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INTRODUCTION 

We describe experiments intended t o  e x p l o i t  t he  p o t e n t i a l  of modern 
microcomputers f o r  harmonic analys is .  Our f i nd ings  are a c o n t r i b u t i o n  t o  
t h e  d iscussion o f  how f a r  modern microcomputers can complement, compete 
wi th,  and, i n  c e r t a i n  circumstances, s u b s t i t u t e  for  the  mainframe. 

Harmonic analys is  i s  fundamental t o  s igna l  processing which, i n  tu rn ,  has 
many app l ica t ions  both i n  c i v i l i a n  and m i l i t a r y  contexts. The p u b l i c a t i o n  
o f  so-cal l e d  Fast Four ie r  Transform (FFT) a lgor i thms rev01 u t i o n i  sed d i g i t a l  
ana lys is :  r e s u l t s  which had prev ious ly  required many hours of computation 
could be obtained i n  minutes. Microcomputers can not y e t  compete w i t h  
mainframes i n  terms o f  speed but they do have the  important advantages o f  
po r tab i  l i t y  and lower cost. Our experience shows t h a t  equipment e x i s t s  
which combines t h e  advantages of speed and an accuracy adequate fo r  
contaminated data, w i t h  por tab i  l i t y ,  avai l a b i  l i t y ,  and v e r s a t i l i t y  t h a t  are 
c h a r a c t e r i s t i c  o f  the  microcomputer. 

Our a t t e n t i o n  i s  conf ined t o  the  Fast Four ie r  Transform about which so much 
has been wr i t t en .  We def ine  f o r  data length t, the d i s c r e t e  Four ie r  
transform, by 

t - l  

The "t ime domaln" funct ion,  a,, can be recovered from i t s  "frequency 
domain" counterpart,  by the  formula 

Although t i s  equal t o  a power o f  2 i n  the  experiments the  conclusions are 
almost e n t i r e l y  independent o f  t h i s  cond i t ion .  
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1 TEST FUNCTIONS 

For experimental  purposes it i s  convenient t o  use t e s t  func t ions ,  t h a t  i s ,  
f unc t i ons  ay w i t h  a  known, d i s c r e t e  Fou r ie r  t rans form A . Such func t i ons  
a re  given i n  [l]. The func t ions ,  TFl, TF2, and TF3, %ere used and are 
descr ibed be1 ow. 

This  p a i r  genera l ises t h e  so-ca l led  Gauss Sum, known i n  Number Theory and 
s igna l  processing, and app l ies  t o  t h e  " c h i r p "  transform. Both ar and As 
are  complex. 

'This f u n c t i o n  i s  r e a l  i n  t he  t ime domain and i t s  t ransform i s  complex. 

This  f unc t i on  and i t s  t r a n s f m  are both rea l .  I n  some cases a  s inuso id  
was used as input .  

Test funct ions have c e r t a i n  benef i ts .  The i npu t  func t ion ,  ar, can be 
c a l c u l a t e d  t o  t h e  f u l l  accuracy g iven by t h e  computer; As can be obta ined 
numer ica l l y  by use of t he  a lgor i thm. Then As can be compared i n  var ious 
ways w i t h  t h e  values ca l cu la ted  t o  f u l l  machine accuracy from t h e  i nve rs ion  
formula. Thi S supplements t h e  commonly used procedure o f  g e t t i n g  
As  numer ica l l y  by t h e  a lgor i thm, i n v e r t i n g  numerical ly, and comparing the  
r e s u l t  w i t h  a,. 

