < v < 10) = 0.12 
p (10  < v 14) = 0.17 
p (14  < v < 20) = 0.12 

( d )  Target  bow angle ( a )  

PROBABILITY 

- 
C 

0.14 
0.59 
0.71 
0.88 
1 

CURVE ( 0  < X < 1 )  

vl = 3x 
vp = 3x 
v3 = 8 + 2x 
v, = 10 + 4x 
v5 = 14 + 6x 

C CURVE ( 0  < X < 1) 

L 

p (  O <  B < h )  = l 

C 

CURVE ( 0  X 1) 

a1 = 2nx 

PROBABILITY 

p ( O < a < h )  = l  

B1 = ~ H X  1 

C 

1 

r 
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