The choice of t e s t  funct ions was made t o  permi t  exper imentat ion w i t h  
vers ions o f  the  a lgor i thms t h a t  were designed fo r  f u l l  complex i npu t  and 
ou tpu t  as we l l  as mod i f i ca t i ons  of t h e  a lgor i thms fo r  r e a l  t ime domain data 
and r e a l  and complex r e s u l t s  i n  t he  frequency domain. The mod i f i ca t ions  
u s u a l l y  o f f e r  subs tan t i a l  savings i n  time. 
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2 COMPUTERS 

The two types o f  personal computers t h a t  were used i n  the  experiments were 
s u i t a b l e  f o r  s c i e n t i f i c  work. They included the  Apple (Series 11) w i t h  a 
Synertek 6502 processor and an & b i t  word and a por tab le  IBM PC, w i th  an 
I n t e l  8088 microprocessor and 8087 coprocessor w i t h  a 16-b i t  word; t h i s  
l a t t e r  system i s  a powerful combination. A Mic rosof t  BASIC compiler and 
the  standard Apple PASCAL system were a v a i l a b l e  for  the  Apple. The IBM PC 
used the  Borland 2.0 Turbo-87 PASCAL compiler and the  Microsof t  3.20 
FORTRAN compiler;  both use the  8087 coprocessor. The Apple language system 
a lso  o f f e r s  FORTRAN under the  PASCAL operat ing system but was not used. 
Nevertheless , comparisons made w i t h  PASCAL programs g i  ve a s u f f i c i e n t  
i n d i c a t i o n  o f  the  r e l a t i v e  speed o f  the  two PC systems. 

3 ALGORITHMS 

The FFT algori thms used i n  t h e  experiments are a l l  based on 
Cooley-Tukey [2], o r  Sande-Tukey [3], sometimes w i th  modi f icat ions (see 
Singleton [4]) f o r  recurs ive  ca l cu la t i ons  o f  sines and cosines. Because t 
i s  a power o f  2 the basis o f  the a lgor i thms i s  the  expression o f  r and s i n  
t h e  scales o f  2 o r  4, combined i f  necessary. Because of a subs tan t ia l  
v a r i a t i o n  i n  speed between the  algori thms, most o f  the  experiments were 
l i m i t e d  t o  the  f a s t e s t  performers. Table 1 l i s t s  the  a lgor i thms under the  
names we have used, the  o r i g i n a l  language, and t h e  reference. 

TABLE 1 

ALGORITHMS AND THE I R SOURCE 

The MONRO algori thms were t r a n s l a t e d  i n t o  both BASIC and PASCAL. FOURT was 
t r a n s l a t e d  i n t o  BASIC. 

Name 

MCGWISingl eton 

FFT110 

BRENNER modi f i ed 

MONRO 415 

MONRO modi f ied 

FOURT 

O r i  g i  nal  Language 

ALGOL 

BAS I C 

FORTRAN 

FORTRAN 

FORTRAN 

FORTRAN 

Reference 

CS], cl11 

161 

C ~ I  

C81 

C91 

1 10 1 
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4 PRELIMINARY TIMINGS 

Table 2 gives t im ings  t o  the  nearest second f o r  t he  Apple 11. Test 
Funct ion 1 i s  used. The programs are MCGW, FFT/10, MONRO4, MONR05 and 
FOURT. MONR04 i s  Algor i thm AS83 taken from 181. MONR05 i s  a vers ion o f  
MONR04 t h a t  uses do-loops for  unscrambling as suggested i n  [31. D.M. MONRO 
claimed t h i s  vers ion i s  f as te r ,  bu t  a p p l i c a t i o n  o f  MONR05 t o  the  Apple I 1  
presented some d i f f i c u l t i e s ;  i n  t he  end, t he  speed gain, if any, was 
i n s i g n i f i c a n t .  

TABLE 2 

APPLE I 1  TIMINGS TEST FUNCTION 1 

Timings ( S )  

Because speed i s  our main i n t e r e s t  we s h a l l  say no more about MCGW and 
FFT/10. Thus t h e  MONRO ser ies  and FOURT remain t h e  on ly  ser ious contenders 
i n  terms o f  speed. Although both the  MONRO and FOllRT methodologies seem 
i d e n t i c a l  , FOURT has the  speed advantage because of some fac tor  not y e t  
i d e n t i f i e d .  

Table 3 gives s i m i l a r  t im ings  f o r  runs i n  t h e  MONRO ser ies,  BRENNER 
modif ied, and MCGW using t h e  IBM PC, a l l  w i t h  TFl (Eq. 1). The compilers 
prov ided opt ions t o  improve performance, as noted, f o r  which a pena l ty  i n  
compi l ing  t ime has t o  be paid. The times r e l a t e  exc lus i ve l y  t o  1024 p o i n t  
transforms. 
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TABLE 3 

IBM PC + 8087 COPROCESSOR TIMINGS 

( A l l  t im ings  r e l a t e  t o  1024 p o i n t  t ransforms)  

Test Funct ion 1 

I n  comparison t h e  Brenner mod i f i ed  a l g o r i t h m  performs a 1024 p o i n t  
t r ans fo rm on a Univac 1106 w i t h  an FPS p i p e l i n e  processor i n  0.006 seconds 
i n double p r e c i  s i  on FORTRAN. 

FOURT was not  run; however it would probably  be f a s t e r  than MONR05 under 
s i m i l a r  cond i t ions .  However t he  d i f f e rences  i n  t i m i n g  would be measured i n  
no th ing  more s i g n i f i c a n t  than ten ths  o f  seconds, 

A 

Other mainframe t im ings  o f  t h e  MONRO a lgor i thms are g iven i n  C81 and [g], 

Timings ( S )  

3.7 

4.5 

5.9 

13.6 

14.3 

16.4 

36.5 

Compi l e r  Options 

Yes 

Yes 

N o 

No 

Yes 

No 

No 

A1 g o r i  thm 

MONR05 

MONR05 

MONR05 

MONR05 

BRENNERmod 

BRENNERmod 

MCGWISingleton 

Language 

FORTRAN 

FORTRAN 

FORTRAN 

PASCAL 

FORTRAN 

FORTRAN 

PASCAL 

P rec i s i on  

S i  ng l  e 

Doubl e 

S ing le  

Doubl e 

S ing le  

S ing le  

Dou b l  e 

Report no. changed (Mar 2006): SM-182-UU



SACLANTCEN SM-182 

5 ACCllRACY 

So f a r  we have not  discussed accuracy s y s t e m a t i c a l l y  o r  i n  depth, f o r  two 
reasons. F i r s t ,  t h e  o t h e r  a1 gor i thms had s lower  speeds when compared w i t h  
t h e  MONRO se r i es  and FOllRT and were not  f u r t h e r  t e s t e d  because our  i n t e r e s t  
was i n  speed. Second i n s p e c t i o n  o f  t h e  ou tpu t  i n d i c a t e s  t h a t  t h e  accuracy 
a t t a i n e d  by f a s t e r  a l go r i t hms  on t h e  IBM PC was as h igh  as t h e  manufacturer  
o r  user  would wish when dea l i ng  w i t h  data contaminated by noise. Th is  
conc lus ion  i s  based on a  forward and backward t r a n s f o r m a t i o n  o f  TF1, 
comparing ar w i t h  t h e  numerical  i n v e r s e  o f  i t s  a1 g o r i t h m i c a l  l y  ob ta ined  
t ransform.  

The f i r s t  t h ree  s e r i e s  o f  t he  Apple I 1  exper iments were c a r r i e d  ou t  w i t h  
t h e  MONRO 4 programs i n  M i c r o s o f t  Compiled BASIC only.  

Se r i es  1 

I n  t h i s  s e r i e s  t h e  procedures were as f o l l o w s :  

( i  ) Ca l cu la te  t h e  i n p u t  values f o r  TF1 o f  ar and t h e  modulus l a r .  1 
(which i s  t h e o r e t i c a l l y  u n i t y  i n  t h i s  case). 

( i i )  Ca l cu la te  by t h e  a1 go r i t hm t h e  t r ans fo rm  as. 
( i i i  ) Ca l cu la te  by t h e  a l g o r i t h m  t h e  i nve rse  o f  as, say a,, and f o r m  

I a r I - .  
( i d  Ca l cu la te  

. t- l  

and 2 1/2 
m2 = (52 - ml) 

where 

m1 and can be i n t e r p r e t e d ,  r e s p e c t i v g l y ,  as t h e  mean and s tandard 
d e v i a t i o n  of t h e  d i f f e r e n c e  between ar and a,. 
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Series 2 

The same procedures were used f o r  t h i s  ser ies o f  experiments which used the  
Apple 11. However, m1 and m are based on a,,comparison of R I A s ,  the  rea l  
p a r t  of the  t h e o r e t i c a l  inverse, and R IAS ,  t he  r e a l  p a r t  of t he  
a l g o r i  thmical l y  obtained inverse. Thus, 

2 1 / 2  and m;? = (s2 - ml) , 

1 A where s2 = - L (RIAS - RIAS 1' 
t 

Series 3 
A 

I n  t h i s  ser ies  max ( I A ~  - A i s  calculated.  

Series 4 

FOURT i n  Compiled BASIC was run using TF1. A c r i t e r i o n  i n v o l v i n g  r e a l  and 
imaginary pa r t s  was evaluated. The BASIC r e a l i s a t i o n  of FOURT re ta ined  the  
Fort ran- type storage f o r  complex data i n  an array B o f  Tength 2t.  Thus 
bZr - l  = Rla,, b2r=Imar, r=0,1,2.. . ( t - 1  With obvious notat ion,  
rnax C (Gk - b k (  1 i s  ca lcu la ted f o r  1 G k G 2t. 

The r e s u l t s  o f  the  Series 4 o f  Apple I1 experiments are g iven i n  Table 4. 

TABLE 4 

CALCLIL'ATIONS OF ACCURACY 

Length t 

3 2 
128 
512 

1024. 

Series 1 

mlx 10- l0 m2x 10- l0 

0.73 13.5 
2.15 16.6 
1.35 43.3 
9.9 29.4 

Series 2 

mlxl~-10 m 2 x ~ ~ - 6  

2.6 7.4 
-0.83 5.9 
-2.1 4.3 
0.86 3.6 

Series 3 Series 4 

max X 10-' max x 10-' 

5.7 5.9 
18.2 11.4 
33.8 36.2 
57.5 59.7 
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Table 4 shows a  very  s a t i s f a c t o r y  performance f o r  bo th  a l go r i t hms  and 
microcomputer on t h e  bas i  S o f  severa l  c r i t e r i a .  The d i  r e c t l y  comparable 
Ser ies  3  and Ser ies 4  show l i t t l e  d i f f e r e n c e .  Note t h a t  i n  Ser ies 2, 
m decreases as t increases. 

2  
More d i scuss ion  i n  t h e  con tex t  o f  mainframes i s  a v a i l a b l e  i n  [8], [g] and 
many o t h e r  sources. Our work seems t o  be t h e  f i r s t  a t tempt  t o  rev iew t h e  
accuracy o f  t h e  a l go r i t hms  i n  t h e  con tex t  o f  t h e  microcomputer. 

6 REAL INPUT DATA 

The f i n a l  p a r t  o f  t h i s  r e p o r t  deals on l y  w i t h  t im ings .  Table 5  g ives  
values t o  t h e  neares t  second f o r  t h e  Apple 11 and t e s t  f u n c t i o n s  
TF2 (Eq. 2) and TF3 (Eq. 3). 

TABLE 5  

APPLE I 1  TIMINGS: REAL ap 

Timings ( S )  

The f o l l o w i n g  notes apply  t o  t h e  Table 5  data:  

Program 

32 
6  4 

128 
2  56 
512 

1024 

- A l l  runs were made i n  M i c r o s o f t  Compiled BASIC. 

- MONR04 i s  t h e  f u l l ,  complex a l go r i t hm;  bo th  MONRO7 and 8  a re  f a s t e r  
ve rs ions  adapted t o  r e a l  time-domain data. A l l  t h r e e  a l go r i t hms  a re  
descr ibed  i n  re ferences [8] and [g]. 

TF 2  

MONR04 MONR07 FOURT 

.l 1 2 
3  3  3  
7  6  6  

17 14 14 
37 28 31 
78 6  1 66 

- FOURT has been t e s t e d  on l y  w i t h  TF3. 

TF 3  

FFT/10 MONR04 MONR08 FFT/10 

6  1 2  4  
10 3  3 11 
24 8  6  26 
56 17 13 58 

127 36 29 128 
279 7  7  60 290 

- The a lgo r i t hms  were not  t r a n s l a t e d  i n t o  PASCAL because t h e  r e l a t i v e  
performance o f  t h e  Apple I 1  i n  Compiled BASIC v i s -a - v i s  PASCAL can be 
seen i n  Table 2. 
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The f o l l o w i n g  comments apply t o  the  Apple I 1  t imings: 

- MONR04 performs at  about the same speed w i t h  rea l  input  as when the  
i npu t  i s  complex. Spec ia l l y  adapted MONR07 and MONR08 o f fe r  
s i g n i f i c a n t  improvements. 

- Under TF3, FOURT i s  s l i g h t l y  slower than MONR07. However the  authors 
o f  FOURT c la im t h a t  it can be made t o  run up t o  40 percent fas ter  w i t h  
r e a l  data. This c la im should be tested. 

- L i ke  MONR04, FFT/10 i s  much the  same as w i t h  a complex input .  

- On the  IBM PC, the  specia l  MONRO a lgo r i t hm f o r  rea l  data i n  i t s  
o r i g i n a l  FORTRAN and f o r  a t=1024 t ransform requires 2.8 seconds i n  
s i n g l e  p rec i s ion  and 3.6 seconds i n  double; i n  each case specia l  
compi l e r  opt i m i  sa t  i on opt ions are used. 

CONCLUS IONS 

Although unsystematic, the  r e s u l t s  o f  the experiments support the  view t h a t  
t h e  modern personal computer has an inc reas ing ly  important r o l e  t o  p lay  i n  
s igna l  processing app l i ca t i ons  i n  the  f i e l d  and i n  the  laboratory.  When a 
soph is t i ca ted  requirement c a l l s  f o r  thousands o f  Four ie r  transforms i n  
seconds ( o r  even minutes) the  mainframe continues t o  hold i t s  own. The 
a t t r a c t i v e  a t t r i b u t e s  o f  the  personal computer are i t s  a v a i l a b i l i t y ,  p r ice ,  
size, and por tab i  l i t y  as compared w i t h  o lde r  systems. 

The Apple I 1  and the  IBM PC microcomputers performed well '  i n  implementing 
e f f i c i e n t  a1 g o r i  thms on the  demandi ng complex Fast Fouri  e r  Transform t e s t  
f u n c t i o n  (TF1). Both personal computers can be app l ied  t o  a wide range of 
p r a c t i c a l  s i t u a t i o n s  i nc lud ing  the  use o f  the  FFT as an approximation t o  
t h e  Four ie r  i n t e g r a l ,  

For 8 and 16 b i t  computers we have found the  Apple I 1  and IBM PC t o  be 
exce l l en t  t o o l s  i n  a wider f i e l d  o f  s c i e n t i f i c  app l i ca t i ons  t h a t  inc lude 
t r a d i t i o n a l  numerical ana lys is  and s t a t i s t i c a l  data processing and 
inference,  and Monte Carlo s imulat ion.  They provide s c i e n t i s t s  w i t h  a 
f a s t ,  r e l i a b l e  and accurate t o o l  a t  a reasonable pr ice .  This comment 
app l ies  a l so  t o  o ther  professional  personal computers i n  the  f i e l d ,  
al though only the  Apple I 1  and IBM PC were tested. 

De ta i l ed  s t a t i s t i c s  on the  speed o f  various processors ranging from the 
f a s t e s t  mainframes t o  microcomputers are found i n  C131. The t e s t s  
described i n  t h a t  repor t  were conducted i n  the  spec ia l i sed environment o f  
t h e  s o l u t i o n  o f  dense systems of l i n e a r  equations; however the  absolute 
comparisons are l i k e l y  t o  be v a l i d  i n  a wider context. 

Report no. changed (Mar 2006): SM-182-UU



SACLANTCEN SM-182 

REFERENCES 

1. CONOLLY, B.W. and GOOD, I.J. (1977) A t a b l e  o f  d i s c r e t e  F o u r i e r  
t r a n s f o r m  p a i r s .  SIAM Journa l  o f  App l ied  Mathematics, - 32,1977:810-822. 

2. COOLEY, J.W. and TLIKEY, J.W. An a l g o r i t h m  f o r  t h e  machine c a l c u l a t i o n  
o f  complex F o u r i e r  se r i es .  Mathematics o f  Computation, - 19, 
1965:297-301. 

3. GENTLEMAN, W.M. and SANDE, G. (1966) Fas t  F o u r i e r  t ransforms f o r  f un  
and p r o f i t .  I n :  American Federa t ion  of In fo rmat ion  Process ing 
Soc ie t i es .  Conference proceedi  ngs , fa1  l j o i  n t  corr~puter conference, 
volume 29. Washington D.C., spar tan  Books, 1966: pp 563-578. 

4. SINGLETON, R.C. On computing t h e  f as t  F o u r i e r  t ransform. ~ommun ica t  i ons  
o f  t h e  ACM, - 10, 1967: 647-654. 

5. MCGREGOR, J.J. and WATT, A.H. PASCAL f o r  Science and Engineer ing.  
London, Pi tman, 1983. [ISBN 0-273-01889-2 1 

6. STANLEY, W.D. and PETERSClN S.J. Fast F o u r i e r  t rans fo rms on you r  home 
computer. Byte, 3 (12), 1978: 14-25. - -  

7. CLAERBOUT, J.F. Fundamentals of Geophysical data  p rocess ing  w i t h  
app l  i c a t  i ons t o  pe t ro leum prospec t ing .  New York, NY, McGraw H i  l l , 
1976. [ISBN 07 011117-01 

8. MONRO, D.M. complex d i s c r e t e  Fas t  F o u r i e r  t ransform.  App l ied  
S t a t i s t i c s  24, 1975: 153-160. 

9. MONRO, D.M. Real d i s c r e t e  Fast  F o u r i e r  t ransform.  App l ied  S t a t i s t i c s  
25, 1972: 166-172. - 

10. BRENNER, N.M. Three FORTRAN programs t h a t  per fo rm t h e  Cooley-Tukey 
F o u r i e r  t ransform.  Tech. Note 167-2, MIT. L i  nco l  n Lab., Lex i  ngton, 
Mass. 1967. (Note: We have o n l y  a FORTRAN l i s t i n g  o f  a very  general  
program a t t r ' i b u t e d  t o  t h i s  author ,  bu t  it i s  s t a t e d  t o  be based a l s o  on 
t h e  work o f  Char les Rader and Ralph A l t e r .  We have no t  been ab le  t o  
t r a c e  a pub l i shed  re fe rence  f o r  c e r t a i n .  The program should  not  be 
confused w i t h  BRENNER m o d i f i e d  which i s  descr ibed  i n  [7]). 

11. SINGLETON, R.C. (1969) An a l g o r i t h m  f o r  computing t h e  mixed r a d i x  
f a s t  F o u r i e r  t ransform.  IEEE Transac t ions  Audio and E l e c t  r oacous t i c s ,  
17, 1969: 93-103. 

12. INSTITUTE OF ELECTRICAL AND ELECTRONICS ENGINEERS. ACOUSTICS, SPEECH, 
AND SIGNAL PROCESSING SOCIETY. D i g i t a l  S ignal  Process ing Commi t t e e .  
Programs f o r  d i g i t a l  s i g n a l  process ing.  P i  scataway , N. J. IEEE Press. 
1979. [ISBN 0-87942-127-4 1. 

13. DONGARRA, J. J. (1984) Performance o f  va r ious  computers u s i n g  s tandard  
1 i near equa t ion  so f twa re  i n  a F o r t  r an  env i  ronment . Computer 
A r c h i t e c t u r e  News, - 13, 1985: 3-11. 

Report no. changed (Mar 2006): SM-182-UU



Report no. changed (Mar 2006): SM-182-UU


	SM-182
	Introduction
	1. Test Functions
	2. Computers
	3. Algorithms
	4. Preliminary Timings
	5. Accuracy
	6. Real Input Data
	Conclusions
	References 




